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Abstract. The current study conducts analyses of the �rst and second laws for non-
Newtonian nano-uid ow through an annular cylinder �lled with non-Newtonian water-
CMC/TiO2 nano-uid, considering temperature jump and slip velocity. A single-phase
pattern was developed for heat transfer and nano-uid ow. To this end, the impacts of
Reynolds number, volume fraction of nano-particles, temperature jump, and slip velocity
on the Nusselt numbers and entropy generation were evaluated and the �ndings on the
non-Newtonian performance of the working uid were reported. According to our �ndings,
due to the higher shear rate in the presence of the interior wall, the Nusselt number of
the interior wall was higher than that of the outside walls. Based on the shear-thinning
uid behavior, in case the ow has a higher shear rate, its apparent viscosity would be
small. Therefore, it can be concluded that the apparent viscosity of the ow close to the
inner wall is low, which reduces the impact of viscosity force and improves heat transfer
due to convection-advection phenomenon. In addition, the �ndings illustrate that the
entropy generation ratio is very high at the entrance and decreases along the annular tube.
Furthermore, the apparent viscosity of uid increases by nano-particle volume fraction.
© 2022 Sharif University of Technology. All rights reserved.

1. Introduction

One of the main obstacles to increasing thermal con-
ductivity in uids like water is their poor heat transfer
properties. Increasing thermal conductivity has a
signi�cant impact on heat transfer and conduction
processes. Solids containing high thermal conductivity
cause the suspension formation of �ne metal solid parti-
cles called nanouids, i.e., a mixture of nanoparticles in
a base uid that improves its heat transfer. Di�erent
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types of particles such as metallic, non-metallic, and
polymeric can be added to the base uid. Particles
in micrometer and millimeter dimensions can cause
many problems such as sedimentation, corrosion, and
pressure drop [1]. On the contrary, nano-sized particles
ensure higher stability and signi�cantly increase the
thermal conductivity. In addition, they cause less pres-
sure drop than particles in micrometer and millimeter
dimensions [2]. Two main factors that a�ect Entropy
Generation (EG) include heat transfer and viscosity
e�ects [3]. In [4] analyzed di�erent e�ective aspects of
EG in thermal engineering. In this respect, the second-
law analysis was applied to the EG problem to �nd an
e�ective way to minimize the irreversibility in empirical
engineering and transport procedures.

A considerable problem concerning heat exchang-
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ers and micro-annulus is how to boost the heat transfer
performance regardless of pressure drop. In this
respect, nano-uids are considered suitable candidates
for this purpose owing to their exceptional feature [5{
7], compared to liquids with micro-sized particles [8]
which have been already applied in di�erent indus-
tries [9{14]. Abdulrazzaq et al. [15] conducted an em-
pirical research on the turbulent heat transfer through
a nanouid ow interaction in a cylinder geometry
with sharp changes in the ow. Tayebi et al. [16]
investigated the natural convective ow process in a
magnetic �eld over the centralized circle path covered
by a CNT-water-based nano-liquid.

He et al. [17] presented single- and two-phase
patterns for heat transfer and ow analysis in the
case of CuO-water nanouid. They suggested that
the application of one twisted tape was found more
e�ective. The length e�ect in macro- and micro-scale
problems was di�erent [18], indicating the necessity of
considering this di�erence in heat and mass transfer
systems in researches. In this regard, slip velocity and
temperature jump are two consequential issues that
should be taken into account.

Fu et al. [19] evaluated the impacts of nanopar-
ticles as well as the slip and temperature jump in
non-Newtonian nano-uids. To determine whether
or not velocity slip and temperature jump should be
considered in a certain channel size, a dimension-
less parameter called Knudsen number (Kn) should
be used [20] based on which some researchers have
examined the heat transfer and ow of micro-scale
systems [21{24]. For instance, Malvandi and Ganji [25]
studied the slip velocity for alumina/water nano-uid
in a circular microchannel within a �x magnetic �eld.
Zhang et al. [26] analytically analyzed heat distribution
in a two-dimensional micro-scale channel considering
the same boundary conditions. They considered walls
to be adiabatic under �xed heat rate boundary con-
ditions. Talavari et al. [23] conducted a study on
the rarefaction of heat transfer of a micro-tube ow,
considering the slip velocity conditions. They found
that Nu number decreased upon increasing the Kn
number. In addition, the non-dimensional parameters
Kn a�ected the temperature �eld in the ow under slip-
ow conditions. Kn indicates the rarefaction impact.
Shamshiri et al. [27] conducted the �rst and second law
analyses of a rare�ed gas in a rotating annulus. They
investigated the slip and jump conditions a�ecting the
interior and exterior walls in velocity and temperature
�elds. Pathare et al. [21] analytically and numerically
examined the pressure-driven nitrogen slip ows in
a long rectangular micro-channel by determining the
temperature of a steady state wall under boundary
conditions. Reddy et al. [22] investigated the impacts
of changes in the exterior forces on the uid in rough
nano-scale channels with di�erent inner wall structures.

In [28], EG was investigated in a micro-annulus.
The laminar ow at the walls was considered at the
constant heat rate and �rst-order slip velocity. The
�ndings demonstrated that EG decreased upon increas-
ing Kn. Zhao [29] analyzed heat distribution and EG
considering the forced convection in a micro-electro-
mechanical procedure in the slip-ow. Erbay et al. [30]
reported that the value of EG was high at the entrance
and then, it decreased dramatically. Of note, EG value
was almost negligible at the centerline while it reached
its maximum value in close proximity to the walls of
the parallel plate microchannels.

Karimipour et al. [31] studied the impact of
temperature and mass fraction of CuO nano-particles
on the nano-uid analysis. They concluded that the
Pr number was more relative to the mass fraction of
nanoparticles than the temperature. Jangili et al. [32]
evaluated the EG of micro-polar uid in a vertical
cylinder where both inner and outer walls were rotat-
ing. They found that the EG was in close proximity
to the interior rotating cylinder surface since the high
temperature and velocity rates were maximum.

Recently, the application of non-Newtonian uids
has considerably increased owing to the widespread
utilization of non-Newtonian uids, especially on a
micro scale [33{35]. Most uids in chemical engineer-
ing, bio-engineering, and industries can be considered
as non-Newtonian uids. Abdulrazzaq et al. [36]
studied heat transfer and EG of di�erent types of
uids owing through parallel-plates. For this purpose,
they considered the slip velocity and viscous dissipation
e�ect of the bot wall and found that upon increasing
the slip coe�cient, Nu number and Bejan number
increased and the EG rate decreased. In another
study [37], they investigated the heat transfer of the
power-law slip and plug ows. Both parallel-plate and
circular microchannel with slip walls were considered in
the mentioned study. They employed the perturbation
approach to analytically solve the governing equations
and carried out numerical simulations to verify their
results. Anand [38] analytically measured the heat
transfer rate of a power-law uid in a micro-scale chan-
nel. They considered three di�erent laws in modeling
the slip wall conditions. According to their �ndings,
the values of Nu and EG ratios were higher and lower,
respectively, than the corresponding values for other
slip laws. More recently, Kiyasatfar [39] and Ramanuja
et al. [40] conducted another study on heat transfer
and EG non-Newtonian uid. The non-linear slip and
viscous dissipation were considered to solve equations
analytically. They reported that the heat transfer
and EG rates were signi�cantly a�ected by slip and
viscous dissipation, especially in the case of dilatant
uids. They also found that the Nu number increased
by increasing the slip coe�cient, while the EG rate
followed an inverse trend. In addition, the velocity
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pattern decreased by increasing the slip parameter.
Li et al. [41] evaluated the rheological performance
of MgO-water in di�erent volume fraction ranges of
nanouid under di�erent conditions. Their results
con�rmed a decrease and then, an increase in the
viscosity at high temperatures in the presence of more
solid volume fraction of nanoparticles.

As discussed in previous studies, nano-uids play
a key role in heat transfer; therefore, investigation of
the involved parameters signi�cantly improves the heat
transfer. Given that the movement of non-Newtonian
nano-uid ow through the annular cylinder is one of
the most practical physics in industries, the current
study evaluated the impact of slip velocity and temper-
ature jump condition for this geometry. In this regard,
both heat transfer and EG of the non-Newtonian nano-
uid ow in micro annulus were numerically investi-
gated. In addition, the viscosity change and shear rates
as well as the thickness and velocity boundary layer
development in the non-Newtonian nano-uid ow
were measured through the volume fraction method.
Consideration of the boundary condition in ows with
micro-scale geometries is of signi�cance. Although
a number of studies have been conducted on this
subject, there has always been a gap for di�erent
geometries. In this respect, the present study was
conducted considering di�erent volume fractions of
Nano-particles, Reynolds number, and slip velocity.
The impacts of the temperature jump, slip velocity, and
volume fraction of nanoparticles on the heat transfer
ratio and EG were evaluated, considering the viscous
e�ect and heat transfer.

2. Methodology

The current study considered a micro-annulus charac-
terized by an inlet and an outlet. To reduce the time
of numerical simulation, the axisymmetric assumption
was taken into account given the geometry symmetry
in terms of the axis and the ow in two-dimensional
geometry was modeled. Figure 1 depicts the physical
model and coordinate system. The length of geometry
(L) was 10 mm, and the radii of the inner and outer
cylinder were 0.2 and 0.4 mm, respectively. In the cold
non-Newtonian nano-uid water-CMC/TiO2, streams
were imposed on the hot wall at TW = 35�C.

Under initial conditions, the ow and heat trans-

Figure 2. Sample of the generated network.

fer �elds were regarded as the axial symmetries, and
Finite Volume Method (FVM) was developed to ana-
lyze the equations. The upwind scheme was also used
to analyze the displacement expressions in the survival
equations. It is assumed that at two inputs, the current
enters at a uniform temperature and velocity, whose
networking is shown in Figure 2.

2.1. Government equations
The heat transfer ratio and EG of the single-phase
non-Newtonian nano-uid ow in the micro-annulus
were investigated in this study. The ow was found
to be steady-state, laminar, and axisymmetric. Given
the very small size of the particles, it was assumed
that nanoparticles and basic uid were in thermal
balance at a constant velocity; hence, a single-phase
assumption was su�cient. Equations for the mentioned
ow include continuum, momentum, and energy, as
given below [42]:
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Figure 1. Schematic geometry of the research model.
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where P is the pressure; ~U presents the velocity
value and direction; u and v are the velocity parts
along the x and R axes, respectively; T stands for
the temperature; �nf , knf , Cpnf denote the density,
thermal conductivity, and speci�c heat of the nano-
uid, respectively; and n is the number of power-law
uids. The sample n = 1 is indicative of a Newtonian
uid. Renf and Prnf represent the Reynolds and
Prandtl numbers of the nanouid. The shear stress
tensor is presented as [43]:

�nf ~U:r~U = �~rP +r:��� + �~g + ~F ; ��� = ���_; (4)

where �~g is the body force caused by the gravitational
acceleration, and ~F and ��� refer to the external force
and stress tensor, respectively. In addition, � is the
apparent viscosity and ��_ the shear tensor, expressed
below [44]:

��_ = r~U +r~UT : (5)

The value of � varies depending on uid type. To be
speci�c, it takes a �xed value in Newtonian uids; it is
correlated to the shear tensor value in non-Newtonian
uid, and it takes a value in power-law non-Newtonian
uid obtained from the following equation [45]:

� = m _n�1; (6)

_ =
r

1=2
�

��_��_
�
; (7)

where _, �, m, and n stand for the shear rate, apparent
viscosity, consistency, and power-law, respectively.

2.1.1. De�nition of dimensionless parameters
This study was performed considering di�erent
Reynolds numbers obtained from Eq. (8):

Re =
�nfU2�n

m D
�

; (8)

where Um is the mean velocity, D the hydraulic
diameter of the annulus, and � the dynamic viscosity.

Heat transfer could be determined by measuring
the Nu for di�erent cases. The Nusselt number is
expressed in Eq. (9):

Nu =
hD
knf

; (9)

where h refers to the heat transfer coe�cient calculated
as:

h =
q00

Ts � Tb ; (10)

where Ts, Tb, and q00 denote the surface temperature,
uid bulk temperature, and wall heat ux.

The total EG ratio per unit volume, St, can
be divided into four portions including heat transfer,
viscous dissipation index, mass transfer, and chemical
reaction index. In the present study, only the physical
aspects of ow were considered; therefore, the chemical
reaction and mass transfer terms were eliminated, and
two other EG resources namely the heat transfer and
viscous dissipation were evaluated [46]:

_S000t = _S000h + _S000f : (11)

In the present study, there are no coupling phe-
nomenon, mass di�usion, and forces. As a result, EG
can be de�ned by heat transfer as follows:
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The total EG rate, St, EG by viscous impact, Sf , and
EG due to the thermal e�ect, Sh, are then found by
integration of their corresponding S000 over the entire
volume, V :

_S = s S000dV: (14)

To determine the thermal and viscous e�ects on gen-
erating entropy, the Bejan number, Be, is used. It is
expressed as the irreversibility rate of heat transfer to
the whole EG is de�ned below [47]:

Be =
_Sh
_St
: (15)

2.2. Thermophysical and rheological
This study considered CMC-TiO2 properties in the
simulation of non-Newtonian nano-uid. In fact, a
solution of CMC by 0.45wt% was used as the non-
Newtonian base uid and TiO2 particles with di�erent
volume fractions as nano-particles.

Experimental analysis demonstrated that the
thermophysical factors associated with the water-CMC
solution for volume fraction less than 6% were similar
to water and thermophysical of titanium oxide (TiO2),
as shown in Table 1 [48]. Density and speci�c heat
of non-Newtonian nano-uid are calculated as follows
[49]:

�nf = (1� ') �f + '�p; (16)
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Table 1. Thermophysical properties of titanium oxide
(TiO2) particles [23].

Properties Amount

Cp [J=kgK] 686.2
� [kg/m3] 4250
K [W/mK] 8.9538

Cpnf = (1� ')Cpf + 'Cpp; (17)

where ' is the volume fraction of nano-particle in
the working uid, and the subscripts nf , f , and p
represent the nano-uid, base uid, and nano-particle,
respectively.

The presented data regarding the conductivity
of water-CMC/TiO2 nano-uid with di�erent nano-
particle concentrations in a previous experimental
study [50] were employed for evaluating the thermal
conductivity of the working uid. These values are
presented in Table 2.

Table 3 shows the parameters m and n for dif-
ferent volume fractions of nano-particles. The power-
law model was utilized to model the non-Newtonian
performance of the working uid. The two rheologi-
cal parameters in this model include consistency and
power-law coe�cient. Table 3 lists the values of these
parameters for di�erent volume fractions of the TiO2
nano-particle.

2.3. Boundary conditions
The equations were solved based on uniform temper-
ature and velocity pro�les at the inlet, atmospheric
pressure at the outlet, and constant temperature at

Table 2. Thermal conductivity of water-CMC/TiO2

nano-uid [24].
Percentage of

nano-particle volume
fraction ('%)

Thermal
conductivity
(K [W/mK])

0 0.6
1 0.603
3 0.641
4 0.74

Table 3. Rheological parameters of water-CMC/TiO2

nano-uid [25].

Percentage of
nano-particle volume

fraction ('%)

Consistency
index m[�]

Power-law
index n[�]

0 0.145 0.542
1 0.190 0.526
3 0.240 0.502
4 0.365 0.485

the inner and outer walls of the cylinder. Since some
conditions including no-slip and lack of temperature
jump boundary conditions might not be suitable for
micro-scale ows, the utilized boundary condition can
be described as [50]:

Slip velocities are calculated along the walls by:
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where �, us, and Fm represent the slip velocity,
coe�cient of the slip velocities, and adaptation, re-
spectively. In addition, the temperature jump values
are calculated in the cylindrical geometry as:
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where  = Cp
Cv , Ts, Tw, and Ft stand for the special

heat, temperature jump (surface), wall temperature,
and adaptation of thermal condition, respectively. The
present study was carried out under non-slip conditions
considering two di�erent �� = �=D, (0.1 and 0.01).
Finally, a comparison was made between the obtained
results.

2.4. Numerical methods
The governing equations were solved through the appli-
cation of the mentioned boundary condition and FVM.
A SIMPLE algorithm was used for coupling the velocity
with pressure �eld. A second-order upwind scheme
was then selected to discretize energy and momentum.
Further, the pressure gradient term was discretized
based on a standard scheme. Convergence criteria were
set to 10{6 for all variables in all simulated cases.

3. Grid independency analysis

To prove the independency of the �ndings of the
present study in terms of grid size, four di�erent
cell numbers were used to simulate non-Newtonian
nano-uid ow with the volume fraction of 0.04 at a
Reynolds number equal to 30. Dimensionless velocity
and dimensionless temperature, referred to as the rate
of local velocity to uniform velocity at the inlet and the
ratio of the local temperature to the di�erence of inlet
and wall temperatures, respectively, were calculated
for each case, whose results are given in Table 4. As
observed earlier, the mesh with 1000 cells in the axial
direction and the mesh with 40 cells in the radial
direction are su�ciently accurate.
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Table 4. Grid independency for no-slip ow of ' = 0:04
at Re = 20.

Cell number 500-20 750-30 1000-40 1250-50

U 1.3267 1.3318 1.3331 1.3342

� 0.3207 0.3204 0.3206 0.3206

4. Validation

In order to validate the numerical approach in the
present study, the �ndings of the developed numerical
approach were compared with those from [50]. To this
end, �rst, EG in an annulus with non-slip boundary
conditions was modeled, and the variation of hin
and hout along the annulus length and that of Sf
and Sh in the radial direction were calculated. As
shown in Figure 2, the result of the present numerical
method and the �ndings obtained in [50] were in good
agreement. Then, the heat transfer of non-Newtonian
nano-uid ow in the micro-tube with slip wall and
temperature jump was simulated to determine whether
or not application of the boundary condition on the
walls is valid in the present study. Validation of
Nusselt number and dimensionless temperature pro�le
was obtained and compared with the �ndings of [51].
As shown in Figure 3, the results are in acceptable
agreement.

obtained from solving the equations, the addition
of the nanoparticles in percentage fraction unit to
the heat exchangers decreases the entropy number.
As a result, it is practically economical to add these

particles as long as the e�ect of the entropy produced
by the pressure drop is negligible. On the contrary,
the value of the total heat transfer coe�cient increased
upon increasing the volume fraction of nanoparticles.
To be speci�c, according to the numerical results, in
case the volume fraction of nanoparticles is 6%, the
total average heat transfer coe�cients, 14%, increase
compared to the case where only the base uid is used.
In addition, for a constant amount of heat transfer,
application of these nanoparticles reduces the level of
heat transfer and, consequently, the volume of the heat
exchanger. According to the calculations made for the
nanouid, the nanouid side pressure increased upon
increasing the volume fraction of nanoparticles in a
�xed volumetric ow; consequently, addition of 6%
nanoparticles to water would result in an increase in
the pressure drop of the nanouid ow up to 80%.

Figure 4 shows the changes in the local EG
regarding the heat transfer along di�erent vertical lines
in non-Newtonian uid at di�erent Reynolds numbers.
As observed earlier, the magnitude of Sh decreased
along the ow direction because the ow at the inlet
was not fully developed. In addition, the temperature
gradient in the vertical direction was high, hence a
high rate of EG. However, the ow becomes fully
developed in terms of heat transfer boundary layer in
the cross-sections away from the inlet, thus decreasing
the temperature gradient dramatically. As a result, the
EG rate decreased as well due to the heat transfer.

Figure 4 show the results obtained at di�erent
Reynolds numbers. As observed in this �gure, increas-
ing the Reynolds number would increase the EG heat

Figure 3. Comparison of the obtained results with [23]: (a) heat transfer on interior walls, (b) heat transfer on outside
walls, (c) local friction EG rate at two di�erent cross sections, and (d) thermal EG.
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Figure 4. Comparison of the obtained results with [51]: (a) Local Nusselt number and (b) dimensionless temperature
pro�le.

Figure 5. EG rate variation regarding heat transfer for non-Newtonian uid on di�erent cross-sections at (a) Re = 1, (b)
Re = 10, and (c) Re = 20.

transfer rate. In addition, when the Reynolds number
of the ow is small, the uid velocity in the channel
becomes small as well, residence time expands, and cool
uid and hot wall will have su�cient time to transfer
heat. Consequently, the temperature gradient is lower
than large Reynolds numbers.

Figure 5 shows the changes in the Bejan num-
ber and EG for di�erent slip coe�cients in a non-
Newtonian uid ow with a volume concentration of
4% at a Reynolds number of 10. The EG rate and heat
transfer are approximately close to each other under
di�erent slip conditions. However, to be speci�c, the
EG rate decreases by increasing the slip wall e�ect. In
addition, at the central line (e.g., r = 0:0003), EG rate
compared to heat transfer is negligible mainly due to
the insigni�cant temperature gradient in the vertical
ow direction.

Figure 5(b) depicts the EG ratio with regard
to the viscosity e�ect in di�erent wall slip condi-
tions. According to this �gure, the pro�le for all
slip coe�cients is not symmetrical. While the EG
value near the central line is negligible, it reaches its
maximum value on the walls, especially on the outer
wall. In addition, in walls with the no-slip condition,
the velocity of uids in the vicinity of walls is zero;
therefore, the uids experience a high-velocity gradient
which results in high EG. When considering the wall
under slip condition, the uid which ows near the
wall is characterized by a notable velocity; hence, the
velocity gradient is lower than that of the case of no-slip
wall condition. Figure 5 proves this theory according to
which the EG ratio a�ected by viscosity e�ect decreases
upon increasing the slip e�ect.

Figure 6 presents the velocity pro�les of u for
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Figure 6. Variation of (a) EG regarding heat transfer, (b) EG regarding the viscous e�ect, (c) local Bejan number along
cross section of x = L for 4 percent volume fraction of nano-particle and Re = 10

water-CMC/TiO2 nano-uid at � = 0:04 and laminar
Reynolds of 10 for di�erent values of �. Increasing the
value of � from 0.0 to � = 0:1 has a major impact on
the velocity pro�le shapes. Accordingly, the high value
of � is attributed to the high velocity at r = 0:0002
and r = 0:0004 and low Umax at r = 0:0003. As
observed in Figure 6, the nano-uid ow is formed in
the parabolic function. As a result, di�erent velocity
rates can be observed in the walls due to slip boundary
conditions.

Figure 7 shows the dimensionless temperature at
di�erent Reynolds numbers. According to this �gure,
the pro�le of Re = 1 is almost linear and close to the
unit in all radial locations, while it has a parabolic
shape at large Reynolds numbers and its minimum

Figure 7. Fully developed velocity pro�le for
non-Newtonian nano-uid for various slip condition on
vertical line x = 0:75 L at Re = 10

value occurs close to r = 0:0003, which decreases upon
increasing the Reynolds number. At a small Reynolds
number, the ow is of low velocity that results in longer
residence time; hence, the uid temperature reaches the
wall temperature. The velocity of uid ow increases
with an increase in the Re; consequently, heat transfer
does not occur completely since the uid temperature
is lower than the wall temperature.

Figure 8 presents the dimensionless temperature
pro�le on the vertical lines for di�erent distances from
the inlet. As expected, its value on the inner and
outer walls for all distances is close to the unit, and
the minimum values are obtained close to a radius of
0.0003. This minimum value is zero near the cylinder

Figure 8. Dimensionless temperature pro�le for
non-Newtonian nano-uid vertical line at various Re,
' = 0:04 and � = 0:01
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Figure 9. Dimensionless temperature pro�le for
non-Newtonian nano-uid on various vertical lines,
Re = 10, ' = 0:04 and � = 0:01

entrance (x = 0:05 L), while it rises upon increasing the
distance from the inlet due to the heat transfer from
the hot walls to the cold uid when uid ows through
the annular cylinder.

Figure 9 shows the dimensionless slip temperature
along both inner and outer walls for water-CMC/TiO2
nano-uid with ' = 0:04 at Re = 10 under di�erent
slip conditions. Slip temperature is a�ected by slip
coe�cient; in particular, when � = 0:1, the e�ect
of uid temperature is more signi�cant as a result of
which the slip temperature is reduced. It also takes
a low value near the cylinder entrance because the
uid is cold at the inlet and then, it rises along the
cylinder due to the heat transfer, which increases the
uid ow temperature. It can be concluded that far
away from the entrance, the e�ect of slip condition
would be insigni�cant.

Figure 10 shows the dimensionless temperature
pattern along the vertical line at x = L for water-
CMC/TiO2 nano-uid with ' = 0:04 at Re = 10 under
di�erent slip conditions. As shown, the dimensionless
temperature at the center of the cylinder increases by
increasing the slip coe�cient. According to Figure 9,
followed by applying the slip condition, the tempera-
ture of the uid which is located in the vicinity of the
walls decreases; therefore, the temperature distinct for
the wall and the uid become larger, hence greater heat
exchanging between the solid wall and uid and higher
uid temperature and dimensionless temperature, as
well.

Figure 11 presents the local Nusselt number along
the inner and outer walls for di�erent slip coe�cients.
This �gure also shows the impact of slip condition
on the Nusselt number for water/CMC-TiO2 solution
with the nano-particle volume fraction ow of 0.04 at a
Reynolds number of 10. The local Nu number increased
upon increasing the slip coe�cient. As discussed earlier
in Figure 10, given that the temperature on the vertical
line of the ow with a large slip coe�cient is higher,
this ow experiences a higher bulk temperature on

Figure 10. Temperature jump for non-Newtonian
nano-uid ' = 0:04 at Re = 10 and various slip
coe�cients along (a) inner wall and (b) outer wall.

Figure 11. Dimensionless temperature pro�le for
non-Newtonian nano-uid at the exit of cylinder for
di�erent slip coe�cients, Re = 10, and ' = 0:04.

each cross-section than that of no-slip ow. According
to the de�nition of the Nusselt number, it has an
inverse relationship with temperature di�erence; in
other words, the Nusselt number is large when the bulk
temperature has a high value.

Figure 12 shows the local Nu near the walls of the
annular cylinder for water-CMC/TiO2 with the volume
fraction of 0.04 at Reynolds number 10, considering the
slip wall and temperature jump (� = 0:1). Clearly,
the local Nu of the inner wall is higher than that



1776 F. Mehran et al./Scientia Iranica, Transactions B: Mechanical Engineering 29 (2022) 1767{1781

Figure 12. Local Nusselt number for non-Newtonian
nano-uid for di�erent slip coe�cients, Re = 10, and
' = 0:04 along (a) inner wall and (b) outer wall.

of the outer one mainly due to the non-Newtonian
performance of the uid.

Figure 13 illustrates the shear ratio of water-
CMC/TiO2 with a volume fraction of 0.04 at a
Reynolds number of 10 along the vertical line at x =
0:00025. In this �gure, the shear rate in the vicinity
of the inner wall is higher than that near the outer
walls. According to the shear-thinning uid behavior,
when the ow has a higher shear rate, the apparent
viscosity is low. Accordingly, it can be concluded that

Figure 13. Local Nusselt number for non-Newtonian
nano-uid along inner and outer walls with ' = 0:04 at
Re = 10 and � = 0:1.

Figure 14. Shear rate for non-Newtonian nano-uid
along radial line x = 0:00025, with ' = 0:04 at Re = 10
and � = 0:1.

the apparent viscosity of the ow close to the inner
wall is low, which reduces the impact of viscosity force
and improves the heat transfer due to the convection-
advection phenomenon.

Figure 14 lists the local Nusselt numbers at di�er-
ent Reynolds numbers along the inner and outer walls
of the annular cylinder for ' = 0:04 and � = 0:1. It
also indicates that as expected for both walls, the local
Nusselt number increases upon increasing the Reynolds
number mainly because of the non-Newtonian perfor-
mance of the uid. In addition, the enhancement of the
Nusselt number is a�ected by a gradual increase in the
RN, which is much higher at lower ones. Further, the
Nu on the inner wall is higher than that on the outer
wall mainly because the temperature of the outer wall
is higher than that of the inner one.

As shown in Figure 15, the apparent viscosity
decreases by increasing Re. At small Reynolds number
(i.e., Re = 1) which results in low viscosity, the heat
transfer mostly occurs as conduction. On the contrary,
for higher Reynolds numbers, the viscosity force im-
posed on the uid is smaller due to the decreasing
viscosity, and heat can be transferred as a convection
part in addition to the conduction part. In the power-
law approach, the viscosity relates to the velocity
gradient, power law (n), and consistency (m). In the
wall nearby, the viscosity at a larger Reynolds number
is less than that in the low laminar ows, probably
because decreasing the Reynolds number would cause
a decrease in the velocity gradient. The change pattern
considering the distance from the wall shows that the
viscosity at r = 0:0003 is greater than r = 0:0002 due to
the slow development of the hydrodynamic boundary
layer at larger Reynolds numbers, being in agreement
with the �ndings obtained in [21]. Consequently, the
velocity gradients get larger in central areas and greater
viscosity can be expected in the center parts at Re = 1
by the velocity gradient at lower values.

Figure 16 shows the local Nu for non-Newtonian
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Figure 15. Local Nusselt number for non-Newtonian
nano-uid at various Reynolds numbers, � = 0:1 and
' = 0:04, along (a) inner wall and (b) outer wall.

Figure 16. Apparent viscosity for non-Newtonian
nano-uid on the radial line x = 0:00025 at di�erent Re,
� = 0:1, and ' = 0:04.

nano-uid at di�erent volume fractions along the inner
and outer walls of an annular cylinder at Re = 10
and � = 0:1. For both walls, the nano-uid with a
high fraction volume has a larger local Nusselt number
because the thermal conductivity of nano-particles is
more signi�cant than that of the pure uid and the
addition of nano-particles would increase the e�ective
thermal conductivity. As a result, the local Nusselt
number increases upon increasing the volume fraction
of nano-particles.

As illustrated in Figure 17, the apparent vis-

Figure 17. Local Nusselt number for non-Newtonian
nano-uid with di�erent volume fractions, Re = 10, and
� = 0:1 along (a) inner wall and (b) outer wall.

cosity of the uid increases by adding nano-particles.
As mentioned earlier, it has a negative impact on
the heat transfer rate regarding the imposed higher
viscosity force on the uid. However, the positive
impact outweighs the negative one and the addition of
nano-particles may enhance the rate of heat transfer.
According to the �ndings, following an increase in the
volume fraction of the nanoparticles to values higher
than 0.04% by volume, the strain of nanouid layers
loses its linearity with respect to other shear stresses
and becomes nonlinear, implying that the nature of the
uid changes from Newton to non-Newtonian uid.

5. Conclusion

Nanouids, obtained from the distribution of nanoscale
particles in ordinary uids, represent a novel generation
of uids with great potential in various applications.
The e�ect of di�erent physical parameters governing
the problem, such as magnetic, slip velocity, and
suction parameters, on the velocity and temperature
curves such as Entropy Generation (EG) was also
evaluated. The velocity is highly related to the sliding
velocity parameter, and with an increase in the sliding
velocity parameter, the velocity is reduced. The cur-
rent study numerically investigated the �rst and second
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laws of non-Newtonian nano-uid ow through micro-
annulus in terms of slip velocity and temperature jump.
The ow was assumed to be laminar, steady-state,
incompressible, axisymmetric, and single-phase. The
properties of water-CMC/TiO2 solution were consid-
ered in the simulation of the working uid. In addition,
the impacts of Re, volume fraction of nano-particles,
slip velocity, and temperature jump on EG, Nusselt
number, and Bejan numbers were evaluated and the
�ndings were discussed considering the non-Newtonian
behavior of the working uid. The concluding remarks
are summarized below:

� The EG rate was very high at the input parts and
it decreased over the annular tube. Therefore, it
can be concluded that EG is more signi�cant in the
undeveloped part of ows;

� For the walls nearby, the local Nusselt number
increased upon increasing the slip velocity;

� Nusselt number in the interior wall was higher than
that at the outer walls mainly because the shear rate
in the vicinity of the interior wall was higher than
that at outside walls;

� Given the shear-thinning uid behavior, when the
ow has a higher shear rate, the apparent viscosity
is small. Therefore, the apparent viscosity of the
ow close to the inner wall was low, which in turn
attenuated the impact of the viscosity force and
improved the heat transfer due to the convection-
advection phenomenon.

Nomenclature

x Axial direction
r Radial direction
L Length of geometry
ri Inner radius
ro Outer radius
~U Velocity vector
T Temperature
P Pressure
��� Shear rate tensor
�nf Density of nano-uid
Cpnf Speci�c heat of nano-uid
knf Thermal conductivity of nano-uid
� Apparent viscosity
_�� Shear rate tensor
_ Shear ratio
m Consistency index
n Power-law
U Dimensionless velocity

Um Mean velocity
us Slip velocity
D Hydraulic diameter
h Heat transfer coe�cient
Re Reynolds number
Nu Nusselt number
Tb Bulk temperature
Ts Surface temperature (temperature

jump)
Tw Wall temperature
� Dimensionless temperature
q00 Wall heat ux
St EG rate
Sh EG rate regarding heat transfer
Sf EG rate regarding viscous e�ect
Be Bejan number
' Nano-particle volume fraction
Ft Thermal adaptation coe�cient
Fm Adaptation coe�cient
� Slip velocity coe�cient
Pr Prandtl number
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