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Abstract. In this paper, an analytical model is proposed for evaluating electromagnetic
performances of Permanent Magnet Vernier Machines (PMVMs) under healthy and faulty
conditions. The proposed model employs exible Magnetic Equivalent Circuit (MEC)
method, whose accuracy can be determined by tunable parameters. The model is capable
of considering the inuence of saturation e�ect, skewed slots, slot leakage uxes, and various
winding arrangements for the machines with desired properties. First, the proposed model
is used to predict the no-load performance of a machine in a healthy condition. Then,
the machine loading behaviors under healthy and demagnetization fault conditions are
analyzed by the MEC model. Moreover, the results of the proposed model are compared
and validated with those of 2D Finite Element Method (FEM) and 3D-FEM. Eventually, a
speci�c pattern is extracted from the stator current spectrum to detect the demagnetization
fault.

© 2023 Sharif University of Technology. All rights reserved.

1. Introduction

Nowadays, low-speed and high-torque machines oper-
ating based on magnetic gearing e�ect are increasingly
used in direct drive applications such as electric vehi-
cles, wind generation turbines, and wave energy conver-
sions [1,2]. Due to the ux modulation e�ect, the air-
gap ux of these machines contains several harmonic
components, some of which produce useful torque [3].
Permanent Magnet Vernier Machines (PMVMs) are
among the most attractive types of the ux modulation
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machines because of their high e�ciency and simple
salient structure [4]. Similar to Permanent Magnet
Synchronous Machines (PMSMs), a common failure
of PMVMs is the irreversible demagnetization fault,
which can be caused by some factors such as the
reverse magnetic �eld of stator armature, natural
aging, high temperature, and chemical corrosion [5].
Unbalanced air-gap ux distribution, e�ciency and
reliability decrement, and vibration are usually known
as e�ects of demagnetization on PMSMs [6]. There-
fore, development of an accurate model for studying
and diagnosing the demagnetization characteristics in
PMVM is very important. Generally, analytical and
numerical methods are the two main techniques for
modeling the electrical machines under healthy and
faulty conditions. Among the all numerical methods,
Finite Element Method (FEM) is widely used to
investigate the demagnetization fault in PMSMs [7{
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12]. Fast Fourier Transform (FFT) was applied on
the armature winding current for diagnosis of broken
magnet faults in [7]. Besides local demagnetization, the
authors in [8] studied the inuence of the stator wind-
ing con�guration on demagnetization faults. In [9], the
nodal ux densities for di�erent ux gaps were obtained
to �nd the demagnetization risk, while the parameters
such as slot combinations, magnet thickness, and
operating temperatures were considered. Two di�erent
demagnetization types were modularly analyzed for the
proposed PMSM in [10]. Wu et al. [11] investigated the
relationship between the design of Permanent Magnet
(PM) rotor and the rate of demagnetization under
faulty condition. In [12], di�erent approaches to mod-
eling and diagnosis of demagnetization were reviewed
and also some FEM simulations were conducted. Al-
though FEM has the lowest approximation error in
modeling the process of the machines with complex
geometries, it is time-consuming and computationally
demanding. Therefore, FEM is not appropriate for use
in the early stage of electrical machine design when
the optimization process is usually implemented. In
the literature, many analytical methods are presented
to analyze the performance of PMSMs. One of the
most promising of these methods is Magnetic Equiv-
alent Circuit (MEC), which is formed based on the
reluctance network evaluating some ux paths inside
the machine [13,14]. MEC provides an accurate and
fast analysis for electrical machines considering the
time and space harmonics. There are several research
studies on the application of MEC for modeling the
demagnetization fault in PMSMs [15{18]. Referenced
study [15] developed a non-linear reluctance network
to analyze the local demagnetization behaviors. In [16],
the core non-linearity and the e�ect of fringing uxes
were considered for studying the demagnetization fault.
Abbaszadeh et al. [17] used the reduced order of MEC
to obtain the magnetic ux of the windings for detec-
tion of the fault. The fault detection was conducted
based on the current signature of demagnetization for
the Outer Rotor-PMSM (OR-PMSM) in [18]. Various
investigations have employed the MEC method to
analyze the performance of PMVMs [19{23]. However,
no research is reported on modeling of PMVMs under
the magnet defect fault using MEC method. Hence,
the aim of this paper is to propose the model based
on exible MEC method, where the core non-linearity
is taken into account for analyzing the performance of
PMVMs under healthy and faulty conditions. The key
features of this study are as follows:

� The analytical model is proposed based on the
exible MEC method to analyze the performances
of healthy and faulty PMVMs, in which some
properties such as the geometrical dimensions, wind-
ings layout, number of stator and rotor teeth, and

combination of Flux Modulation Poles (FMPs) and
PMs are arbitrarily selected;

� The accuracy of the proposed model can be tuned
as desired by choosing an arbitrary number for
elements predicting the ux paths in the stator and
rotor;

� The relative permeability of the machine core is
modeled by the exible non-linear function to
achieve the saturation e�ect in the proposed MEC
method;

� From the clear signatures in the armature current
spectrum of PMVM under demagnetization fault,
the speci�c harmonic index is extracted for diagnos-
ing the fault and its severity.

The rest of this study is organized as follows.
Section 2 presents the PMVM con�guration and the
structure of the proposed MEC model. In Section 3,
the general form of the model equations and its solving
procedure are demonstrated. Some discussions are
made on the results of the MEC model and FEM
analysis in Section 4. Finally, Section 5 ends the paper
with conclusion.

2. The proposed MEC model for the PMVM

The typical topology of the studied PMVM is shown
in Figure 1, where 22 radial PMs are buried in the
outer rotor. The stator enjoys the salient structure that
consists of 12 teeth and is equipped by concentrated
windings with two pole pairs. To reduce the electro-
magnetic coupling between phases, the fault-tolerant
tooth structure is utilized in the stator [24]. Each tooth
of the studied machine, wounded with the windings,
is split into three FMPs. Thus, there are totally 24
FMPs in the stator. Figure 2 shows the proposed
MEC for PMVMs with arbitrary characteristics. In
order to model di�erent parts of the machine, the
MEC is divided into 12 regions, where three types of
reluctances are used for evaluating the corresponding
magnetic uxes. These reluctances are calculated based
on the geometrical approximations of regions in Eq. (1),
in which the core saturation e�ect is implemented by

Figure 1. Con�guration of the studied machine.
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Figure 2. The proposed MEC model (n1 = 2; n2 = 1; n3 = 1; n4 = 2; n5 = 2).

non-linear function �r(Bij):8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

Rij= lij
�0:�r(Bij):Aij ; Core parts

Rij= lijjcore
�0:�r(Bij):Aij +

lijjmagnet
�0:�PM :Aij ; CorejPM parts

Rij= lijjcore
�0:�r(Bij):Aij + lijjair

�0:Aij ; CorejAir parts

Rij= lij
�0:�PM :Aij ; PM parts

Rij= lij
�0:Aij ; Air parts

(1)

According to Figure 2, there are two di�erent voltage
sources (Fij , and Fs1j) representing the Magnetomo-
tive Forces (MMFs) due to the PMs and the stator
windings written as Eq. (2):8>><>>:

F1j = 2Brj :hPM
3�0:�PM

F2j = 0:5F1j

FS =
h
Fs11; � � � ; Fs1ns

iT
= WsIs

(2)

where, besides the number of turns in the stator slots,
Ws determines the current direction (see, Appendix
B). To consider the saturation e�ect in the proposed
MEC method, the relative permeability of the core

is modeled by the non-linear function as Eq. (3), in
which the reluctance of ux tubes through the core
parts of the machine is related to the corresponding
ux density [25].

�r(Bij) = a
�
ed
�
Bij�b
c

�2

+ ed
�
Bij+b
c

�2
�
; (3)

where Bij = 'ij
Aij .

Various magnetization curves derived from the sample
values of a to d parameters are shown in Figure 3.
It is seen that assigning appropriate values to the

Figure 3. The obtained curves by changing the
parameters in Eq. (3).
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Table 1. The variable parameters of the proposed MEC
model.

The adjustable accuracy parameters

Symbol De�nition

n1 Elements number per the FMP

n2 Elements number per the stator split tooth

n3 Elements number per the stator slot opening

n4 Elements number per the rotor tooth

n5 Elements number per the rotor radial PM

The machine parameters

p Number of the winding pole pairs

ns Number of the stator teeth

nfmp Number of FMPs per the stator tooth

npm Number of buried PM in the rotor

mentioned parameters, the desired slopes, and knee
points can be obtained in the magnetization curve.
For each magnetic material, the parameters a to d
are determined by curve �tting for the corresponding
B �H curve and are measured experimentally; hence,
the presented function (Eq. (3)) is a exible technique
for obtaining several �r�B curves based on the actual
material curve. The most important part of the MEC
model is air-gap permeances, which are calculated by
means of the procedure described in [16]. Moreover,
the model capability of considering several elements for
di�erent parts of the machine leads to the improved
ux distribution in the air-gap region. Table 1 lists
the variable parameters used in the proposed model.
The model accuracy is adjusted by tuning some of the
parameters; meanwhile, other parameters change the
machine con�guration. It is worth noting that although
the model is developed for the studied machine, the
proposed MEC can be used with simple modi�cations
to analyze other types of PMVMs.

3. The model equations and solving procedure

The equations of the MEC model are classi�ed into
two types, magnetic and electrical equations, which
are related to the machine structure and the stator
windings, respectively. The magnetic equations are
obtained by applying Kirchho�'s Current and Voltage
Laws (KCL and KVL) in di�erent parts of the machine.
The �nal matrix form of these equations is written in
Appendix A. The electrical equation must be converted
into algebraic form for constructing equations system
of the MEC model (see Appendix B). The procedure
for deriving the magnetic and electrical equations was
described with details in [16,18], where the equations
solving owchart can be found. The variables and
equations of the model are tabulated in Table 2, in
which the total number of equations and variables are
the same. The general form of the model system of
equations is written in Eq. (3), where the solution of
each time-step (�t) must be obtained by using the
Newton Raphson method because of the non-linearity
of magnetic equations. The FEM and MEC simulations
are performed by a core i7/3.0 GHz Processor, 16.0 GB
memory with �t = 100 �s as time-step. The 2D-FEM
and 3D-FEM models are implemented using the Ansys
software, where mesh elements with minimum length
are selected for analyzing the machine performance.
To improve the accuracy of FEM results, the quality
of mesh elements in the air-gap region is considered
much �ner than other parts of the machine (in the
air-gap, the maximum length of mesh elements has
been restricted to 1 mm). It should be noted that the
magnetic behavior of steel-1008 is implemented in the
MEC model by choosing a = 3600, b = 0:68, 0.67, and
d = �1, which are obtained from curve �tting to the
data given in [26]:8><>:A

�
x(t)

�
x(t) = B(t��t)

x(t) = [�1 �3 �4 �5 �7 �8 �10 �12
Is U1 U2]T (4a)

where:

Table 2. All the variables and equations in the model (see Appendices A and B).

The model variables
Variable �1 �3 �4 �5 �7 �8
Number 2ns 2ns:(n2 + 1) nts nts nts ntr
Variable �10 �12 Is U1 U2
Number ntr ntr 3 nts ntr

The model equations
Equation Eq. (A.1) Eq. (A.2) Eq. (A.3) Eq. (A.4) Eq. (A.5) Eq. (A.6)
Number 2ns nts nts nts 2ns 2ns:n2
Equation Eq. (A.7) Eq. (A.8) Eq. (A.9) Eq. (A.10) Eq. (A.11) Eq. (B.3)
Number nts ntr ntr ntr ntr 3

Total number of variations and equations
nv = ne = 4nts + 4ntr + 4ns + 2ns:n2 + 3
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A=

26666666666666666664

M1 �N1 0 0 0 0
0 N2 R4 �R5 0 0
0 0 R6 M2 �R7 0
0 0 0 0 �R7 0

�A12 N3 N4 0 0 0
0 N5 N6 0 0 0
0 0 Ints A56 A56 0
0 0 0 0 0 �R8
0 0 0 0 0 �R8
0 0 0 0 0 0
0 0 0 0 0 B12
M 0 0 0 0 0

0 0 Ws 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 AU 0
0 0 0 0 0
0 0 0 0 0
0 0 0 �ASS �ASR
0 0 0 0 BU

M3 �N7 0 0 0
�R10 M4 0 0 0
B12 B12 0 �ARS �ARR
0 0 L + �t

2 Rs 0 0

37777777777777777775
ne�nv

B =
�
0 0 0 0 0 0 (4)

0 0 C1 C2 0 C3
�T : (4b)

4. Simulation results and validation by FEM

Herein, the no-load and loading electromagnetic per-
formances of the studied machine are analyzed by
the proposed MEC model in transient and steady-
state conditions. The MEC model predictions for
the healthy machine are compared with FEM results.
The comparison shows the validity of the proposed
model, while the MEC model signi�cantly reduces the
computation times. Then, the model is employed to
analyze the demagnetization behavior of the machine
under loading conditions. It is mentioned that the type
of load connected to the machine terminals only a�ects
the electrical equation such that the performance of
the machine under di�erent load types can be simply
evaluated by the proposed model. Performing the
harmonics analysis on the stator current, the magnet
fault, and its severity is conducted. The speci�cations
of the studied machine are presented in Table 3 and the
values of the accuracy parameters are set. In order to
analyze the performance of PMVMs accurately, several
elements must be employed in the FMPs for predicting
the magnetic ux paths due to the modulation e�ects
(In simulations, six elements are considered for each
FMP (n1 = 6)). Since PMs have constant magnetic
ux directions regardless of the rotor position, the

Table 3. The parameters used in the simulations.

The machine parameters

Parameter Symbol Values

Number of winding pole pairs p 2

Number of stator teeth ns 6

Number of FMPs nfmp 24

Number of PMs npm 22

Rated speed (rpm) nsp 400

Rated frequency (Hz) f 147

Air-gap length (mm) � 0.5

Stack length (mm) l 70

Stator outer radius (mm) rso 51.5

Rotor outer radius (mm) rro 62

Shaft radius (mm) rsh 25

Stator split tooth height (mm) h1 2.5

NdFeB PM thickness (mm) hpm 2.5

PM remanence (T) Br 1.1

Turns number of phase coils Ns 60

The values of the variable parameters

n1, n2, n3, n4, n5 6, 4, 4, 3, 3

nts, ntr 240, 132

number of elements used in the PMs is less than those
of the FMPs.

In simulations, three elements are considered for
each PM (n5 = 3). The rest of the accuracy parameters
listed in Table 1 are determined based on the number of
elements in the FMPs and PMs to model the ux paths
distribution correctly in the proposed MEC method.
It should be noted that the salient structure makes
accurate prediction of ux paths in the stator more
challenging; therefore, a denser reluctance network
must be utilized for the stator (nts > ntr).

4.1. The no-load performance under healthy
conditions

The phase-A ux linkage curves obtained by FEMs
and MEC are shown in Figure 4(a). The amplitude
calculated by MEC is 49.85 mWb, which is 1.16%
and 4.17% higher than that of 2D-FEM and 3D-FEM,
respectively. Figure 4(b) shows the results of applying
two methods for the phase-A back-electromagnetic
force (EMF). The peak values of MEC, 2D-FEM, and
3D-FEM are 42.49, 41.85, and 40.57 V, respectively.
Further di�erences between the MEC and 3D-FEM
predictions lie in the two elements, i.e., end winding
lengths and the overhang e�ect, incorporated in the
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Figure 4. The no-load ux linkage and back-EMF calculated by FEMs and MEC: (a) The linkage uxes; (b) The no-load
induced voltages.

Figure 5. The air-gap ux density at t = 10 ms. (a) The ux density distribution calculated by MEC. (b) FFT spectrum.

3D analysis. According to these two �gures, the MEC
results match those of FEM analysis. The radial
components of air-gap ux density and its spectrum
are illustrated in Figure 5. It is seen that the
dominant harmonics of air-gap ux density can be
represented as jmp + jnfmpj, where m = 1; 3; 5; :::
and j = 0;�1;�2; ::: [27]. Besides the 22th harmonic
caused by the rotor consequent-pole, the working pole
pairs in the air-gap ux density are the 2nd and
26th harmonics, meaning that the gear ratio of the
studied machine is equal to �22; 2. Figure 6(a)
presents the generated 3D mesh and the ux density
for di�erent parts of the machine. The ux density
curves of the sample ux tubes calculated based on
the MEC model for various regions are demonstrated
in Figure 6(b), where the amplitudes of ux densities
are in good agreement with those of 3D-FEM for the
each region. Figure 6(c) shows MEC-based results for
the relative permeability variations of the sample stator
tooth and the corresponding nonlinear B-H curve. The
simulation times of the both methods are presented in
Table 4, in which the proposed MEC model requires
a much shorter amount of time for computation than
FEM analysis (especially 3D-FEM). Besides, this table
compares the correlation of MEC-based results with

Table 4. Comparison of the simulation time performed
by FEM and MEC.

Time (hours) MEC 2D-FEM 3D-FEM
1.73 4.47 67.40

MEC improvement compared to 2D-FEM (%) 61.29
MEC accuracy compared to 2D-FEM (%) 91.13
MEC improvement compared to 3D-FEM (%) 97.43
MEC accuracy compared to 3D-FEM (%) 88.71

the corresponding predictions obtained using 2D FEM
and 3D FEM.

4.2. The loading performance under healthy
condition

A resistive load (Ras = 15 
) is connected to the ma-
chine terminals for evaluating the loading performance
of the machine under a healthy condition. Figure 7(a)
displays the FEMs and MEC results for the induced
voltage of phase A. When the resistive load is connected
to the machine terminals, the air gap magnetic �eld
distribution is distorted due to the e�ect of winding
currents (the armature reaction) on the magnetic ux
paths. As demonstrated in Figure 7(a), under the given
load, the impact of armature reaction caused distortion
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Figure 6. FEM and MEC results for the no-load ux density: (a) the ux density and re�ned meshes using 3D-FEM at
t = 10 ms, (b) the ux density curves for sample elements obtained by the MEC model, and (c) the relative permeability
of the 3th element in the 2nd region and its B-H curve.

Figure 7. The loading characteristic of the healthy machine: (a) The induced voltage of windings, (b) the windings
currents and (c) the output torques at steady-state.
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and asymmetry in the induced voltage during load-
ing conditions. The amplitudes of induced voltages
computed by MEC, 2D-FEM, and 3D-FEM are 25.11,
26.53, and 25.59 V, respectively. The phase-A load
current curves obtained by two methods are depicted in
Figure 7(b). The load current peak value is calculated
as equal to 1.52 A using MEC, which is 3.6% and 0.97%
lower than that of 2D-FEM and 3D-FEM, respectively.
Figure 7(a) and (b) exhibits a good correlation between
the proposed MEC model and FEM analysis results.
Figure 7(c) compares the output torques obtained by
means of FEMs and MEC in a steady-state condition.
The torque mean values obtained from MEC, 2D-FEM,
and 3D-FEM are 4.02, 3.98, and 3.76 Nm, respectively.
It is seen that the cogging torques of two methods show
moderate agreement in terms of shapes, periods, and
amplitudes. However, the cogging torque predicted by
MEC is not the same as the FEM ones. It is worth
noting that the MEC model calculates the output
torque based on the procedure explained in [16,18].

4.3. The loading performance under
demagnetization fault condition

To analyze the machine performance under faulty con-
ditions, it is assumed that a 10% fault occurs on one of
the PMs. The MEC-based results of the faulty machine
for the voltage and current are shown in Figure 8,

where the mentioned load is connected to the terminals.
Figure 8(a) and (b) indicates that the fault changes
the voltage and current of the load periodically. The
di�erences between the induced voltage and current
amplitudes are about 2.43% and 2.09%, respectively.
Figure 9 exhibits the results of FFT analysis on the
phase-A current obtained from the MEC model for the
healthy and faulty conditions. The simulation times
are considered long enough for achieving the FFT with
a resolution of 0.79 Hz. The comparison between the
healthy and faulty signatures indicates that the ampli-
tude of some fractional harmonics increases in faulty
conditions (especially in the low order harmonics).
The magnitude of these harmonics has a proportional
relationship to the fault severity. To determine the
a�ected harmonics order by the demagnetization fault,
the pattern can be written into Eq. (5):

Hdemag =
�����kns2 � 1

� p
npm

���� ; (5)

where k = 0; 1; 2; :::. The uniqueness of the proposed
index is that it relates the mentioned harmonics to the
main parameters of PMVMs, including the number of
the winding pole pairs, the stator teeth, and FMPs per
stator tooth. Consequently, the proposed index can be
generalized to PMVMs with di�erent characteristics. It
is noted that the amplitude of some index harmonics

Figure 8. The MEC-based results of the machine with the magnet defect fault: (a) The induced voltage of windings and
(b) the windings current.

Figure 9. The phase-A current spectrum under healthy and faulty conditions: (a) The healthy machine and (b) the faulty
machine with di�erent degrees of demagnetization fault.
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Table 5. Comparison of the amplitude of current
harmonics in healthy and faulty conditions.

Index harmonics
Severity (%)

0 10 20 30

1p=npm {136.2 {117.1 {99.74 {90.62

2p=npm {119 {110.4 {94.8 {85.83

4p=npm {192.7 {165.7 {155.8 {149.2

5p=npm {132.2 {106.3 {95.28 {88.21

7p=npm {129.9 {108.2 {97.92 {91.18

8p=npm {159.8 {155.5 {151.4 {147.8
...

...

19p=npm {162 {157.9 {152.8 {147.8

20p=npm {189.5 {166.4 {155.3 {147.9

23p=npm {153 {147.8 {139.7 {136.6

25p=npm {172.8 {171.5 {169.2 {164.3

26p=npm {163.2 {153.1 {143.1 {136

28p=npm {186.2 {181.1 {170 {162.3

signi�cantly increases with respect to other index
harmonics. The amplitude of the mentioned harmonics
for the healthy and faulty conditions is compared, as
shown in Table 5, where the di�erent fault severities are
considered. It is found that the value of the fractional
harmonics becomes more pronounced with increasing
the fault severity; therefore, the demagnetization fault
and its severity can be detected by the proposed
harmonic pattern.

5. Conclusion

This paper presented the exible Magnetic Equivalent
Circuit (MEC) model to analyze the performances of
Permanent Magnet Vernier Machine (PMVM) under
healthy and faulty conditions. The saturation e�ect,
slots leakage uxes, arbitrary geometrical dimensions,
skewed slots, and di�erent winding arrangements were
included in the proposed model. The transient outputs
of the healthy machine under no-load conditions were
computed based on the MEC model. Then, it was used
to model the loading performances of the healthy and
faulty machines under resistive load. Furthermore, the
2D and 3D Finite Element Method (FEM) analyses
were carried out to evaluate and validate the proposed
model results. The comparison indicates that the

obtained results from the MEC closely follow the
FEM analysis ones; meanwhile, the proposed model
signi�cantly reduces the simulation run time. Finally,
from the stator current spectrum, the proposed pattern
is obtained to diagnose the demagnetization fault and
its severity.

Nomenclature

Aij Area of the jth elements in the ith
region (m2)

'ij magnetic ux of the jth elements in
the ith regions (Wb)

lij Length of the jth element in the ith
region (m)

u1i Voltages of the ith de�ned nodes in
stator (V )

u2i Voltages of the ith de�ned nodes in
rotor (V )

�0 Air permeability (H=m)
nto Total tangential ux tubes in the

stator slot openings
nts Total ux tubes in the stator
ntr Total ux tubes in the rotor

List of vectors

�i=['i1 'i2 ::: 'i2ns ]
T Flux of the 1st and 2nd zones

�3=['31 '32 ::: '3nto ]
TFlux of the 3rd zone

�i=['i1 'i2 ::: 'ints ]
T Flux of the 4th:::7th zones

�i=['i1 'i2 ::: 'intr ]
T Flux of the 8th:::12th zones

Is =[iA iB iC ]T Currents of windings

U1=[u11 u12 ::: u1nts ]
TNode's voltages in the air-gap

U2=[u21 u22 ::: u1ntr ]
TNode's voltages in the air-gap
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Appendix A. Magnetic equations

The magnetic equations are utilized in the MEC model:

(R1+R2A12)| {z }
M1

�1�AK1R3| {z }
N1

�3+WsIs =0; (A.1)

AK2R3| {z }
N2

�3 + R4�4�R5�5 = 0; (A.2)

R6�4 + (R5 + R6A56)| {z }
M2

�5�R7�7 = 0; (A.3)

AUU1�R7�7 = 0; (A.4)

�A12�1 + N3�3 + N4�4 = 0; (A.5)

N5�3 + N6�4 = 0; (A.6)

�4+A56(�5+�7)�ASSU1�ASRU2=0; (A.7)

BUU2�R8�8 = 0; (A.8)

�R8�8 + (R10 + R9B12)| {z }
M3

�10�R9B12| {z }
N7

�12

= �APFP1| {z }
C1

;
(A.9)

�R10�10 + (R12 + R11B12)| {z }
M4

�12

= �APFP2| {z }
C2

; (A.10)

B12(�8 + �10 + �12)�ARSU1

�ARRU2 = 0: (A.11)

The reluctance matrices, including R1;R2; � � � ;R12,
are square matrices. These matrices are written as
follows:

R1 =

26664
r11 0 � � � 0
0 r12 � � � 0
...

...
. . .

...
0 0 � � � r112

37775 ; (A.12)

R2=

2666664
�r21 r22 0 0 0 � � � 0

0 �r22 r23 0 0 � � � 0
0 0 �r23 r24 0 � � � 0
...

...
...

...
...

. . .
...

r21 0 0 0 0 � � � �r212

3777775 ;(A.13)

R3 =

26664
r31 0 � � � 0
0 r32 � � � 0
...

...
. . .

...
0 0 � � � r360

37775 ; (A.14)

Ri =

2666664
�ri1 ri2 0 0 0 � � � 0

0 �ri2 ri3 0 0 � � � 0
0 0 �ri3 ri4 0 � � � 0
...

...
...

...
...

. . .
...

ri1 0 0 0 0 � � � �ri240

3777775 ;
for i = 4; 6; (A.15)

Ri =

26664
ri1 0 � � � 0
0 ri2 � � � 0
...

...
. . .

...
0 0 � � � ri240

37775
for i = 5; 7; (A.16)

Ri =

26664
ri1 0 � � � 0
0 ri2 � � � 0
...

...
. . .

...
0 0 � � � ri132

37775
for i = 8; 10; 12; (A.17)

Ri =

2666664
�ri1 ri2 0 0 0 � � � 0

0 �ri2 ri3 0 0 � � � 0
0 0 �ri3 ri4 0 � � � 0
...

...
...

...
...

. . .
...

ri1 0 0 0 0 � � � �ri132

3777775
for i = 9; 11: (A.18)

Eqs. (A.19) and (A.20) are shown in Box I. Some
coe�cient matrices are de�ned as follows:

A12 =

266666664
�1 0 0 0 0 � � � 0 1
1 �1 0 0 0 � � � 0 0
0 1 �1 0 0 � � � 0 0
0 0 1 �1 0 � � � 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 � � � 1 �1

377777775
12�12

(A.21)

AU =

266666664
1 �1 0 0 0 � � � 0 0
0 1 �1 0 0 � � � 0 0
0 0 1 �1 0 � � � 0 0
0 0 0 1 �1 � � � 0 0
...

...
...

...
...

. . .
...

...
�1 0 0 0 0 � � � 0 1

377777775
240�240

(A.22)
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AK1 =

266666666666666666664

n2+1=5z }| {
1 � � � 1 0 � � � 0 0 � � � 0 � � � 0 � � � 0

0 � � � 0
n2+1=5z }| {
1 � � � 1 0 � � � 0 � � � 0 � � � 0

0 � � � 0 0 � � � 0
n2+1=5z }| {
1 � � � 1 � � � 0 � � � 0

...
...

...
. . .

...

0 � � � 0 0 � � � 0 0 � � � 0 � � �
n2+1=5z }| {
1 � � � 1

377777777777777777775
12�60

(A.19)

AK2 =

26666666666666666666666666666666666666666666666664

nt1 � 1 = 25

8><>:
0 0 0 0 0 0 0 0 0 0 0 0 � � � 0
...

...
...

...
...

...
...

...
...

...
...

...
. . .

...
0 0 0 0 0 0 0 0 0 0 0 0 � � � 0

n2 + 1 = 5

8>>>>>><>>>>>>:
1 0 0 0 0 0 0 0 0 0 0 0 � � � 0
0 1 0 0 0 0 0 0 0 0 0 0 � � � 0
0 0 1 0 0 0 0 0 0 0 0 0 � � � 0
0 0 0 1 0 0 0 0 0 0 0 0 � � � 0
0 0 0 0 1| {z }

n2+1=5

0 0 0 0 0 0 0 � � � 0

n1� 1 = 5

8><>:
0 0 0 0 0 0 0 0 0 0 0 0 � � � 0
...

...
...

...
...

...
...

...
...

...
...

...
. . .

...
0 0 0 0 0 0 0 0 0 0 0 0 � � � 0

n2 + 1 = 5

8>>>>>><>>>>>>:
0 0 0 0 0 1 0 0 0 0 0 0 � � � 0
0 0 0 0 0 0 1 0 0 0 0 0 � � � 0
0 0 0 0 0 0 0 1 0 0 0 0 � � � 0
0 0 0 0 0 0 0 0 1 0 0 0 � � � 0
0 0 0 0 0 0 0 0 0 1| {z }

n2+1=5

0 0 � � � 0

nt1 � 1 = 25

8><>:
0 0 0 0 0 0 0 0 0 0 0 0 � � � 0
...

...
...

...
...

...
...

...
...

...
...

...
. . .

...
0 0 0 0 0 0 0 0 0 0 0 0 � � � 0

nts�65=175

8>>><>>>:
0 0 0 0 0 0 0 0 0 0 1 0 � � � 0
0 0 0 0 0 0 0 0 0 0 0 1 � � � 0
...

...
...

...
...

...
...

...
...

...
...

...
. . .

...
0 0 0 0 0 0 0 0 0 0 0 0 � � � 1

37777777777777777777777777777777777777777777777775
240�60

(A.20)

Box I

B12 =

266666664
�1 0 0 0 0 � � � 0 1
1 �1 0 0 0 � � � 0 0
0 1 �1 0 0 � � � 0 0
0 0 1 �1 0 � � � 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 � � � 1 �1

377777775
132�132

(A.23)
BU =

266666664
1 �1 0 0 0 � � � 0 0
0 1 �1 0 0 � � � 0 0
0 0 1 �1 0 � � � 0 0
0 0 0 1 �1 � � � 0 0
...

...
...

...
...

. . .
...

...
�1 0 0 0 0 � � � 0 1

377777775
132�132

(A.24)
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n1 = 6; n2 = 4; n3 = 4; n4 = 3; n5 = 3

ns = 6; nfmp = 3; nto = 60; nts = 240; ntr = 132

nt1 = n1:nfmp + n2:(nfmp � 1) = 26:

Appendix B. Electric equations

Using KVL in the stator winding terminals, the follow-
ing equation is obtained as electric equations:

Ms
d�2
dt

+ L
dIs

dt
+ RsIs = 0; (B.1)

where Ms is the windings turn function; meanwhile, L
and Rs are de�ned as follows [16,18]:

Rs =

24Ras 0 0
0 Ras 0
0 0 Ras

35 ; L=

24Ln Ln Ln
Ln Ln Ln
Ln Ln Ln

35 :
(B.2)

The algebraic form of the electrical equation is writ-
ten employing the trapezoidal technique in Eq. (B.1)
obtained by Eq. (B.3) as shown in Box II.

Appendix C. Windings matrices

The matrices Ws and Ms used in the MEC model are
as follows:

Ws =

26666666666666666664

60 0 0
0 �60 0
0 60 0
0 0 �60
0 0 60
�60 0 0
60 0 0
0 �60 0
0 60 0
0 0 �60
0 0 60
�60 0 0

37777777777777777775
12�3

(C.1)

Ms =

26666666666666666664

60 0 0
0 0 0
0 60 0
0 0 0
0 0 60
0 0 0
60 0 0
0 0 0
0 60 0
0 0 0
0 0 60
0 0 0

37777777777777777775

T

12�3

(C.2)

Ns = 60
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Ms
d�2
dt

+ L
dIs

dt
+ RsIs = 0 �2=A12�1��������!MsA12| {z }

M

d�1
dt

+ L
dIs

dt
+ RsIs = 0 Trapezoidal method������������!

M(�1(t)��1(t��t)) + L(Is((t))� Is(t��t)) +
�t
2

Rs(Is((t)) + Is(t��t)) = 0 Simpli�cation��������!

M�1(t) + (L +
�t
2

Rs)Is(t) = (L� �t
2

Rs)Is(t��t) + M�1(t��t)| {z }
C3

(B.3)

Box II
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