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Abstract. An extension of slip line theory to unsaturated soils is presented in this research
and applied to the problem of stability of slopes in unsaturated soils. The matric suction
was then introduced and applied to governing equations based on the well-known Bishop
e�ective stress concept. In this regard, the van Genuchten model was utilized to estimate
the e�ective stress parameter required for measuring e�ective stress. The inuence of
the soil matric suction on the stability of slopes was investigated for a variety of soils
under steady-state evaporation and in�ltration, i.e., distribution of the matric suction was
assumed to remain constant with time. In addition, a measure of stability in terms of some
stability factors was introduced.
© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

Classical soil mechanics deals with a variety of typical
problems including the bearing capacity of shallow and
deep foundations [1{11], earth pressure problems [12{
17], and stability of slopes [18{23]. In most of these
problems, the soil is regarded as either completely
saturated or dry. However, in practice, the soil above
the ground water table is unsaturated while the non-
zero matric suction often exists. This suction gives rise
to the greater strength of the soil structure than that
in saturated and dry states. One of the interesting
subjects in the geotechnical engineering is the stability
of slopes in either saturated or unsaturated state. The
latter is relatively less addressed than other typical
classical problems in geotechnical engineering [24{28].
However, this is a practical problem in many countries
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around the world, where the soil in those areas rarely
experiences full saturation. Some regions like Hong
Kong and Malaysia are devoid of at lands to perform
any construction for which cut slopes have proved
inevitable [29]. Many of such slopes are of unsaturated
soils and they require meticulous attention. Moreover,
it is imperative to gain a behavioral knowledge of
unsaturated soils to predict the potential danger and
take appropriate measures.

Slope stability problems are usually approached
using the limit equilibrium method, limit analysis
method, and the method of stress characteristics. In
the limit equilibrium approach, a slip line is considered
and soil above this slip line is often assumed to
be a rigid material and divided into several blocks.
Depending on the assumption of the distribution and
magnitude of the inter-slice forces, the factor of safety
is obtained in terms of force and moment equilibrium
along the slip surface. The surface with the least
safety factor is regarded as a critical slip surface [24,30{
32]. Failure load in limit analysis method is reported
to be approximately between two bounds. The lower
and upper bound theorems determine these two limits
[33{37]. The method of stress characteristics, on the
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other hand, considers soil as a continuous matter.
Governing equations are obtained by simultaneously
combining the equilibrium and yield surface equations.
Sokolovskii [38] assumed the body to be in the state of
limiting equilibrium and combined the equilibrium and
yield equations for constant cohesion and internal fric-
tion angle, thus presenting a solution to some typical
geotechnical problems including the bearing capacity
and stability of slopes. Using this method, Harr [39]
solved some problems in plasticity of soil. Later, Bolton
and Lau [40] used the method to present the second
and third bearing capacity factors for strip and circular
foundations. Kumar and Mohan Rao [41] employed
this method to determine the bearing capacity under
static and seismic conditions. Martin [42,43] applied
this method to conduct a rather precise estimation
of the third bearing capacity factor. Thanh and
Russell [44] applied this method to unsaturated soils
to investigate the e�ect of suction on limiting pas-
sive strength of the soil behind the retaining wall.
Veiskarami and Zanj [45] investigated the stability
of sheet-pile walls subjected to seepage ow by slip
lines and �nite element methods. Johari et al. [46]
evaluated the reliability analysis of seismic ultimate
bearing capacity of strip footing using the slip line
method combined with random �eld theory. Each
method is clearly characterized by its own restrictions
and advantages. The greatest advantage of the slip line
method compared to other methods is its independence
from the soil constitutive model and its compatibility
with real soil behavior, e.g., in detection of failure
mechanisms and estimation of limit loads.

The current study considers the soil to be obeying
the Mohr-Coulomb yield criterion. The method of
stress characteristics is then extended to the prob-
lem of stability of slopes of unsaturated soils. The
shear strength of soils is related to the e�ective stress
using Bishop's [47] widely employed e�ective stress
expression for unsaturated soils. The e�ective stress is
described as the summation of two independent stress
state tensors as follows:

�0ij = (�ij � ua�ij) + �(ua � uw)�ij : (1)

In this equation, �ij is a component of the stress
tensor, �0ij the e�ective stress, ua the pore air pressure,
and uw the pore water pressure. The multiplier � is
Bishop's well-known parameter called e�ective stress,
which is associated with the degree of saturation, but
not necessarily in a linear fashion. Many researchers
have presented a number of relevant mathematical re-
lationships so as to estimate the value of e�ective stress
parameter. In this regard, Vanapalli et al. [48], Khalili
and Khabbaz [49], Khalili et al. [50], and Vaunat and
Casini [51] proposed signi�cant correlations.

The main objective of this research is to esti-
mate a factor of stability against failure for slopes

of unsaturated soils, implementing the method of
stress characteristics undergoing some modi�cations to
encompass the unsaturated condition. In connection
with this point, van Genuchten [52] model is used
to estimate parameter �. The suction is assumed to
be in steady-state evaporation and in�ltration. The
factor of stability is de�ned in a meaningful manner to
be applicable for engineering purposes. Since no ow
of water is considered through the media, the matric
suction varies linearly with distance from ground water
table and also there will be no variation of matric
suction on the horizontal plane. This might seem
an unrealistic assumption as the entire �eld could
be a�ected by the rainfall pattern. However, the
variations caused by rainfall are mostly seasonal and
gradual over time. The present study in this respect
could be regarded in a particular �xed instance in
time. The boundary conditions consist of a traction-
free surface of the slope. Governing equations are
formed using the �nite di�erence numerical solution
strategy, which is well described in the literature (e.g.,
Bolton and Lau [40]; Anvar and Ghahramani [53]). The
numerical results are then compared with conventional
data, wherever possible. The term conventional in this
paper represents a state in which stresses are computed
irrespective of matric suction (i.e., fully saturated or
dry). Five types of soils with di�erent van Genuchten
parameters including Air Entry Value (AEV) were the
subjects of this study. The AEV is the matric suction
separating saturated state from unsaturated state. It
is in fact de�ned as the matric suction value exceeded
before air recedes into the soil pores [54]. Analyses have
been carried out for di�erent slope angles and slope
heights in conventional and unsaturated states. It has
been found that increase in the matric suction tends to
increase the stability of a slope in an unsaturated soil.
This increase is particularly signi�cant for �ne-grained
soils.

Another issue that should be investigated in
separate research is the deformation problem which is
often followed by surface settlement. This issue is out
of the scope of this work. There are some relevant
researches that can be found in the literature in this
regard [44,55].

2. Soil model

As already stated, the soil in this study was assumed
to be following a rigid, perfectly plastic behavior
consisting of the assumptions used for the method of
stress characteristics in compliance with the Mohr-
Coulomb yield criterion. The suction is introduced as
a cohesion intercept or the so-called apparent cohesion.
It is important to note that both Bishop's e�ective
stress parameter and the matric suction vary in the
media and hence, the cohesion intercept changes with
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Figure 1. Mohr stress circle for (a) saturated (conventional analysis) and (b) unsaturated soils.

depth. Therefore, this makes the results di�erent
from those formerly done by assuming a constant
cohesion intercept in the media using the method
of stress characteristics, e.g., Jahanandish et al. [8].
Furthermore, the main point of the present study is
to use the method of stress characteristics for slope
stability problems rather than other subjects such as
bearing capacity and retaining walls, e.g., Thanh and
Russell [44]. The soil itself shows no cohesion when it
is subject to conventional analysis. Figure 1 shows the
Mohr stress circle corresponding to these two states.
For unsaturated state, we have:

(�01 � �03)
2

=
�
H +

�01 + �03
2

�
sin�0; (2)

where, �01 and �03 are principal stresses; �0 is the
e�ective angle of internal friction; and c0 is the apparent
cohesion which is de�ned below:

c0 = ��uw tan�0; (3)

H = c0 cot�0: (4)

Note that the pore air pressure is assumed to be the
atmospheric pressure.

The van Genuchten model has been used to
estimate Bishop's e�ective stress parameter �. This
model relates � and the matric suction as follows:

� =
1

[1 + (�h)n]m
; (5)

where h is the matric suction and �, m, and n are the
model parameters in the Soil Water Retention Curve
(SWRC) of soils. The SWRC diagrams allow showing
the parameters such as degree of saturation, coe�cient
of hydraulic conductivity, normalized gravimetric wa-
ter content (which in this paper is Bishop's e�ective
stress parameter using van Genuchten formula), etc.
in terms of matric suction.

The equilibrium equations in two dimensions for
the plane strain problem of any arbitrary material in

the absence of horizontal body forces (e.g. without a
seismic force) are as follows:

@�x
@x

+
@�
@z

= 0;
@�
@x

+
@�z
@z

= ; (6a)

@�0x
@x

+
@�
@z

= 0
@�
@x

+
@�0z
@z

= e: (6b)

The parameters  and e in these equations are body
forces acting in the vertical direction which in this case
are soil density in conventional analysis and e�ective
soil density, i.e., unsaturated analysis, respectively.
This system of equations can be used by augmenting
the yield criterion as the third equation to render it
into a solvable system of three equations with three un-
knowns. The procedure is studied and the correspond-
ing solution can be found through the method of stress
characteristics. Soil obeying the Mohr-Coulomb yield
criterion possesses two directions along which slip will
occur when the limiting state of equilibrium is reached.
These directions are the well-known characteristics of
the stress in the limiting equilibrium (i.e., at yield). In
this state, � is the angle between the major principal
stress direction and the positive x axis. Slip directions
form an angle of � = �

4 � �0
2 with �. These directions

are called Characteristics Directions or Slip Lines and
are depicted in Figure 2.

By introducing the stress invariant ��, the e�ective
mean stress, as �� = (�0x + �0z) =2, the normal and shear

Figure 2. Slip lines in Cartesian coordinates system.
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stresses can be found in terms of parameters �� and �
as follows:

�0x = (� +H)(1 + sin�0 cos 2�)�H; (7a)

�0z = (� +H)(1� sin�0 cos 2�)�H; (7b)

� = (� +H) sin�0 sin 2�; (7c)

where �0x and �0z are e�ective normal stresses and � is
the shear stress along the soil element. By substituting
Eq. (7) into Eq. (6) and considering the variation in c0
and �0 within the �eld, the set of stress characteristics
equations can be found as follows.

Along the positive characteristics direction: dz
dx =

tan(� + �)

d� + 2(� tan�0 + c0)d� = e(tan�0dx+ dz)

+ (� �H)
�
@�0
@z

dx� @�0
@x

dz
�

+
�
@c0
@z

dx� @c0
@x

dz
�
: (8)

Along the negative characteristics direction: dz
dx =

tan(� � �)

d� � 2(� tan�0 + c0)d� = �e(tan�0dx� dz)

� (� �H)
�
@�0
@z

dx� @�0
@x

dz
�

+ + + + +�
�
@c0
@z

dx� @c0
@x

dz
�
: (9)

In this study, the internal friction angle is taken
constant as an independent variable and since the
ground water level is constant, variations of apparent
cohesion occur in the z direction only. In addition, the
negative pore water pressure is assumed to increase
linearly above the groundwater level. Thus, Eqs. (8)
and (9) yield the following equations:

d� + 2(� tan�0 + c0)d� = e(tan�0dx+ dz)

+
�
�(�wdx) + uw

@�
@z

�
tan�0; (10)

d� � 2(� tan�0 + c0)d� = �e(tan�0dx� dz)

�
�
�(�wdx) + uw

@�
@z

�
tan�0: (11)

3. Geometry and boundary conditions

The geometry of the problem is illustrated in Figure 3.
Ground water level in this paper has been taken con-
stant and located at the toe of the slope. As mentioned
previously, since there is no ow of water considered
within the soil media, based on the theories of classical
soil mechanics, the soil above the water table is subject
to the negative pore pressure which varies in a fashion
slightly proportional to the distance above the ground
water table. This assumption is quite reasonable for
most soils in normal conditions, i.e., in the absence
of other types or sources of pressure or highly non-
homogeneous nature. Parameter h, shown in Figure 3,
is the matric suction. The boundary condition involves
the surface of traction free of the sloping ground.
However, since the computer program is incapable of
starting from zero value of traction, a negligible value of
surcharge q, acting on the horizontal projection of that
surface, is taken into account simply for the purpose
of running the program. Having tangent and normal
values of surcharge pressure along the slope and the
Mohr-Coulomb yield criterion (Figures 3 and 4), the
unknowns �0 , �, x, and z can be speci�ed along the
slope surface as follows:

�0v = q cos�; (12)

Figure 3. Geometry of the problem and de�nition of
parameters.

Figure 4. Application of the Mohr-Coulomb yield
criterion to �nding parameters �0 and � along the slope
surface.
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� = q sin�: (13)

To �nd �0h, we have:

R = �max =
1
2

(�0h � �0v) =
�
H +

1
2

(�0h + �0v)
�

sin�0;
(14)

�0 =
1
2

(�0h + �0v); (15)

�max represents the maximum shear stress which is
equal to the radius of the Mohr stress circle. Then,
by utilizing the Mohr stress circle, the magnitude of �
along the slope will be found accordingly:

� = �+
�
2
; (16)

where � is shown in Figure 4:

� = tan�1 2�
(�0h � �0v) : (17)

Another important issue, which is one of the constrains
of this paper, is the spatial variability of soil layers
as it could a�ect the outcome of the work, especially
in slopes of short height where the plastic zone may
fall in more than one layer. However, as the central
assumption in this study, the slopes are assumed to
be relatively high and hence, only shallow failure
mechanisms are possible. In addition, the soil layer
was assumed to be homogeneous and hence, the spatial
variability of the soil which could a�ect the results
was not considered. This issue, however, could be
investigated in a separate study in the future by other
researchers.

4. Methodology and analyses

Conventional and unsaturated analyses were carried
out on �ve types of soil with di�erent van Genuchten
parameters, for which a computer code was developed.
The algorithm and the code were veri�ed several
times for standard bench mark problems and other
conditions reported in published papers. For instance,
the bearing capacity of a at ground as a special case

was examined and the results were favorably consistent
with those obtained by the algorithm (and the code)
developed in this paper [8,41,53,56,57]. The process
of veri�cations is laid out and discussed in the next
sections. In all cases, the soil cohesion was neglected,
although for computational purpose, a small value of
soil cohesion was assumed in calculations (e.g., 0.1
kPa). It is known that slopes of cohesionless soils
are unstable where the slope inclination angle exceeds
the e�ective angle of internal friction. Also, the van
Genuchten model was utilized in order to express
Bishop's e�ective stress parameter in terms of matric
suction. In this regard, the van Genuchten parameters
of these �ve types of soil were collected using the Soil
Vision software (Soil Vision is an information bank
for soils containing a series of available laboratory
test data including the particle size distribution, the
Atterberg limit, mechanical and engineering properties
of soils, and so on). The data of the soils for
this study are tabulated in Table 1. Analyses were
applied to three di�erent slope angles, four di�erent
slope heights, and also two states of conventional and
unsaturated conditions. In addition, the hydraulic
gradient, if any, is assumed to be very low and the
e�ect of the water ow is neglected. Thus, the total
number of 24 analyses on each soil type was carried
out.

Initiating from the known state of stress in the
sloping ground, the slip lines were extended to the at
ground at the top and the bearing pressure was found
as a measure of stability. Once the stress characteristics
network was completed within the soil media, the
distribution of the limiting stresses was done for the
two conventional and unsaturated states. In the case
of a few methods such as the limit equilibrium method,
although the pressure distribution beneath the footing
is assumed to be uniform, the pressure distribution can-
not be uniform in most other methods, e.g., the method
of stress characteristics, lower bound limit analysis,
�nite element methods, etc. This is the character
of these methods which employ �eld equations (not
only equilibrium equations for rigid blocks) and hence,
the distributions of the stress or displacement �elds
make the pressure distribution inevitably non-uniform.

Table 1. Air entry value and van Genuchten parameters of the soils investigated in this study.

Type
Soil type 1 Soil type 2 Soil type 3 Soil type 4 Soil type 5

SP Loamy sand Loamy clay ML CL

Air entry value (kPa) 0.43 5.1 6.5 25 72

� van Genuchten 0.121 0.024 0.052 0.0027 0.0036

n van Genuchten 0.685 1.094 1.447 0.486 1.643

m van Genuchten 1.066 0.543 0.309 0.372 0.696
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Many approaches similar to those of Brinch Hansen [3],
Bolton and Lau [40], Kumar [6], etc. are characterized
by a non-uniform pressure distribution. A comparison,
however, is possible once the \average" of the pressures
is calculated and used for this purpose. Therefore,
in all these methods, the bearing capacity implicitly
means the \average" pressure (although not uniformly
distributed) beneath the footing.

The parameter stability factor or some measure
of the bearing ratio was de�ned here as the ratio of
the bearing pressure obtained along a at ground in
the unsaturated condition to that calculated in the
conventional condition. In other words, it indicates
how stable or precarious a slope is when the soil
is unsaturated. The greater the bearing ratio, the
more reliable it is against the failure, and vice versa.
Therefore, in order to be able to compare these two
states, the widths through which analyses were done
along the at ground must be the same in both states.
It was observed that the suction would lead to higher
stability, especially when the slope inclination angle
approached the angle of the e�ective internal friction.
In this state, the stability factors were greater than
those of smaller slope angles.

5. Results

As stated before, �ve types of soils with di�erent van
Genuchten parameters were selected. The diagram
demonstrating the variations of apparent cohesion and
Bishop's e�ective stress parameter associated with �ve
soil samples is presented in Figure 5. Since the highest
slope dealt with in this study was 30 m, these diagrams
were plotted for this range. By making use of the van
Genuchten parameters, one can easily get to SWRC
(Figure 6). All soils under study had an e�ective
internal friction angle ranging between �0 = 28� and
�0 = 32�, taken from the Soil Vision databank. This
slight di�erence was neglected; therefore, an average
value was assigned to all soil types equal to �0 = 32�.
Analyses were carried out in a condition characterized
by slope angles of � = 20�, 25�, and 30� and heights of
H = 5 m, 10 m, 20 m, and 30 m for both conventional

and unsaturated conditions. The �nal results of the
study are presented in Figures 7{9 and Tables 2 to 6.
The parameter \AEV" noted in the �gures is the Air
Entry Value.

Figure 5. Variation of (a) Bishop's e�ective stress
parameter and (b) apparent cohesion with distance from
the groundwater table.

Figure 6. Soil Water Retention Curve (SWRC) curves of
soil types 1{5.

Table 2. Results corresponding to soil Type 1.

Soil type 1, AEV=0.43 kPa

� = 20� � = 25� � = 30�

Bearing pressure Bearing pressure Bearing pressure

�0 = 30�and c0 = 0 �0 = 30�and c0 = 0 �0 = 30�and c0 = 0:5 kPa
Height

(m)
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio

5 86.8 231.2 2.66 44.93 168.88 3.75 34.46 145.79 4.23

10 207.08 408.86 1.97 100.27 275.41 2.75 57.34 216.54 3.78

20 481.18 755.34 1.56 240.37 501.9 2.09 101.06 323.31 3.2

30 757.39 1097.52 1.45 364.19 650.42 1.79 142.4 410.82 2.88
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Figure 7. Variation of bearing ratio with slope height for
slopes of di�erent angles.

6. Veri�cation and comparisons

Results of the comparison between conventional and
unsaturated analyses were con�rmed through compar-
ative study. Given the lack of su�cient comparable
data to verify the results obtained for unsaturated
cases, comparisons were made only for conventional
states. Results of the conventional analyses are in
good agreement with those of Meyerhof [2], Brinch
Hansen [3], Vesi�c [4], and Kumar [6] when the angle
of slope is zero, i.e., the bearing capacity problem. As
illustrated in Table 7, the results were also compared
with those obtained by Kumar [6] with di�erent slope
angles (Tables 8 and 9 and Figure 10). Parameters Pu
and � in the diagram of Figure 10 indicate the bearing
pressure beneath the foundation and the distance from
the foundation's edge (relative to the singularity point),
respectively. As observed, there is good agreement
between the results of Kumar [6] and the present study.
The bearing pressure begins at values very close to zero
at one edge and increases linearly along the footing
base.

7. Discussion

Upon delving further into the results of this study,
it is discernible that the bearing ratio, as a measure
of slope stability, increases with increase in the slope
inclination angle in all soil types (Figure 7). This
sounds quite reasonable since the steeper the slope, the
more precarious and unstable it is, especially when the
slope angle approaches the angle of e�ective internal
friction. However, the matric suction tends to boost
the soil cohesion and contribute to a greater level of
stability. Therefore, a steep slope with an inclination
angle near the internal friction angle has a higher ratio
of stability when it is in the unsaturated state. This
evidence is given in Figure 8 with the slopes inclined
at an angle equal to � = 30� exhibiting the largest
bearing ratios. Since the type-1 soil is a granular soil,
the reported stability factors are signi�cantly smaller
than those of the other soil types.

It is also observed that the bearing ratio decreases
with increase in the height of the slope (Figures 8 and
9). Although the matric suction increases with the
increasing distance from the ground water table (which
in this study is constantly at the same level as toe of
the slope), this increase cannot make up for the adverse
e�ect of the height. As is shown in Figure 7, the bearing
ratio corresponding to type-4 soil hardly varies with
increase in the slope height (especially for the slope
angle of � = 30�). This is mostly due to the higher
value of the apparent cohesion with respect to the other
soil types. according to Figure 5, the apparent cohesion
value corresponding to type-4 soil is approximately
between 3 to 17 times of those of the other types.
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Figure 8. Variation of the bearing ratio with height of the slope.

Table 3. Results corresponding to soil type 2.

Soil type 2, AEV=5.1 kPa

� = 20� � = 25� � = 30�

Bearing pressure Bearing pressure Bearing pressure

�0 = 30�and c0 = 0:1 kPa �0 = 30�and c0 = 0:1 kPa �0 = 30�and c0 = 0:1 kPa
Height

(m)
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio

5 73.45 476.57 6.49 40.73 390 9.58 18.84 340.01 18.04

10 167 812.99 4.87 87.69 657.53 7.5 37.1 551.86 14.87

20 382 1374.6 3.59 202.21 1055.69 5.2 76.3 852.82 11.18

30 620 1873.23 3 308.08 1385.67 4.49 160 1137.24 7.09

This leads to a signi�cantly stronger structure of the
mentioned soil and greater resistance against failure.
The e�ect of the AEV as an independent parameter
was also investigated. In contrast to our expectation,
it was shown that there was no speci�c pattern that
could be considered common between the AEV and

the bearing ratio for the soils investigated in this
study. Figure 9 shows the bearing pressure versus the
AEV for three di�erent slope angles and four di�erent
slope heights. Other van Genuchten parameters appear
to be of greater importance, as type-4 soil with a
smaller AEV than type-5 soil (almost one third) enjoys



3066 S. Qojevand et al./Scientia Iranica, Transactions A: Civil Engineering 28 (2021) 3058{3071

Table 4. Results corresponding to soil type 3.
Soil type 3, AEV=6.5 kPa

� = 20� � = 25� � = 30�

Bearing pressure Bearing pressure Bearing pressure
�0 = 30�and c0 = 0:1 kPa �0 = 30�and c0 = 0:1 kPa �0 = 30�and c0 = 0:1 kPa

Height
(m)

Conventional
(kPa)

Unsaturated
(kPa)

Bearing
ratio

Conventional
(kPa)

Unsaturated
(kPa)

Bearing
ratio

Conventional
(kPa)

Unsaturated
(kPa)

Bearing
ratio

5 81.5 464.44 5.69 43.64 383.68 8.79 24.78 335.73 13.54
10 179 789.59 4.41 92.7 628.28 6.78 50.32 538.7 10.7
20 401.99 1350.03 3.36 198.43 1023.08 5.15 102.23 854.06 8.35
30 609.53 1861.22 3.05 327.59 1363.26 4.16 153.43 1115.65 7.271

Table 5. Results corresponding to soil type 4.
Soil type 4, AEV=25 kPa

� = 20� � = 25� � = 30�
Bearing pressure Bearing pressure Bearing pressure

�0 = 30�and c0 = 0:1 kPa �0 = 30�and c0 = 0:1 kPa �0 = 30�and c0 = 0:1 kPa
Height

(m)
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio
Conventional

(kPa)
Unsaturated

(kPa)
Bearing

ratio
5 63.45 578.1 9.1 35.01 498.35 14.23 20.99 445.61 22.23
10 124.14 1119.6 9.02 68.66 965.78 14.06 38.87 863.02 22.2
20 250.1 2160.1 8.64 135.21 1855.42 13.72 74.93 1652.79 22.05
30 410.17 3159.6 7.7 202.83 2707.29 13.34 111.93 2404.69 21.48

Table 6. Results corresponding to soil type 5.
Soil type 5, AEV=72 kPa

� = 20� � = 25� � = 30�

Bearing pressure Bearing pressure Bearing pressure
�0 = 30�and c0 = 0:1 kPa �0 = 30�and c0 = 0:1 kPa �0 = 30�and c0 = 0:1 kPa

Height
(m)

Conventional
(kPa)

Unsaturated
(kPa)

Bearing
ratio

Conventional
(kPa)

Unsaturated
(kPa)

Bearing
ratio

Conventional
(kPa)

Unsaturated
(kPa)

Bearing
ratio

5 62.8 622.34 9.91 36.14 538.66 14.90 21.44 482.4 22.5
10 130.11 1188.24 9.11 71 1021.16 14.38 41.77 914.33 21.89
20 283.83 2128.21 7.49 153.93 1795.95 11.67 86.2 1587.27 18.41
30 473.9 2859.5 6.03 255.47 2359.4 9.23 140.31 2060.55 14.68

Table 7. Comparison of bearing capacity factors, Nq and Nc.
Nq Nc

�0 Meyerhof (1963) [2],
Hansen (1970) [3]

Kumar and Mohan
Rao (2003) [41]

(single side mechanism)

Present
study

Meyerhof (1963) [2],
Hansen (1970) [3]

Kumar and Mohan
Rao (2003) [41]

(single side mechanism)

Present
study

0 1 1 1 5.14 5.14 5.14
5 1.57 1.57 1.57 6.52 6.52 6.53
10 2.47 2.47 2.47 8.34 8.34 8.35
15 3.94 3.94 3.94 10.97 10.97 10.99
20 6.4 6.4 6.4 14.84 14.84 14.86
25 10.7 10.7 10.75 20.8 20.8 20.9
30 18.4 18.4 18.49 30.14 30.14 30.29
35 33.3 33.3 33.46 46.13 46.13 46.36
40 64 64 64.31 75.08 75.08 75.45

Table 8. Comparison of bearing capacity factors, Nq, on the sloping ground.

Nq
�0 = 30� �0 = 40�

� Kumar and Mohan
Rao (2003) [41]

Present
study

� Kumar and Mohan
Rao (2003) [41]

Present
study

0 18.4 18.49 0 65 65.15
10 12.8 13.16 15 33.5 34.68
20 7.9 8.48 30 13.1 15.18
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Figure 9. Variation of bearing ratio with air entry value
for slopes.

apparent cohesion of almost three times the type-5 soil
within the 30-meter range of the slope height.

Figures 11 and 12 underscore the existence of
slight rotation in the mixed zone's characteristics di-
rections in the unsaturated case which does not exist in
the conventional state. This rotation stands out more
clearly in slopes with the angle of = 30�, since the
slope angle is equal to the angle of the e�ective internal
friction in this study. Figure 12 represents the proof

Figure 10. Comparison of values of pu=B vs x=B.

that the failure surface of a conventional analysis is
almost approaching a thin narrow strip. However, due
to the presence of apparent cohesion in the unsaturated
state, the failure surface is developed which makes it
smoother.

8. Conclusions

The e�ect of the matric suction on the stability of
slopes was theoretically explored using the method of
stress characteristics. This research was performed to
introduce a model for predicting the bearing ratio as a
measure of slope stability, which is the ratio of bearing
pressure along a at ground on an unsaturated medium
to that of conventional state based on the solution of
plasticity problems in soil mechanics. The method was
capable of modeling the soil matric suction. Variation
of the matric suction with depth down to the ground
water level was linear. Bishop's e�ective stress theory
in unsaturated soils was also employed to compute the
shear strength and the bearing capacity of soil. In this
regard, van Genuchten model was utilized to relate the
matric suction to Bishop's e�ective strength parameter.
The results of the conventional analyses were validated
with respect to the works of Meyerhof, Brinch Hansen
and Vesi�c bearing capacity and also Kumar and Mohan
Rao. Since there were no signi�cant comparable results
in the unsaturated state, the comparison in this state
was precluded. It was observed that in the presence of
the matric suction, the slope became more stable and
failure surfaces turned smoother. It was also observed
that in contrast to general expectations, the air entry
value parameter did not a�ect the general behavior of
the unsaturated soil samples in this study and other
van Genuchten parameters were of greater signi�cance
due to their direct e�ect on Bishop's e�ective stress
parameter and, consequently, the apparent cohesion.
The soil type and the height of the slope were also
found to be important factors in the general stability
of a slope. In general, soils exhibiting higher apparent
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Table 9. Comparison of bearing capacity factors, Nc, on the sloping ground.

Nq
�0 = 30� �0 = 40�

� Kumar and Mohan Rao Present study � Kumar and Mohan Rao Present study
0 30.14 30.29 0 75 76.45
10 24.4 24.41 15 48 48.53
20 19.5 19.61 30 30.5 30.72

Figure 11. Slip lines for soil type 2, slope height = 5 m, slope of angle � = 20, corresponding to (a) unsaturated analysis
and (b) conventional analysis.

Figure 12. Slip lines for soil type 2, slope height = 5 m, slope of angle � = 30, corresponding to (a) unsaturated analysis
and (b) conventional analysis.

cohesion have a higher tendency towards stability for
a slope with a constant height. Thus, granular soils
are less stable than other soils. On the other hand, the
slope height has an opposite inuence on stability as
it tends to highly contribute to destabilizing the slope
regardless of the slope angle.

For future studies, some suggestions could be
made. For instance, the e�ect of the spatial variability
of the soil as well as the e�ect of in�ltration as a
result of rain pattern can be taken into account. Also,
the variation of the matric suction in the horizontal

direction due to the ow of water may be examined. In
addition, a more e�cient way of solving the governing
equations, especially for spatially variable soil layers,
can be developed in relation to the numerical solution
techniques.

References

1. Terzaghi, K., Theoretical Soil Mechanics, John Wiley,
New York (1943).

2. Meyerhof, G.G. \Some recent research on the bearing



S. Qojevand et al./Scientia Iranica, Transactions A: Civil Engineering 28 (2021) 3058{3071 3069

capacity of foundations", Canadian Geotechnical Jour-
nal, 1(1), pp. 16{26 (1963).

3. Brinch Hansen, J. \A revised and extended formula
for bearing capacity", Danish Geotechnical Institute,
Bulletin No. 28, Copenhagen (1970).

4. Vesic, A.S. \Analysis of ultimate loads of shallow
foundations", Journal of the Soil Mechanics and Foun-
dations, 99(1), pp. 45{73 (1973).

5. Michalowski, R.L. \An estimate of the inuence of
the soil weight on the bearing capacity using limit
analysis", Soils and Foundations, 37(4), pp. 57{64
(1997).

6. Kumar, J. \N for rough strip footing using the
method of characteristics", Canadian Geotechnical
Journal, 40(3), pp. 669{674 (2003).

7. Kumar, J. \The variation of N with footing roughness
using the method of characteristics", International
Journal for Numerical and Analytical Methods in Ge-
omechanics, 33(2), pp. 275{284 (2009).

8. Jahanandish, J., Habibagahi, G., and Veiskarami, M.
\Bearing capacity factor, N, for unsaturated soils by
ZEL method", Acta Geotechnica, 5(3), pp. 177{188
(2010).

9. Veiskarami, M. and Habibagahi, G. \Foundations
bearing capacity subjected to seepage by the kinematic
approach of the limit analysis", Frontiers of Structural
and Civil Engineering, 7(3), pp. 446{455 (2013).

10. Veiskarami, M., Kumar, J., and Valikhah, F. \E�ect
of the ow rule on the bearing capacity of strip
foundations on sand by the upper-bound limit analysis
and slip lines", International Journal of Geomechanics,
14(3), 04014008 (2014).

11. Veiskarami, M., Jamshidi Chenari, R., and Jameei,
A.A. \Bearing capacity of strip footings on anisotropic
soils by the �nite elements and linear programming",
International Journal of Geomechanics, 17(12),
04017119 (2017).

12. Coulomb, C.A. \Essay on maximums and minimums
of rules to some static problems relating to architec-
ture", �a�l Acad�emie Royale des Sciences M�emoires de
Math�ematique et de Physique, Present�es, par Divers
S�cavans, 7, pp. 343{382 (1973).

13. Rankine, W.J.W. \On the stability of loose earth",
Philosophical Transactions of the Royal Society of
London, 147, pp. 9{27 (1857).

14. Rochette, P.A. \Earth pressures on structures and
mobilized Shear resistance", 15th Can. Soil Mech.
Conf, Tech. Mem., 73(3) p. 59 (1961).

15. Rowe, P.W. and Peaker, K. \Passive earth pressure
measurements", G�eotechnique, 15(1), p. 57 (1965).

16. James, R.G. and Bransby, D.L. \Experimental and
theoretical investigations of a passive earth pressure
problem", Geotechnique, 20(1), pp. 17{37 (1970).

17. Veiskarami, M., Jamshidi Chenari, R., and Jameei,
A.A. \A study on the static and seismic earth pressure
problems in anisotropic granular media", Geotechnical
and Geological Engineering, 37(3), pp. 1987{2005
(2019).

18. Jamshidi Chenari, R., Kamyab, H., and Izadi, A.
\Continuous slip surface method for stability analysis
of heterogeneous vertical trenches", Scientia Iranica,
27(6), pp. 2657{2668 (2020).

19. Bishop, A.W. \The use of slip circle in the stability
analysis of earth slopes", G�eotechnique, 5(1), pp. 7{17
(1955).

20. Fang, H.Y. and Hirst, T.J. \Application of plasticity
theory to slope stability problems", Highway Research
Record, 323, pp. 26{38 (1970).

21. Lo, K.Y. and Lee, C.F. \Stress analysis and slope
stability in strain-softening materials", G�eotechnique,
23(1), pp. 1{11 (1973).

22. Lehner, F.K. and Sch�opfer, M.P.J. \Slope stability and
exact solutions for cohesive critical Coulomb wedges
from Mohr diagrams", Journal of Structural Geology,
116, pp. 234{240 (2018).

23. Xu, H., Ren, X., Chen, J.N., Liu, C.N., Xia,
L., and Liu, Y.W. \Centrifuge model tests of
geogrid-reinforced slope supporting a high embank-
ment", Geosynthetics International, 26(6), pp. 629{
640 (2019).

24. Fredlund, D.G. \The stability of slopes with negative
pore-water pressures", The Ian Boyd Donald Sympo-
sium on Modern Developments in Geomechanics, 3168
(1995).

25. Johari, A., Hooshmand Nejad, A., and Mousavi, S.
\Probabilistic model of unsaturated slope stability
considering the uncertainties of soil-water character-
istic curve", Scientia Iranica, 25(4), pp. 2039{2050
(2018).

26. Rahardjo, H., Satyanaga, A., Wang, C.L., Wong,
J.L.H., and Lim, V.H. \E�ects of unsaturated prop-
erties on stability of slope covered with Caesalpinia
crista in Singapore", Environmental Geotechnics, 7(6),
pp. 393{403 (2018).

27. Satyanaga, A. and Rahardjo, H. \Stability of un-
saturated soil slopes covered with Melastoma mala-
bathricum in Singapore", Proceedings of the Institution
of Civil Engineers-Geotechnical Engineering, 172(6),
pp. 530{540 (2019).

28. Li, Z., He, Y., Li, H., and Wang, Y. \Antecedent
rainfall induced shallow landslide-A case study of
Yunnan landslide, China", Scientia Iranica, 26(1), pp.
202{212 (2019).



3070 S. Qojevand et al./Scientia Iranica, Transactions A: Civil Engineering 28 (2021) 3058{3071

29. Ching, R.K.H., Sweeney, D.J., and Fredlund, D.G.
\Increase in factor of safety due to soil suction for
two Hong Kong slopes", Proc., 4th Int. Symp. on
Landslides (1984).

30. Fellenius, W. \Calculation of the stability of earth
dams", Trans. 2nd Congr. Large Dams, Washington
(1936).

31. Janbu, N. \Earth pressure and bearing capacity cal-
culations by generalized procedure of slices", Proc. 4
ICSMFE, 2, London, UK, pp. 207{212 (1957).

32. Morgenstern, N.R. and Price, V.E. \The analysis of the
stability of general slip surfaces", Geotechnique, 15(1),
pp. 79{93 (1965).

33. Gvozdev, A.A. \Determination of the collapse load for
statically indeterminate structures subjected to plas-
tic deformations", Proc. Conf. Plastic Deformations,
Moscow, Russia (1938).

34. Drucker, D.C., Prager, W., and Greenberg, H.J. \Ex-
tended limit design theorems for continuous media",
Quarterly of Applied Mathematics, 9(4) pp. 381{389
(1952).

35. Chen, W.F., Limit Analysis and Soil Plasticity, Ams-
terdam, the Netherlands, Elsevier (1975).

36. Michalowski, R.L., \Stability charts for uniform
slopes", Journal of Geotechnical and Geoenvironmen-
tal Engineering, 128(4), pp. 351{355 (2002).

37. Yuan, S. and Du, J. \A lower-bound formulation for
unsaturated soils", G�eotechnique, 70(2), pp. 123{137
(2020).

38. Sokolovskii, V.V., Statics of Soil Media, Butterworths
Scienti�c Publications, London, UK (1960).

39. Harr, M.E., Foundations of Theoretical Soil Mechan-
ics, McGraw-Hill (1966).

40. Bolton, M.D. and Lau, C.K. \Vertical bearing capac-
ity factors for circular and strip footings on Mohr-
Coulomb soil", Canadian Geotechnical Journal, 30(6),
pp. 1024{1033 (1993).

41. Kumar, J. and Mohan Rao, V.B.K. \Seismic bear-
ing capacity of foundations on slopes", Geotechnique,
53(3), pp. 347{361 (2003).

42. Martin, C.M. \Analysis of bearing capacity", OUEL
Report, 2261(03), Oxford, UK (2003).

43. Martin, C.M. \Exact bearing capacity calculations
using the method of characteristics", Proc. IACMAG.
Turin, 11, Turin, Italy, pp. 441{450 (2005).

44. Thanh, Vo. and Russell, A.R. \Slip line theory ap-
plied to a retaining wall-unsaturated soil interaction
problem", Computers and Geotechnics, 55, pp. 416{
428 (2014).

45. Veiskarami, M. and Zanj, A. \Stability of sheet-pile
walls subjected to seepage ow by slip lines and �nite
elements", G�eotechnique, 64(10), pp. 759{775 (2014).

46. Johari, A., Hosseini, S.M., and Keshavarz, A. \Re-
liability analysis of seismic bearing capacity of strip
footing by stochastic slip lines method", Computers
and Geotechnics, 91, pp. 203{217 (2017).

47. Bishop, A.W. \The principle of e�ective stress",
Teknisk Ukeblad, 106(39), pp. 859{863 (1959).

48. Vanapalli, S.K., Fredlund, D.G., Pufahl, D.E., and
Clifton, A.W. \Model for the prediction of shear
strength with respect to soil suction", Canadian
Geotechnical Journal, 33(3), pp. 379{392 (1996).

49. Khalili, N. and Khabbaz M.H. \A unique relationship
for � for the determination of the shear strength of
unsaturated soils", Geotechnique, 48(5), pp. 681{687
(1998).

50. Khalili, N., Geiser, F., and Blight, G.E. \E�ective
stress in unsaturated soils: Review with new evi-
dence", International Journal of Geomechanics, 4(2),
pp. 115{126 (2004).

51. Vaunat, J. and Casini, F. \A procedure for the direct
determination of Bishop's � parameter from changes in
pore size distribution", G�eotechnique, 67(7), pp. 631{
636 (2017).

52. Van Genuchten, M. Th. \A closed-form equation for
predicting the hydraulic conductivity of unsaturated
soils", Soil Science Society of America Journal, 44(5),
pp. 892{898 (1980).

53. Anvar, S.A. and Ghahramani, A. \Equilibrium equa-
tions, on zero extension lines and their application
to soil engineering", Iranian Journal of Science and
Technology, 21(1), pp. 11{34 (1997).

54. Fredlund, D.G. and Rahardjo, H., Soil Mechanics for
Unsaturated Soils, John Wiley, New York, US (1993).

55. Johari, A. and Amjadi, A.H., Stochastic Analysis of
Settlement Rate in Unsaturated Soils, Geo-Risk, 2017,
pp. 631{639 (2013).

56. Jahanandish, M. \Development of a zero extension line
method for axially symmetric problems in soil mechan-
ics", Scientia Iranica, 10(2), pp. 203{210 (2003).

57. Veiskarami, M., Jahanandish, M., and Ghahramani,
A. \Stress level based bearing capacity of foundations:
Veri�cation of results with 131 case studies", KSCE
Journal of Civil Engineering, 16(5), pp. 723{732
(2012).

Biographies

Sadeq Qojevand received his MSc and BSc degrees
from Shiraz University and was recognized as one of the
top alumni of Shiraz University. He accomplished his
Master's thesis on the mechanics of unsaturated soils
applied to some slope stability problems under joint
supervision of Professor Habibagahi and Dr. Mehdi
Veiskarami. His main research interests cover a variety



S. Qojevand et al./Scientia Iranica, Transactions A: Civil Engineering 28 (2021) 3058{3071 3071

of problems in the mechanics of unsaturated soils
and porous media as well technical applications of
theoretical soil mechanics.

Ghassem Habibagahi is a Professor at the School of
Engineering, Shiraz University, Iran. His main research
interests include mechanics of unsaturated soils and
porous media as well as soil improvement techniques
and geoenvironmental engineering. Professor Habiba-
gahi was recognized as one of the famous faces in
the �eld of unsaturated soil mechanics with a rich
background. He has presented a series of valuable
publications to credible worldwide journals. He has
helped a number of PhD and MSc students graduate
over the past 30 years of his academic career and

contributed to many nationwide research plans. He is
recently working on dust control in arid areas of Iran
including ground subsidence su�ering from the recent
climate change.

Mehdi Veiskarami is an Associate Professor at the
School of Engineering, Shiraz University, Iran, with
the main research interests in engineering mechanics
and geomechanics with topics covered in continuum
mechanics and plasticity. He has published some works
on instability problems in classical continua with focus
on instabilities caused by localization of deformation
into shear bands. Dr. Veiskarami is recently working
on applications of mathematics and rational mechanics
in geomechanics.




