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Abstract. This study presents a novel method for observation of stage position in a 2D
nano-positioning system based on a hybrid Kalman �lter. The proposed method obviates
the need to measure the stage position directly using complex and costly capacity sensors.
Instead, traditional piezo actuators equipped with strain gauge sensors are utilized to
measure the de
ection of the magni�cation system at the position of actuators. Then,
a powerful estimation algorithm called Kalman �lter was employed to observe stage
displacements. The designed hybrid Kalman �lter uses dynamical equations of motion in
the prediction step. The piezo actuators de
ections are measured and exploited to correct
the predicted values for the system state variables. In order to simulate realistic conditions,
a relatively exact COMSOL model was developed for the nano-positioner. Here, the noise
was added to the piezo displacements obtained by simulating this model, and these noisy
data were used as measurements in the Kalman �lter algorithm. The designed hybrid
Kalman �lter was examined for three di�erent updating time steps. The results showed
that the designed Kalman �lter appropriately estimated the stage displacements, and its
accuracy was enhanced upon reducing the �lter time step.
© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

With the fast expansion of the application �elds of
positioning on micro and nano scales such as lithog-
raphy [1], data storage systems [2], and micro and
nano machining [3], design and control of positioning
stages have become essential for displacements on nano
scales [4{6].

One of the key elements in obtaining proper
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tracking with little error is to employ feedback signal
data used in the controllers [7,8]. Numerous sensors
have been proposed to obtain a good feedback signal.
Two major characteristics of these sensors are accuracy
and displacement range [9{12]. To obtain high absolute
accuracy over a large range, laser interferometers can
be the best option, hence enjoying a large number
of applications [13,14]. One of the other applied
sensors is the capacitive sensor [15{18]. These sensors
are relatively low-cost and provide a good resolution;
however, measuring the capacitance is complex and
costly [19,20]. In comparison to these sensors, strain
gauge sensors are compact and low-cost [21]. Further-
more, these sensors become highly stable using a full
bridge con�guration so that they can be used without
the intervention of other signals and temperatures [22].
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Therefore, achieving long range measurement while
keeping the cost at a low level is of high signi�cance
due to the increasing availability of long-range nano-
positioning mechanisms [23{25].

Although many di�erent sensors have been used
in a wide variety of positioning stages in previous
studies, in almost all of them, the feedback signal
was obtained directly without using any observer. For
example, in [6,12,26,27], a number of sensors includ-
ing optical and capacitive sensors were used directly.
Furthermore, sometimes, despite having a piezoelectric
actuator equipped with a strain gauge, the feedback
signal is obtained using capacitor sensors which in turn
increases the cost of the device [28]. The approach used
in [4] is to employ Neural Networks and Adaptive neuro
fuzzy inference system, thus leading to a reasonable
error. To execute that method, some tests should
be taken with costly devices to teach the model in
advance; however, in the present study, no devices were
required, and applying it to the system would lead to
a more convenient, inexpensive way of estimating the
stage position.

In the scienti�c world, Kalman �lter and its
extended format have been used in many applica-
tions [29{31]. In this study, a hybrid Kalman �lter was
designed for a parallel XY nano-positioner in which
two strain gauge sensors were used for measuring dis-
placement of piezoelectric actuators. To this end, the
nano-positioner system was modeled in COMSOL, and
a lumped-linear model was proposed for this system
where the parameters of the linearized model were
identi�ed in a way that the di�erence between COM-
SOL and lumped models was minimized. Afterward,
the covariance matrices of the process and observation
noises were obtained. Finally, the hybrid Kalman �lter
was designed, and its sensitivity to three di�erent time
steps and �ve di�erent initial conditions were analyzed.
As a result of this process, the observation of stage
position of a nano positioner device was done without
using any high-tech devices and sensors, which are the
basic requirements as seen in the literature [17{19].

This paper is organized as follows: Section 2
introduces the plant, directly measurable state vari-
ables, and a brief description of system identi�cation.
Section 3 describes the design of a hybrid Kalman
�lter, whose results are presented in Section 4. Finally,
Section 5 concludes the study.

2. Mechanism design

Figure 1 shows the overall schematic view of the nano-
positioning system made of Aluminium 7075-T6, and
Figure 2 shows its detailed geometry. As observed,
piezoelectric actuators apply force on the system, and
the displacement of the stage is magni�ed through
a 
exural mechanism. There are two piezoelectric

Figure 1. Mechanisms of the nano-positioner:
Piezoelectric actuation and corresponding displacements.

Figure 2. Detailed geometry of the nano-positioner (all
dimensions are in cm).

actuators in the mechanism and the length changes
of piezoelectric actuators (1) and (2) are in x and y
directions, respectively. When actuator (1) is excited,
the stage moves along the y direction, while excitation
of actuator (2) leads to the stage motion in the x
direction.

This mechanism is modeled in COMSOL and as
will be discussed in the following sections, simulation
data used in the case of hybrid Kalman �lter are
obtained using COMSOL model. One important point
concerning �nite element is correct selection of the
mesh. In order to obtain appropriate mesh, the
natural frequency and displacement of the system were
compared for di�erent meshes, and its convergence was
the criterion for selecting appropriate mesh.
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Figure 3. Mesh convergence study.

Figure 4. The mesh used in COMSOL model.

Figure 3 shows the convergence of natural fre-
quency for di�erent meshes. In this �gure, the vertical
axis represents the natural frequency, and the horizon-
tal axis represents the number of degrees of freedom.
Note that the number of degrees of freedom depends
on the number of elements and their degree of shape
function. The �nal utilized mesh in our study is shown
in Figure 4. The COMSOL mesh model includes 46506
Tetrahedral elements, 23742 Triangular Elements, 3659
Edge elements, and 351 Vertex elements.

In order to design a Kalman �lter for the con-
sidered system, a linearized model of the system is

Figure 6. Cost function versus iteration based on genetic
algorithm optimization method.

required. As shown in Figure 5, the nano-positioner
is modeled with �ve lumped masses, each having two
translational degrees of freedom. As a result, the
linearized system has ten degrees of freedom. The
linearized dynamics of the system is expressed in
Eq. (1):

M�X + C _X + KX = F; C = �M + �K; (1)

where M is the mass matrix, C the damping matrix,
and K the sti�ness matrix. Owing to the symmetry of
the system, matrices M, K, and C are symmetrical
with only two parameters which are the equivalent
masses of system felt at stagem1 and actuator locations
m2. These parameters were determined using an op-
timization procedure and genetic algorithm to narrow
down the di�erence between COMSOL and linearized
models. In genetic algorithm, the population size is 50
and the maximum iteration is set as 100.

Figure 6 shows the cost function, according to
which the cost function is decreasing in the genetic
algorithm process, and from the step 30 onwards, it
is almost constant and �nally, converges at step 65.

After determining the parameters based on the
genetic algorithm, we can de�ne the mass, sti�ness,

Figure 5. Plant model in COMSOL and the corresponding linearized lumped model.
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M =
�
0:0321I2�2 02�8

08�2 0:0011I8�8

�
; (2)

K=

2666666666666664

0:017 �0:0002 �0:006 0:0008 0:0045 �0:008 �0:0021 �0:0972 �0:0019 0:0969
�0:0002 0:017 0:0969 �0:002 �0:0974 �0:002 �0:0002 0:0035 0:0002 �0:007
�0:006 0:0969 1:7916 0:0901 0:0557 �1:4811 0:0041 0:0735 �0:0042 �0:0868
0:0008 �0:002 0:0901 0:0557 0:0896 �0:0515 �0:0006 �0:0039 0:0005 0:0055
0:0045 �0:0974 �1:4811 0:0896 1:794 �0:0908 �0:0057 �0:0862 �0:0057 0:1071
�0:008 �0:002 �0:0889 �0:0515 �0:908 0:0557 0:0006 0:004 �0:0006 �0:0056
�0:0021 �0:0002 0:0041 �0:0006 �0:0057 0:0006 0:0557 �0:0901 �0:0515 �0:0894
�0:0972 0:0035 0:0735 �0:0039 �0:0862 0:004 �0:0901 1:7916 0:0889 �1:482
�0:0019 0:0002 �0:0042 0:0005 0:0057 �0:0006 �0:0515 0:0889 0:055 0:0906
0:0969 �0:007 �0:0868 0:0055 0:1071 �0:0056 �0:0894 �1:482 0:0906 1:7935

3777777777777775
;
(3)

C = 0:627M + 0:0001K: (4)

Box I

Figure 7. Low frequency signal used for comparison
between COMSOL and linear model.

and damping matrices. These are displayed in Eqs. (2){
(4) as shown in Box I. To compare this linear model
with COMSOL, two di�erent input signals should be
considered. The �rst one, shown in Figure 7 both in
time and frequency domains, is a low frequency signal
(up to 33 Hz); and the other one, shown in Figure 8, is
a high-frequency signal (up to 260 Hz).

In Figures 9 and 10, the response of the linear
model is compared with that of the COMSOL model
in terms of low frequency and high frequency input.
The low frequency and high frequency inputs for the
linear model matching COMSOL model are 99.8% and
99.1%, respectively. Of note, parameters of Eq. (1) are
obtained so that the error in stage movement in the y
direction between COMSOL and linear model becomes
minimum. Therefore, the errors corresponding to the
other state variables for the linear model in Eq. (1) and
their corresponding values in COMSOL model are not
necessarily that small.

Figure 8. High-frequency signal used for comparison
between COMSOL and linear model.

After de�ning each movement and their derivative
as state variables, the linearized system is expressed in
Eq. (5):

_X = AX + Bu: (5)

According to Figure 5, the state variables of the stage
movement are x1 and y1. However, these variables
could not be directly measured because there was
no sensor to measure the stage movement. To solve
this problem, a strain gauge was mounted on each
piezoelectric actuator. These strain gauges measure
the displacements of masses 4 and 5 on the y-axis
(piezoelectric displacement) and masses 2 and 3 on
the x-axis. Then, the stage displacement (x1; y1)
was estimated using strain gauge data and linearized
Kalman �lter model.

In addition, it should be noted that the analog-to-
digital converter (ad7190) used for reading the strain
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Figure 9. System response to low frequencies after genetic algorithm execution.

Figure 10. System response to high frequencies after genetic algorithm execution.

gauge signal has a 4.8 kHz maximum output data
rate. This frequency should be taken into account
while designing Kalman �lter because the piezoelectric
displacement cannot be measured in time steps faster
than 0.21 ms.

3. Hybrid Kalman �lter design

The physical system is a continuous-time model whose
measurements were done using a digital processor. As
a result, a hybrid Kalman �lter should be designed to
estimate the state variables. The dynamics used in the
Kalman �lter is shown in Eqs. (6){(9):

_x(t) = F(t)x(t) + B(t)u(t) + !(t); (6)

zk = Hk + �k; xk = x(tk); (7)

! � N(0;Q(t)); (8)

� � N(0;Wk): (9)

In Eqs. (6){(9), F(t) is the state transition model,
u(t) the control-input model, and !(t) the process
noise, which is assumed to be taken from a zero mean
multivariable normal distribution N with covariance
Q(t). In addition, Hk is the observation model that
maps the true state space into the observed space, and
�k is the observation noise which is assumed to be a
zero mean Gaussian white noise with covariance Wk.
The Kalman �ltering relations for the mentioned model
are expressed in Eqs. (10){(16):

The �rst phase (prediction):

_̂x(t) = F(t)x̂(t) + B(t)u(t);

with:

x̂(tk�1) = x̂k�1jk�1 ! x̂kjk�1 = x̂(tk); (10)



S. Bayat et al./Scientia Iranica, Transactions B: Mechanical Engineering 28 (2021) 2628{2638 2633

_P = F(t)P(t)T + Q(t);

with:

P(tk�1) = Pk�1jk�1 ! Pkjk�1 = P(tk): (11)

The second phase (update):

~yk = zk �Hkx̂kjk�1; (12)

Sk = Wk + HkPkjk�1HT
k ; (13)

Kk = Pkjk�1HT
k S�1

k ; (14)

x̂kjk = x̂kjk�1 + Kk~yk; (15)

Pkjk = (I�KkHk) Pkjk�1: (16)

In Eqs. (10){(16), x̂kjk�1 is the estimate for the state
variable of step k based on the information up to mo-
ment k�1, and Pkjk�1 is the estimate for the covariance
of step k based on the information for the moment k�1.
According to Eqs. (14) and (15), the gain decreases as
the covariance of the noise measurement increases and
therefore, the state variables are estimated more based
on the dynamics of the system.

To �nd the model uncertainty covariance matrix,
COMSOL model was used as a reference model and the
covariance of the process noise is obtained as follows:

COMSOL model:
_X = F(X;u; t): (17)

Linearized model:
_X = AX + Bu + !: (18)

In accordance with Eqs. (17) and (18), Eq. (19) was
proposed to �nd !:

! = _XCOMSOL � (AXCOMSOL + Bu) ; (19)

where the vector of state variables and its derivatives
are obtained using COMSOL model. Since A and B
are known based on the linear system, the vector !
can be found. Then, matrix Q is obtained through
Eq. (20):

Q = cov(!): (20)

The dynamic range resolution DNRppm of resistive
strain gauge is considered as 230 in [19]. As a result,
the resolution of the strain gauges mounted on the
piezo electric actuators, whose full-scale range is nearly
17 �m, is calculated in Eqs. (21) and (22):

DNRppm = 106 Resplution
Full scale range

; (21)

Resolution = DNRppm � Full scale range� 10�6

= 230� 17� 10�3 = 4 nm: (22)

Here, as a result of the presence of noise in the
measurement of the designed device, the standard
deviation of the sensor and measurement system as
a whole is considered to be 40 nm. Therefore, the
covariance of the observation noise, Wk, is obtained
through Eq. (24):

� = 40� 10�9
�
1
1

�
; (23)

Wk = (10� 10�9)2
�
1 0
0 1

�
: (24)

4. Results

In this section, the results of designed hybrid Kalman
�lter are presented. Since our case study is a nano-
positioner, errors are normal on a sub-micrometer
scale. According to Figure 5, as stated before, stage
movement is a result of piezoelectric actuator excita-
tions. In the COMSOL model, the equivalent forces
that piezoelectric actuators exert on masses 2 and 3
as well as 4 and 5 are obtained and applied to the
system. The applied force between masses 2 and 3 used
for designing Kalman �lter is depicted in Figure 11. In
addition, the force between masses 4 and 5 is set to be
zero.

As shown in Figure 11, the COMSOL model was
simulated using the force input, and the state variables
data were obtained. Then, a hybrid Kalman �lter was
designed through the linearized model (Eq. (5)) which
used the measurement data obtained by the COMSOL
model in the update phase of the Kalman �lter.

The hybrid Kalman �lter response is presented in
Figure 12. As previously mentioned, the AD7190 IC
converts the analog signal to digital data, and it can
send data up to 4.8 kHz (0.21 milliseconds); therefore,
in this simulation, the update rate is measured as
0.3 millisecond, and the di�erence between the initial
conditions of the COMSOL and linearized models is set
to 50 �m. In this �gure, y1 is the vertical movement
of the stage; \Real" signal is the vertical movement

Figure 11. Applied force between masses 4 and 5.
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Figure 12. The hybrid Kalman �lter response for state variable estimation.

Figure 13. Di�erence in displacement between masses 2 and 3.

of the stage obtained by the COMSOL model; and
\Estimate" signal is the vertical movement of the stage
obtained by the Kalman �lter.

The characteristics of the Kalman �lter were
investigated based on correlation (R), standard de-
viation (�), mean absolute error (�), Mean Square
Error (MSE), and Root Mean Absolute Error (RMSE).
As observed, the designed Kalman �lter yielded �
values less than 0.064. Based on the characteristics
shown in Figure 12, the designed Kalman �lter works
appropriately.

In Figure 13, x3�x2 is the displacement between
masses 2 and 3 (piezoelectric actuator), \Real" data
is obtained using the COMSOL model, \Measured"

signal is the \Real" data plus some noise that is
obtained from Eq. (23), and \Estimated" signal is the
Kalman �lter estimation. In this �gure, while \Estima-
tion Error" is the di�erence between the \Real" data
and \Estimated" signal, \Measurement Error" is the
di�erence between the \Real" and \Measured" signals.
As observed, the \Estimated" signal lies somehow in
between the \Measured" and \Real"' signals, whose
error is less than that of the \Measured" signal. This is
due to the application of the Kalman �lter that updates
the state variables based on the covariance noise of the
linearized system and measurements.

Figure 14 shows the simulation of the hybrid
Kalman �lter under �ve di�erent initial conditions.
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Figure 14. Kalman �lter response with di�erent initial
conditions.

As shown in this �gure, Kalman model with di�erent
initial conditions converges to the real signal obtained
from COMSOL model.

The designed hybrid Kalman �lter was tested un-
der �ve di�erent initial conditions and at three di�erent
update rates (Table 1). As seen, MSE and all decrease
upon increasing the update rate. Furthermore, at
higher update rates, R value becomes smaller.

The standard deviation between the COMSOL
model and Kalman observer in Table 1, which has
�fteen rows, is plotted in Figure 15. As it can be seen,
for the initial condition X0 = 50 �m, the �rst datum
that has a 0.3 ms update rate has lower � than the
second and third data sets that have 0.7 ms and 1 ms
update rates, respectively. Furthermore, by comparing
each group with a di�erent initial condition, it can be

Figure 15. Error of hybrid Kalman �lter as a function of
update rate for di�erent initial conditions.

seen that the lower error in the initial condition leads
to lower �.

5. Conclusion

This study performed a hybrid Kalman estimation of
a nano-positioning stage based on the term innovation
from COMSOL model. It was shown that the error
between the linear model obtained by parameter es-
timation and the COMOSL model was small at both
low and high frequencies. Therefore, the linear model
yielded a good estimation of the COMOSL model.
Furthermore, simulation results demonstrated that the
designed Kalman �lter could lead to an average error
less than 100 nm which is a proper value because,
as was mentioned before, running into errors in the

Table 1. Speci�cations of the hybrid Kalman �lter under di�erent initial conditions and at update rates.

Initial condition (�m) Update rate (ms) R MSE (�m2) � (�m) � (�m)

X0 = 50
0.3 0.99561 1.1589 {0.064861 1.0747
0.7 0.99262 1.9458 {0.060387 1.3941
1 0.98966 2.7309 {0.1014 1.6502

X0 = 40
0.3 0.997 0.79288 {0.065174 0.88819
0.7 0.99499 1.3242 {0.073503 1.1488
1 0.99312 1.8212 {0.096632 1.3467

X0 = 30
0.3 0.99805 0.51576 {0.050336 0.71651
0.7 0.99682 0.83833 {0.05048 0.91453
1 0.99574 1.1251 {0.058563 1.0596

X0 = 20
0.3 0.99884 0.30757 {0.053031 0.55213
0.7 0.99819 0.48355 {0.080642 0.69093
1 0.99768 0.61513 {0.071886 0.78139

X0 = 10
0.3 0.99933 0.17717 {0.036092 0.41942
0.7 0.99898 0.27025 {0.02 0.51966
1 0.9988 0.32049 {0.064356 0.56273
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sub-micrometer range for a plant used to move with
nanometer accuracy was appropriate. Moreover, it
should be noted that this error was obtained when the
nano-positioner displacement range was up to 60 �m
and the measurement noise of the strain gauge sensor
was set to 40 nm. At the end, displacements of
the nano-positioning stage were obtained using strain
gauge sensors and Kalman �lter method. In conclu-
sion, our novel method enjoyed the bene�ts of hybrid
Kalman �lter and low-cost strain gauges to estimate
the stage location in a nano-positioning system. Of
note, the existing nano-positioners employ high-cost
sensors to directly measure the stage location.
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Nomenclature

� Mass proportional Rayleigh damping
coe�cient

� Sti�ness proportional Rayleigh
damping coe�cient

�1 Stage movement in y direction
�2 Stage movement in x direction
_X Velocity of �ve lumped masses
XCOMSOL Displacements of �ve lumped masses

obtained from COMSOL
�k Observation noise
! Process noise
A State (or system) matrix
B Input matrix
C Damping matrix
F State transition model
Hk Observation model
K Sti�ness matrix
MSE Mean Absolute Error
M Mass matrix
N(0;Q(t)) Normal distribution with zero mean

and Q(t) covariance
N(0;Wk) Normal distribution with zero mean

and Wk covariance
P Estimation of the covariance
Q(t) Process noise covariance
RMSE Root Mean Absolute Error
R Correlation coe�cient
Sk Innovation covariance
u Input (control) vector

Wk Observation noise covariance
X Displacements of �ve lumped masses
X0 Initial value
xk States at step k
zk Measured signal
� Mean absolute error
� Standard deviation
~yk Innovation residual
F1 Equivalent force of piezoelectric (1)
F2 Equivalent force of piezoelectric (2)
t Time
x1 Displacement of lumped mass (1) in x

direction
x2 Displacement of lumped mass (2) in x

direction
x3 Displacement of lumped mass (3) in x

direction
x4 Displacement of lumped mass (4) in x

direction
x5 Displacement of lumped mass (5) in x

direction
y1 Displacement of lumped mass (1) in y

direction
y2 Displacement of lumped mass (2) in y

direction
y3 Displacement of lumped mass (3) in y

direction
y4 Displacement of lumped mass (4) in y

direction
y5 Displacement of lumped mass (5) in y

direction
_XCOMSOL Velocities of �ve lumped masses

obtained from COMSOL
Piezo (1) Piezoelectric mounted horizontally (in

x direction)
Piezo (2) Piezoelectric mounted horizontally (in

y direction)
Stage The main plate that moves in x and y

direction
x x direction
y y direction
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