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Numerical and analytical solutions of Stokes theory of couple stress fluid
under the effects of constant,
discussed in this paper. The considered couple stress fluid is described mathematically with
the definition of the stress tensor. The dimensional form of the boundary value problem
is transformed into dimensionless form by defining dimensionless quantities, and is then
solved with the aid of the perturbation technique. The analytical expressions of velocity
and temperature of all cases based on the viscosity of the couple stress fluid are presented.
For the validity of the perturbation solution, the Pseudo-Spectral collocation method is
employed for each case of the viscosity model including constant, space, and Vogel’s models,

space, and variable viscosity in the inclined channel are

respectively. The solution of the perturbation method and Pseudo-Spectral methods are

shown together in the graphs.

The effects of couple stress parameters on velocity and

temperature distributions are also elaborated with physical reasoning in the results and
discussion section. It is observed that the velocity and temperature of fluid escalate via
the pressure gradient parameter and Brinkman number, while decelerating via the couple

stress parameter.

(© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

Stokes presented the theory of couple stress fluids to
precisely define the motion of some special types of fluid
with a microstructure, such as biological fluids, chemi-
cal suspensions, animal blood, and liquid crystals, etc.
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In his theory of couple stress fluids, he assumed that
the surface of a portion of the fluid medium is affected
on two vectors, namely, stress and couple stress vectors
originated by the presence of forces and moments. It is
well known that the motion of a classical Newtonian
fluid is characterized by a second-order differential
equation, which is called the Navier-Stokes equation.
Although the motion of couple stress fluid is governed
by a differential equation similar to the Navier-Stokes
equation, the order of the differential equation is four.
Two constitutive equations are used to describe the mo-
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tion of couple stress fluid and these equations are driven
from the couple stress and anti-symmetric tensors [1].
This Stokes theory (couple stress fluid) encouraged
authors, scientists, and researchers to investigate. A
non-isothermal flow of couple stress fluid in an inclined
channel was investigated by Farooq et al. [2]. They
considered the viscosity of the fluid as a function of
temperature and the perturbation method was used to
find the analytical expression of velocity, temperature,
volumetric flow rate and mean velocity and shear
rate, etc. They concluded that all these quantities
are strongly dependent on the dimensionless numbers.
Eegunjobi et al. [3] analyzed the hydromagnetic flow
of couple stress fluid in a vertical channel under the
consideration of a porous medium. They solved the
dimensionless non-linear differential equations with the
help of numerical schemes, i.e. the shooting method
and fourth-order Runge-Kutta Fehlberg integration.
Devakar et al. [4] evaluated the exact solutions of
Couette, Poiseuille and generalized Couette flows of
couple stress fluid using slip boundary conditions.
They found that the velocity of the fluid had a
decreasing trend against the couple stress parameters.
They also noted that the solution of the Couette flow
for couple stress and Newtonian fluid is the same for
the liming case. Further, the volumetric flow rate
and fluid velocity have an inverse relation with the
couple stress. Hayat et al. [5] analyzed the thermal
radiation effects of rotating couple stress fluid in a
variable channel. They employed the built-in NDSolve
command of mathematica to obtain the solution of the
problem. They used long-wavelength approximation
and a small Reynolds number for simplification of field
equations, and the effects of various parameters on
velocity and temperature are highlighted. They noted
that the velocity distribution predicts the parabolic
behavior. Ellahi et al. [6] presented important research
regarding the Poiseuille and Couette flow of couple
stress fluid through parallel plates. They pointed out
that the Hartmann number decelerated the velocity
field, while viscosity parameters speed up the flow of
fluid. Adesanya et al. [7] picked Adomian decomposi-
tion methods to obtain the solution of Magnetohydro-
dynamics (MHD) couple stress fluid under the effects
of a time-periodic boundary condition in the vertical
channel. Their computational results showed that skin
friction at the lower wall had a decreasing trend and
heat transfer rate increased versus couple stress param-
eters. An exact solution of couple stress fluid with
the effects of size-dependent particles in an inclined
channel was obtained by Adesanya et al. [8]. They
observed that velocity and temperature distributions
have a direct and inverse relation versus couple stress
parameters, respectively. They also analyzed that the
entropy and Bejan numbers decrease via couple stress
parameters, but at different rates. A gravity-driven

flow of couple stress fluid over a heated inclined plate
under the effects of convective boundary conditions
was investigated by Adesanya et al. [9]. They used
Mathematica, version 8.0, software to solve the coupled
boundary value problem and presented the solution in
analytical form. Ashmawy [10] investigated the slip
condition on the spherical particle of moving couple
stress fluid. He imposed both linear slip and vanishing
couple stress boundary conditions on the surface of
the sphere. He obtained a simple formula for the
drag force for further investigation. He concluded
that with an increase in slip parameter, the drag force
also increases. Ashmawy [11] modeled the couple
stress fluid equations for sinusoidal corrugated pipes
to investigate the effects of surface roughness on the
average velocity and flow rate. The second-order
regular perturbation method was employed to obtain
the solution. Adesanya et al. [12] discussed the entropy
analysis in couple stress fluid with an account of
constant liquid properties and convective boundary
conditions through an inclined channel. Hassan [13]
used the Adomian decomposition method to solve the
nonlinear equations of the hydromagnetic flow of couple
stress fluid through porous walls. They also discussed
the entropy analysis in his study. Zeeshan et al. [14]
discussed properties of gravity and magnetic field
influences on couple stress fluid with the addition of
nanoparticles. An important analysis of the properties
of variable viscosity for the flow of non-Newtonian fluid
was presented by Ellahi [15]. He calculated the velocity
and temperature of the fluid for the Reynolds and
Vogel’s viscosity models. Jabeen et al. [16] highlighted
the effects of nonlinear thermal radiation and joule
heating on the flow of Tangent Hyperbolic fluid. They
observed that the concentration of fluid gets the higher
values via moderate values of the activation energy
parameter. Bayat and Rahimi [17] used a simple
algorithm employing the finite difference method to
solve the Navier-Stokes and heat equations of the
stagnation point flow over a vertical cylinder.

From the above-cited investigations, it is observed
that no investigation has yet been undertaken into
the Stokes’s theory (couple stress fluid) under the
consideration of a space-dependent viscosity model,
Vogel’s viscosity model and constant viscosity in an
inclined channel. In view of this, the objective of
the investigation in this paper is to examine the heat
and mass transfer of couple stress fluid taking into
account the constant and variable viscosity properties
of couple stress fluid in an inclined channel. Further,
analytical solutions of velocity and temperature will
be obtained through the perturbation technique. For
the validity of the perturbation technique, an eminent
Pseudo-Spectral collocation method will be employed,
due to its efficiency and fast convergence. Moreover,
this method is applicable to obtain the solutions of
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complex coupled initial and boundary value problems.
The effects of couple stress parameters on velocity
and temperature distributions are also illustrated with
physical reasoning. It is observed that the velocity and
temperature of fluid escalate via the pressure gradient
parameter and Brickman number, while decelerating
via the couple stress parameter.

2. Mathematical formulation of couple stress

fluid

Consider the couple stress fluid in an inclined channel
with a variable and constant viscosity property. The
channel is inclined with an angle of inclination a and
the distance between the lower and top walls is 2d. It is
assuined that the flow is flowing along the z-direction
as shown in Figure 1.

The basic equations governing the flow of an
incompressible couple stress fluid are given by [2,6,14]:

divV = 0, (1)

pr =div T~ (Vx ¥ x V)

D

—Ul(VXVXVXVXV)—Fplfo, (2)

Dé _ -
ey, = k1V20 + tra(7.Lo) +m (VZV)Q ; (3)

where V is the velocity vector, p; the constant density;
fy the body force per unit mass; T the Cauchy stress
tensor; § the temperature; k; the thermal conductivity;
cp the specific heat; Lo the gradient of the velocity
vector; and 7, the couple stress parameter.

The Cauchy stress tensor T can be defined as:

T = _pOIl + 7_'7 T = ﬂA()v (4)
where:
Po the dynamic pressure,
I the unit tensor,

gcos aj
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Figure 1. Geometry of the given problem.

I the coefficient of viscosity,
Ay the first Rivlin-Ericksen tensor.

In this study, the following has been chosen:

V = (a(y),0,0) and 6=0(z). (5)
Using this selection, Egs. (1)—(3) can be written as:

ou

~_0 6

o=, (©

—9po

—— =0 7
I o, (7

®
ﬂ_’dzl_dj @_’_%_ 7Sina—0 (9)

m 7’ H diz  dy dy | oz pLg =Y

20 a (di\® wm [(dPa\’

ST ol Bk —(—1 =o0. 1

dy? * Ky (C@) * k1 (dﬂz) ! (10)

Egs. (9) and (10) are known as momentum equations
or equations of motion and heat equation or energy
equations, respectively. The boundary conditions of
Egs. (9) and (10) are:

d>a

aplv=0

d>a _ _ _ _
d—gz(d):(x b(—d)=8,, O6(d)=8. (11)

For the achievement of the dimensionless form of
Egs. (9)—(11), the dimensionless quantities are intro-
duced in the following form:

D)

y=Y ==
’ d’ 01— 6 (12)

With the involvement of the above quantities, the
dimensionless form of Eqs. (9)—(11) are presented as:

d*u , d%*u Sdu du
— —B?y— -B2 - —-G=0 13
dy4 Ol'l/dy2 Ody dy ’ ( )
20 o (du\® Br® [d*u\’
—+B — — == =0 14
ap M(dy> "B (dy2) ’ (14
d?u
(1) =1, (15)
where:
2 d2
Br® = Houy : B2 Ho :
kl(em - ew) 0 m
G = —Bod? % prgd’ sin o

pouy 0w mui
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3. Viscosity models

Three different viscosity models are chosen, in which
one is constant viscosity and the other two are variable
viscosity models, i.e.:

(i) Constant viscosity case (p = 1)

In the case of the constant viscosity model, Egs. (13)-
(15) take the following form:

d*u d?

_pdt g = 1
dy4 Ody2 G 07 ( 6)
20 _ o (du\® Br® [du\’
i () o () =0 o7

An exact solution of Eqs. (16) and (17) is defined by:
u = ag + a1 (1 — y*) + as cosh[Byy], (18)
6 =by + b1y + boy® + bsy® + by cosh[Byy]

+ bs cosh[2Byy] + be sinh[Byy]. (19)

(ii) Space-dependent viscosity model (¢ = y)

The case of the space-dependent viscosity model is
chosen based on important studies presented by Ellahi
and Riaz [18], Hayat et al. [19] and Nazeer et al. [20].
In these studies, the authors have chosen viscosity as
a linear function of space coordinate (i.e., p = 7).
Motivated by the concept of these studies, in this
paper, the authors’ have taken pu = y. Given this
assumption, Eqgs. (13) and (14) are given by:

d*u du Sdu
d—w—Bgyd—yz—BS@—G:07 (20)

20 _ o (du)\? Br® [du)\®
a2 () + g (@) =0

To solve Egs. (20) and (21) under the boundary
condition given in Eq. (15), the method of regular
perturbation has been used. The two-term regular
perturbation expansion of velocity and temperature are

defined by:

V)

u & ug +euy + O(?), (22a)
and:
0 =~ 0y + 6 + O(e?). (22b)

The system of velocity for each order of ¢ is:
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0(%) ‘Zﬁf - gyf;; —Bg%—G:Q (23a)
uo(£1) = 0, CS;;’ (£1) =0,  (23b)
0(eh) ‘Zﬁj - gy‘g;; - Bg% =0, (230
ui (£1) = 0, CZ@(ﬂ) —0.  (23d)

The system of temperature for each order of ¢ is:

d*6, Pug  Br® [dPup\”
0(%: = +Br% + -5 ( ) =0,

dy* dy? B; \ dy? (24a)

6o(=1) =0,  6o(1) =1, (24b)

Bre d2U0 d2U1
i ( dy? ) (dy2 ) =0 2

61(+) = 0. (24d)

The solution of each order of ¢ for the velocity profile
is:

ug = az + asy® + azy’, (25a)

u = agy + ary® + agy® + agy’. (25D)

Based on leading-order solutions, the determining
equation for the correction term gives:

6o = br + bsy + boy® + bioy* + b11y”, (26a)

61 = bioy + bi3y® + biay® + bisy” + biey”. (26Db)

Combining the leading-order and first-order solutions,
one has:

u=az+asy’ +asy* +asy+ary’ +asy’ +agy’,  (27)
0 =by + bgy + boy® + broy* + bi1y” + bioy + bizy®

+ b14y® + bisy” + biey”. (28)

(iii) Vogel’s model (temperature dependent)

In this case, the viscosity of the fluid is a function of
temperature, i.e. the viscosity is directly dependent on
the temperature of the fluid. In this, the following
relation for the representation of the Vogel’s viscosity
model is defined as [21-24]:

Let:

nw= e(ygi‘* _9"'> , (29&)

or:
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y= e(iga=tn) _ (58-00) (1 - 9) (29D)

Y3
Using the above values, Egs. (13) and (14) become:
d*u . (-m_g ) d’u
2 BZe\wo ) 1 = i_g
dy4 o€ " yé dy2
; =0 _p Vdu df
4R (o) du A0y, (30)
Yo dy dy
2 . 2
a Z + B3 -0e). (1 - @9) <d“)
dy Yo dy
B® [du\®
—{—] =0. 31
B <dy2> (1

In view of the perturbation technique;

0(<%) : C;y“” _ pzelis=0v) ( _yoe)
B el
O(e') : 65;1 - Bge(%_g’”) : (1 - Z]H)
P, g0
3—2 (ﬁ;) ~G=0. (32b)

The system of temperature for each order is:

2
CICHE @0y + B%e (58-0) . (1 - 9)
dy? Y6
dU() 2 BS) d2u0 2_
() B2 () =0 o
4?0, ( )
1y . 0 g,
(6 ) * dy 0

(=30 () (5)

Br® d2u0 d2U1
B3 ( dy? ) ( dy? ) =0

The solution of each order of € for the velocity profile
is:
ug = aro(5 — 6y° + y*), (34a)

uy =B3(a1g+aigy+asoy® +asiy® +aiy* +aiay’

+a13y° +a14y” +aisy® +aiey’ +a17y12). (34b)

The solution for each order of ¢ for the temperature
profile is:

o = big + bigy + b1 (15y% — 5y* + ¢°), (35a)

01 =B2 (b31 + ba2y + baoy® + bo1y® + baoy*
+ b23y® + baay® + basy” + basy® + bary?

+ basy™® + bagy'? + bzoy'?). (35b)

Combining the leading-order and first-order solutions,
one has:

w =ay0(5 — 6y* +y*) + B3 (a1s + aroy + azy®
+any® +any + a2y’ + a3y’ + anay”
+a1sy® + a6y’ + ar7y'?), (36)

6 =bys + bioy + bi7(15y” — 5y* +3°)

+ B?(bm + bsoy + baoy” + bo1y” + booy®
+ basy® + b2ay® + basy” + basy® + bary’

+ basy' + bagy'? + bzoy't). (37)

4. Pseudo-spectral collocation method

The coupled system of nonlinear equations is dis-
cretized using a pseudo-spectral collocation method
[25]. It is well-known that the pseudo-spectral colloca-
tion method offers high accuracy in the approximation
of derivatives. Eqs. (13) and (14) are nonlinear and
represent second-order boundary value problems. The
domain of the problems here is [0,1]. Usually, the
matrix operators in the pseudo-spectral collocation
method to approximate the derivatives are defined over
the domain [—1,1], and there is a transformation T
from [-1,1] to [0,1] i.e. T'=[-1,1] — [0,1]:

I(r) = 0.5(r + 1). (38)

The domain of the problem presented here [0,1] is
discretized and n-grid points are introduced:

n=0GE—-1)h, for i=1,2,3,---,n

Here, h = 1/(n — 1). If the differentiation pseudo-
spectral collocation matrix is denoted by D, then, the
matrix operator D that approximates the first-order
derivative in this problem is:

D = 2D. (39)
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The beauty of the pseudo-spectral collocation method
is that higher-order derivatives can be computed by
computing the power of D, i.e. the 7th order derivative
can be approximated by D?. The discretized form of
the boundary value problem is:

D*u — B3 ® D*u— BiDp® Du—G =0, (40a)
. . 1 5
D?*6 + B? (u ® (Du)? - B2(D2u)2> =0, (40b)
0
where:

(51 0, 1
U2 ) 1

U= , =1, , 1=
Und pxn On nxn 1 nxn

u; = u(n;) and 8; = B(n;). The system of nonlinear
equations in Eq. (40) can be written as:

[D*uw — B2 ® D*u— B2Dp® Du— G

D+ BY (0o (Du)? - 45 (D*u)?)

_ 8] . (41)

The boundary conditions can be imposed as:

F(1) = u(1), F(2)=D(1,1:n)u,
F(n—1)=(n,1:n)u,

Fln+1)=6(1), F@2n-1)=60(n)—1, (42)

where (1) = 0, D(1,1 : n)u = 0, (n,1 : n)u = 0
and uw(n) = 0, (1) = 0, and #(n) = 1 describes
the boundary conditions. The system of nonlinear
Eqgs. (41) (after the adjustment of boundary conditions)
can be solved by using the Newton method. The
Newton method [26-32] is used in the following form:

“'F(x),  k=0,1,2,--,

(43)

zie1 = 2 — (F'(21))

@G =0.3,0.6,09,1.2
B

0.15

0.10

where z = [u,6]”, and 2y = 0. In all simulations, 0 is
taken as an initial guess, and on average, numerical
accuracy is obtained in the solution of a system of
nonlinear equations.

5. Results and discussion

In the present paper, the unidirectional flow of non-
Newtonian fluid (couple stress) between two inclined
plates is discussed. The inclined plates are set at
angle « from the horizontal axis. The perturbation
technique is chosen to obtain analytical expressions for
flow (velocity) and temperature fields. The effects of
Brickman number B, pressure gradient parameter G,
couple stress parameter By, the temperature of the wall
parameter 8, and Vogel’s model parameter gy, on the
velocity and temperature of the couple stress fluid are
captured through graphs. The velocity and tempera-
ture graphs for each case, i.e. Constant viscosity case,
Space-dependent viscosity case, and Vogel’s model, are
prepared separately. In all figures, dotted lines are
selected for identification of exact solutions, and solid
circles are chosen to show the description of the numeri-
cal solutions, which is obtained by the eminent pseudo-
spectral collocation method. The ranges of parameters
in the present simulations are selected as 1 < By < 4,
1<B9<16,01<G<80<8,<1,02<y <1,
and zog = 1. Figures 2 and 3 illustrate the effects
of pertinent parameters on velocity and temperature
profiles for the uniform viscosity model. It is noticed
that the velocity of the couple stress fluid increases
versus pressure gradient parameter, while the reverse
trend is highlighted against couple stress parameter By.
Since, by increasing the values of the pressure gradient
parameter, the fluid covers more area in the vicinity of
inclined plates, and, hence, the velocity speeds up, the
couple stress parameter increases the viscosity within
the fluid, which declines the flow of fluid. Further, it is
observed that the nature of the velocity against both
parameters is the parabolic type and the velocity of
the couple stress fluid attains maximum values in the
center of the channel. The temperature profiles of the

0.10 § o 4.

» L
By = 0.1,0.5,0.75, 1'1;”

0.00 |® »]
-1.0 -0.5 0.0 0.5 1.0

Figure 2. Effects of physical parameters on the velocity of constant viscosity.
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B? =1,By =0.5

0.0 0.5 1.0

Y

(a)

(b)

Figure 3. Effects of physical parameters on the temperature of the constant viscosity.

0.25 ...NG: 0.1,0.6,0.9,1.2
-, 4

10 05 0.0 0.5 10

By =0.5,1.5,1.8,2
N RS

-1.0 -0.5 0.0 0.5 1.0
Y

(b)

-1.0 -0.5 0.0 0.5 1.0

(b)

Figure 5. Effects of physical parameters on the temperature of the space-dependent viscosity.

couple stress fluid via pressure gradient parameter and
Brickman number are shown in Figure 3. It is perceived
that the temperature of the fluid increases for both
the pressure gradient parameter and Brickman number.
It is reasoned that the pressure gradient parameter
escalates the kinetic energy of the fluid which means
more heat is produced within the fluid and, hence, an
increase in the temperature of the fluid is observed in
this situation. When the values of Brinkman number
increase, viscous dissipation effects are produced within
the fluid which enhances heat generation. This is the
reason behind acceleration in the temperature field.
The plots for the space-dependent viscosity model
are illustrated in Figures 4 and 5. The effects of
pertinent involved parameters on velocity are presented

in Figure 4 and on the temperature in Figure 5.
The nature of velocity is the same parabolic type as
discussed in the case of the uniform viscosity model
against the pressure gradient parameter G. It is
observed that the velocity of the couple stress fluid
is maximum for this case, compared to the variable
viscosity case. Figure 4(b) depicts that the velocity of
the fluid increases near the left boundary and decreases
near the right boundary, when the values of the couple
stress parameter By are increased. Figure 5 interprets
that the temperature of fluid accelerates against the
pressure gradient parameter and Brickman number.
These effects are similar to the above case (constant
viscosity model).

Figures 6 and 7 are presented to capture the
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" :
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0.00 BO = 0~170m =05,z = Yo = G=1 “\. 0.00 ..: Bf_) =1,0p =29 =yo =G = .“.
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
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(c) (d)
Figure 6. Effects of physical parameters on the velocity of Vogel’s viscosity.
20 o 9G =0.4,06,08,1 1.4
’ R 1.2
o /
. 1.0
0.8
£ = 0.6
0.4
0.2 \t
5 0.0‘\\'6':0.3:B0:0.17x0:y0:1,0u,=0.5l
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ole . . . " Olg . . "
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
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(c) (d)

Figure 7. Effects of pressure gradient parameter, Brinkman number, Veogel’s viscosity parameter and wall temperature

on temperature profile.

effects of the non-dimensional parameter on velocity
and temperature for the third case of the viscosity
model, i.e. Vogel’s model. It is noted that the velocity
of the couple stress fluid increases via the Brickman
number, pressure gradient parameter, and temperature

of wall parameter, while opposite results are noted via
the couple stress parameter (see Figure 6). The distri-
bution of the temperature profiles in the case of Vogel’s
model via non-dimensional parameters is presented in
Figure 7. From this figure, it is perceived that the non-
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dimensional temperature of the fluid is an increasing
function of pressure parameter and Brickman number
and a decreasing function of Vogel’'s model parameter
and temperature of the wall parameter. These effects
are similar to the above two cases.

6. Conclusions

The properties of heat and mass transfer of couple
stress fluids between two parallel inclined plates are
discussed in this work. The velocity and temperature
solutions for the constant and variable viscosity (space-
dependent and Vogel’s models) of the couple stress fluid
are obtained. For analytical solutions, the authors used
the perturbation method and obtained the analytical
expressions of velocity and temperature of each case of
viscosity model. A pseudo-spectral collocation numeri-
cal scheme is also used for the validity of the perturba-
tion solutions. The effects of the physical parameters
of the couple stress fluid on velocity and temperature
profiles are highlighted with the help of graphs. It
is noticed that the temperature and velocity on the
plates are strongly dependent on the non-dimensional
parameters, namely Brickman number B®, pressure
gradient parameter GG, couple stress parameter By and
temperature of wall parameter 6,,. It is observed that
the velocity shows an increasing behavior versus the
pressure gradient parameter, Brickman number, and
Vogel’s model parameter, while an opposite behavior
is noted versus a couple of stress parameters. The
temperature of the fluid increases via the pressure
parameter and Brickman number, while the opposite
behavior is noted via the Vogel model parameter and
the wall temperature of the wall parameter.

Nomenclature

By Couple stress parameter

fy Body force per unit mass

G Pressure gradient parameter
« Inclination angle

Lo Gradient of V

I Viscosity of fluid

T Cauchy stress tensor

d Distance between pltes

€ Small perturbation parameter
B? Brinkman number

A First Rivilin-Erickson tensor
T Extra stress tensor

6. The temperature of the wall
1 Constant density

A% Velocity vector

Uo

Dimensional form of velocity
Matrix operator

Thermal conductivity

Specific heat

Unit tensor

The temperature of the lower wall

The temperature of the upper wall
Dimensionless temperature

Dimensionless form of the velocity
component

Arbitrary reference velocity

Dimensionless form of space coordinate
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