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Abstract. In this paper, the time invariant impressions of Cattaneo-Christov heat
and mass ux theories were implemented to overcome the initial instant disturbances
throughout whole medium. The motion of three-dimensional, incompressible, magnetized
viscous uid ow was induced by the oscillatory disk. Porous media was used to saturate
the rotating disk. Similarity transformations were accomplished to normalize the ow
problem. Successive Over Relaxation (SOR) technique was implemented to discuss the
new �ndings of normalized non-linear resulting system. It is perceived that increase in
porosity parameter results in decrease of oscillatory velocity pro�les. The characterization
of porous media is useful in geothermal and petroleum reservoirs. Time varying oscillatory
curves for concentration and temperature decay for varying concentration and thermal
relaxation time parameters, respectively. Moreover, the interesting nature of phase-log
shift is also observed in temperature and concentration pro�les. Three-dimensional ow
features are also labeled for velocity, temperature and concentration �elds.

© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

The combined heat-mass transportation emerges fre-
quently in widespread manufacturing and industrial
wise applications like nuclear processes, nuclear reac-
tor, cooling processes, hot wiring, distillation columns,
power generation, marine engineering, solar technology,
transpiration processes, packed bed processes, produc-
tion of glass-�ber, furnace design and energy produc-
tion. Heat conduction Fourier's law is the most famous
model in the �eld of continuum mechanics. Di�erential
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equation of parabolic type for temperature is obtained
by Fourier's law and has major short comings of having
instant initial disturbances throughout whole medium.
Such unrealistic feature was termed as paradox of
heat conduction. These various techniques have been
implemented over time, however all of them have not
been utilized successfully [1].

Maxwell-Cattaneo law [2] is one of those tech-
niques in which time partial derivative is added in
constitutive equation by Cattaneo. The law overcome
the shortcoming of Fourier's law by acquiring damped
hyperbolic equation and describe relationship among
temperature ourished and heat ux. Khan et al. [3]
communicated the series solutions by implementing
Homotopy Analysis Method (HAM) of the problem of
three-dimensional Burgers uid ow through stretch-
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ing surface with characterization of Cattaneo-Christov
model of heat and mass ux theories. Liu et al. [4]
obtained numerical solutions to feature the heat con-
duction inuence by characterizing Cattaneo-Christov
theory using space fractional derivative. Upadhay et
al. [5] computed numerical solutions of dusty Eyring-
Powell nanouid ow over stretching sheet subject
to Cattaneo-Christov model. The implementation
of HAM is utilized to study the salient features of
Cattaneo-Christov heat-mass ux theories on squeez-
ing uid ow by Farooq et al. [6]. Shehzad et
al. [7] computed analytical simulations to visualize
the characteristics to Cattaneo-Christov heat-mass ux
theories on ow of Maxwell liquid through moving
surface. Rauf et al. [8] analyzed the ow features of
Powell-Eyring liquid through stretching surface using
Cattaneo-Christov heat-mass di�usion in numerical
sense via (SOR) technique. Aqsa et al. [9] investigated
the Burger's uid ow by considering the model of
Cattaneo-Christov. Khan et al. [10] elaborated the
results of second grade viscoelastic uid model by using
the non-Fourier's formula of heat di�usion.

Rotating ows have fascinating phenomenon be-
cause of the richness involved in scienti�c and engi-
neering applications. Understanding such phenomenon
provides modeling capabilities to design turbomachines
and various other products for power plants, turbo
machinery, oil industry and medical engineering such
as jet engines, vacuum cleaners pumps and swirl ow
through di�user. Especially uid ow subjected to the
oscillatory motion of rotating surfaces has innumerous
practical applications worldwide. The analysis of
such type incorporates the thermal stability analysis
of chemical reactors, thermal radiators, condensers,
separation systems, centrifuges, radiators, centrifugal
pumps, heat exchangers, jet engines and designing
process of the thermal subsystems as implication in
boilers. Chawla et al. [11] examined incompressible
ow of viscous uid subjected to porous rotating disk.
Mahmood et al. [12] obtained numerical solutions
for unsteady viscous uid ow through rotating disc,
lubricated by thin coating of power-law uid. Yin et
al. [13] executed analytical technique to discuss heat
transfer attributes of nanouid ow across rotating
disk. Mustafa [14] accomplished numerical technique
to analyze the distinctions of nanouid due to rotating
disk. Turkyilmazoglu [15] investigated heat transfer
phenomenon of viscous uid ow near vertically moving
and rotating disk. Lok et al. [16] established numerical
solutions of stagnation-point ow through permeable
rotating disk of stretching/shrinking type. Hayat et
al. [17] obtained series solutions by adopting HAM to
study the entropy generation of Sisko uid ow by
rotating disk. Gholinia et al. [18] attained numerical
solutions for ow problem of Eyring-Powell uid via
rotating disk.

The topic of porous media with applications
in industry and engineering is an active area of re-
search. The pioneer work in uid transport area
and heat transport through porous media started
from the last century. The applications of such
fascinating area were found in thermal-insulation en-
gineering, chemical waste spreading, geothermal reser-
voirs, petroleum reservoirs, grain storage, catalytic
reactors, coal combustors and microsphere insulation
of packed cryogenic [19{25]. On basis of such spe-
ci�c applications of porous media, the ow may be
external or internal through porous medium. In
this regard, most of the research work was done
by implementing Darcy law [26]. The model based
on the creeping ow assumption is subject to in-
�nitely enlarged uniform medium such that average
volume velocity and pressure gradient keeps direct
relationship [27]. Khan et al. [28] solved the prob-
lem of second grade uid ow through oscillatory
moving surface submerged into porous medium. Ali
et al. [29] performed simulations using HAM to dis-
cuss the ow characteristics of couple stress uid via
oscillatory sheet subjected to porous medium. Ali
et al. [30] discussed the ow problem of viscoelas-
tic uid through oscillatory moving sheet via porous
medium. Hasnain and Abbas [31] examined ow of
two immiscible liquids through inclined annulus of
concentric cylinders in porous medium. Sheikholeslami
and Shehzad [32] performed numerical simulation using
Control Volume Finite Element Method (CVFEM)
to analyze heat transfer features of nanoparticles
in an enclosure merged in porous medium. Sheik-
holeslami et al. [33] discussed the nanouid ow be-
havior through oscillatory vertical plate, taking place
in porous medium.

The main goal of our study is to study the
numerical �ndings of incompressible, three-dimensional
MHD ow of viscous uid. The motion of uid is
generated due to oscillatory rotating disk saturated
by the porous space. One of premier imperfections of
Fourier's theory is that temperature �eld is parabolic
in nature due to which early disturbance is detected
all over the medium. Such behavior contradicts with
causality principle. To rectify such unrealistic at-
tribute, Christov [2] include time derivative term in
constitutive expression between temperature and heat
ux which extends the heat equation into damped
hyperbolic one and solves the major short comings in
Fourier's model. Therefore the utilization of Cattaneo-
Christov heat and mass ux theories is made for the
present ow problem. The magnetized ow problems
of viscous material through rotation of oscillatory disk
under double di�usive Cattaneo-Christov theory have
not still been studied in literature. The present work
is the extension of [34] with addition of Cattaneo-
Christov theories of double di�usion. Mathematical
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model is developed in Section 2. Section 3 mentions
the numerical solutions. Discussions of results are
elaborated in Section 4. Conclusions are discussed in
Section 5.

2. Mathematical modeling

A three-dimensional, unsteady, incompressible ow of
hydromagnetic viscous uid is assessed. Constant
rotation and periodic oscillation of the disk is generated
by the uid motion and the disk is equipped in porous
space. Angular speed of disk is  and amplitude of
oscillation is denoted by ". The disk is located in
z = 0 plane. Most appropriate choice, here, is to
choose system of cylindrical co-ordinates such that
the components of velocity (u; v; w) are considered
along (r; �; z) direction. Flow is assumed to be axi-
symmetric, therefore derivatives are neglected along
tangential component. Electric �eld is ignored because
of low Reynolds number. Uniform potency magnetic
�eld is employed in the axial direction. Heat and mass
transfer features are inspected by utilizing modi�ed
form of Fick and Fourier's laws namely Cattaneo-
Christov mass and heat ux theories.

Temperature and concentration at wall are de-
noted by Tw and Cw whereas ambient temperature and
concentration are determined by T1 and C1. Figure 1
explains the geometrical con�guration.

Considering the above assumptions, the mathe-
matical model is [2,35{37]:
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Figure 1. Geometry of the problem.
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The associated boundary conditions for (t > 0) are [37]:

at z = 0:

u(r; z; t) = ar(1 + " sin!t); �(r; z; t) = r;

w(r; z; t)=0; T (r; z; t)=Tw; C(r; z; t)=Cw

when z !1:

u(r; z; t)! 0; �(r; z; t)! 0; w(r; z; t)! 0;

T (r; z; t)!T1; C(r; z; t)! C1; (7)

and initial conditions are [37]:

u=0; �=0; w=0 at t=0 for all r and z: (8)

Here �, �, and � represent the kinematic viscosity,
density and dynamic viscosity, �0 the magnetic ux
density, �e the electrical conductivity, �1 and k1 the
porosity and permeability of porous medium, � = k

�cp
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co-e�cient of heat di�usion, DB Brownian di�usion
coe�cient, �0 heat ux relaxation time, ! the angular
frequency, and �1 the concentration relaxation time.
The self-similar variables are expressed as [37]:

u = arF 0(��; t�); � = arG(��; t�);
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Self-similar transformations reduce Eqs. (1){(7) into
the following:
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and boundary conditions transform to the following:

F (0; t)=0; F 0(0; t)=1+" sin t; G(0; t)=
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where prime (0) denotes the di�erentiation with re-
spect to the dimensionless variable z; the subscript
t represents the di�erentiation with respect to the
dimensionless time t; St = !

a the unsteady parameter;
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q
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a� the magnetic parameter; P = ��1
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porosity parameter; Pr = �

� the Prandtl number;

 = 

a the swirl parameter; �1 = a�0 the thermal
relaxation time parameter; �2 = a�1 the concentration
relaxation time parameter; and Sc = �

DB stands for
Schmidt number.

Shear stresses at the disk surface are de�ned as:
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Here Rex = ar2

� stands for Local Reynolds number.

3. Numerical solution

The resulting system of equations is of the second order
in G, �, and �, and third order in F . Eq. (10) is
converted into second order using technique of order
reduction as follows:

F 0 = X; (16)
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Boundary conditions (Eq. (14)) in terms of Eq. (16)
become:

F (0; t)=0; X(0; t)=1+" sin t; G(0; t)=
;

�(0; t) = 1; �(0; t) = 1; P (0; t) = 0;

X(1; t)!0; G(1; t)! 0; �(1; t)!0;

�(1; t)! 0: (21)

Domain truncation technique is implemented in order
to obtain �nite domain [0; N ] from semi-in�nite domain
[0;1). Boundary conditions which are utilized at
in�nity are mentioned at end point N of domain. The
uniformly distributed R + 1 points that are discretize
with variable � subject to the step-size is chosen to
be �� = N

R . The resulting system is then solved
through numerical way by implementing �nite di�er-
ences discretization scheme. The backward di�erence
formulas of �rst and second orders are approximated
with respect to time as follows:
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Central di�erence approximations of �rst and second
orders are approximated with respect to � as:
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Here i and j are taken as spatial and time levels,
respectively.
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Here boundary conditions [21] take the following form:
F0;j = 0; Y0;j = 1 + " sin tk; G0;j = 
;

�0;j = 1; �0;j = 1;

YN;j = GN;j = �N;j = �N;j = 0: (28)

SOR is enforced for an iterative process to obtain
numerical solution. Further equation (Eq. (16)) is
integrated using Milne and Adam Moulton meth-
ods [38]. In our numerical method, the optima value of
successive over relaxation parameter is taken ! = 1:95.
A spectral radium convergence criterion is expressed
by [39]:
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Here the optimal relaxation parameter is calculated by:

!opt = 1 +

 
�(GJac)

1 +
p

1� (�(GJac))2

!2

; (30)

where �(GJac) denotes spectral radius of Jacobi
method. In current process of execution, we used time
scales tk = k�t, k = 0; 1; 2; � � � .
4. Discussion of the results

Numerical analysis is implemented to study the un-
steady, hydromagnetic ow problem of viscous uid
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Figure 2. Out-turns of M on F at � = 0:25.

Figure 3. Out-turns of M on F 0 at � = 0:25.

by implementing modi�ed forms of heat and mass ux
theories subjected to oscillatory disk. The disk takes its
place in porous space. Analysis is carried out to discuss
the results of dimensionless quantities through graph-
ical representations and in tabular view forms. The
physical parameters, which are under consideration,
are magnetic parameter, porosity parameter, swirl pa-
rameter, constant amplitude, Prandtl number, Schmidt
number and thermal and concentration relaxation time
parameters. The graphs of various magnetic parameter
values M = 0; 1; 1:5; 2 on F 0(0:25; t) and F (0:25; t) are
demonstrated in Figures 2 and 3, respectively. The
uid ow becomes hydrodynamic under the situation
when M = 0. By introducing the magnetic �eld, a
force termed Lorentz force evolves in ow �eld. Such
force is responsible for producing resistance and hence
reducing velocity graphs. Furthermore, in Figure 2, the
axial velocity F (0:25; t) curves are more close to each
other and domain of oscillation is small in comparison
to radial velocity F 0(0:25; t) pro�les in Figure 3. The
demonstration of porosity parameter on both axial
and radial velocities is pictured in Figures 4 and 5.
Similar observation is perceived in graphical results
for varying porosity parameter as in the scenario of
magnetic parameter. The porosity parameter has also

Figure 4. Out-turns of P on F at � = 0:25.

Figure 5. Out-turns of P on F 0 at � = 0:25.

Figure 6. Out-turns of 
 on F at � = 0:25.

the tendency to decrease the velocity pro�les. Here
we pick � = 0:25. The dominance of swirl parameter
on F 0(0:25; t) and F (0:25; t) is prescribed in Figures 6
and 7, respectively. Here in case of swirl parameter,
the domain of oscillatory pro�les is slightly larger for
both velocity curves in comparison to the oscillatory
domain of porosity and magnetic parameters. The
axial curves of velocity are close to each other as
compared to the radial velocity pro�les. As the swirl
parameter and stretching rate keep inverse relation,
then the amplifying values of 
 heighten the graphical
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Figure 7. Out-turns of 
 on F 0 at � = 0:25.

Figure 8. Out-turns of " on F at � = 0:25.

Figure 9. Out-turns of " on F 0 at � = 0:25.

results. At initial level of time we observed small
amplitudes related to oscillatory curves however with
increasing time the amplitude increased due to uid
particles rapid thrust.

Various constant amplitude values on ow veloc-
ities are depicted in Figures 8 and 9. Both �gures
revealed the case of linearly rotating disk for " = 0.
In such case, the amplitude diminished. The non-

Figure 10. Out-turns of Pr on � at � = 0:25.

Figure 11. Out-turns of �1 on � at � = 0:25.

zero declining miscellaneous values shrink the ampli-
tude of oscillations. Moreover, amplitude interval for
F 0(0:25; t) is larger than that of F (0:25; t). Prandtl
number illustration for distinct values of temperature
�led is pictured in Figure 10. A rise in Prandtl number
causes a reduction in temperature curves. For smaller
values of Prandtl number the amplitudes of oscillatory
temperature curves are very small however for larger
Pr the amplitude of oscillations increases. A pictorial
representation of thermal relaxation time parameter on
�(0:25; t) is shown in Figure 11. The increasing nature
of �1 demands additional time for transformation of
energy of molecules from one molecule to another;
therefore pro�les convey the decreasing behavior for
increased �1. The oscillatory temperature curves are
close to each other. Figure 11 also portrays the
zooming �gure in time interval 15 � t � 25. Here
phase di�erence is a notable feature in oscillatory
temperature curve. The phase di�erence increases
with an increase in �1. Similar observation is eminent
for �(0:25; t) from Figure 12 in scenario of enhancing
�2. The consequences of various Schmidt number on
�(0:25; t) are illustrated in Figure 13. Schmidt number
is responsible in decaying the oscillatory concentration
curves. For smaller Schmidt number (Sc), the ampli-
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Figure 12. Out-turns of �2 on � at � = 0:25.

Figure 13. Out-turns of Sc on � at � = 0:25.

Figure 14. F , F 0 and G at � = �=2.

tude of oscillations is small while it tends to increase
for larger Sc.

Figsures 14 and 15 are sketched for �xed values
of M = 0:5, P = 1, " = 0:3, 
 = 3, Pr =
0:4, Sc = �1 = �2 = 0:3, St = 0 and � = �=2.

Figure 15. � and � at � = �=2.

Figure 16. Flow behavior at �; t, and F .

Figure 17. Flow behavior at �; t, and F 0.

The velocity curves are presented in Figure 14, while
temperature and concentration curves are plotted in
Figure 15. Both Figures 14 and 15 represent steady
uid ow phenomenon subject to linearly rotating disk.
Three-dimensional demonstration of ow behavior is
exhibited in Figures 16{20. Figures 16{18 depict
the oscillatory ow phenomenon of axial, radial and
tangential velocities, while Figure 19 and 20 reveal
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Figure 18. Flow behavior at �; t, and G.

Figure 19. Flow behavior at �; t, and �.

ow behavior on temperature and concentration �elds,
respectively. Figure 21 describes the time series radial
velocity curves considering numerous distances � =
0:15; 0:35; 0:55; 0:75 from disk surface. Because of the
oscillatory disk, the curves amplitude is bigger nearby
disk surface while away from disk the amplitudes tend
to diminish.

Table 1 is constructed to examine the e�ect of
magnetic and porosity parameters on frictional torque
and radial shear stress. We consider several levels
of time t = �=6; �=4; �=2; 3�=4. Magnetic parameter
ranges from 0 to 2 and we considered the porosity

Figure 20. Flow behavior at �; t, and �.

Figure 21. Various � on F 0 versus t.

parameter values from 0 to 3. The cases M = 0
and P = 0 represent hydrodynamic uid ow which
does not saturate the porous space. Increase in M
and P enlarges frictional torque as well as radial
shear stress for di�erent time levels. The inuence of
Prandtl number and thermal relaxation time parameter
on heat transfer rate is narrated in Table 2. The
improved Pr and �1 grow up the rate of heat transfer
for four di�erent time scales. Table 3 illustrates
the dominance of Schmidt number and concentration

Table 1. Numerical values of �zr and �z� for M and P considering four time levels.

M P �� rz ��z�
t = �=6 t = �=4 t = �=2 t = 3�=4 t = �=6 t = �=4 t = �=2 t = 3�=4

0 1 0.1427 0.2365 0.3740 0.2163 5.0275 5.0691 5.1289 5.0602
1 1 0.6299 0.7278 0.8712 0.7067 5.7487 5.7862 5.8402 5.7782

1.5 1 1.1277 1.2318 1.3841 1.2094 6.5638 6.5986 6.6467 6.5915
2 1 1.6881 1.8016 1.9674 1.7721 7.5788 7.6068 7.6497 7.6016

0.5 0 0.0029 0.0977 0.0163 0.1175 4.4333 4.4780 4.5425 4.4684
0.5 1 0.2807 0.3753 0.5138 0.3549 5.2001 5.2404 5.2985 5.2318
0.5 2 0.7453 0.8441 0.9888 0.8228 5.9018 5.9381 5.9905 5.9303
0.5 3 1.1338 1.2376 1.3893 1.2152 6.5436 6.5767 6.6245 6.5696
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Table 2. Numerical values of ��0(0; t) for Pr and �1

considering four time levels.

Pr �1
��0(0; t)

t = �=6 t = �=4 t = �=2 t = 3�=4

0.4 0.3 0.5319 0.5401 0.5520 0.5383
0.5 0.3 0.6383 0.6486 0.6635 0.6463
0.7 0.3 0.8318 0.8456 0.8658 0.8426
1 0.3 0.9526 1.0997 1.1266 1.0957

0.4 0 0.7770 0.7858 0.7985 0.7839
0.4 0.1 0.7924 0.8024 0.8167 0.8002
0.4 0.3 0.8429 0.8565 0.8763 0.8536
0.4 0.5 0.9230 0.9410 0.9674 0.9371

Table 3. Numerical values of ��0(0; t) for Sc and �2

considering four time levels.

Sc �2
��0(0; t)

t = �=6 t = �=4 t = �=2 t = 3�=4
0.3 0.3 0.4164 0.4226 0.4315 0.4212
0.4 0.3 0.5307 0.5390 0.5511 0.5372
0.5 0.3 0.6380 0.6482 0.6632 0.6460
0.7 0.3 0.8412 0.8523 0.8655 0.8424
0.3 0 0.4085 0.4128 0.4192 0.4119
0.3 0.3 0.4269 0.4326 0.4408 0.4314
0.3 0.6 0.4574 0.4652 0.4768 0.4636
0.3 0.9 0.5057 0.5169 0.5337 0.5145

relaxation time parameter on mass transfer rate under
t = �=6; �=4; �=2; 3�=4. Expanding values of both
parameters results in strengthening the mass transfer
rate. In Table 4, the comparison of numerical values of
shear and couple stresses by varying " and 
 at distinct
time levels is given. Excellent comparison endorses our
numerically computed results.

5. Conclusions

The analysis is made through numerical technique for

the problem of MHD viscous uid ow through rotating
disk. The uid is caused due to disk oscillation.
Cattaneo-Christov heat and mass ux models are
implemented in energy and mass equation, respectively.
The acquired system after using self-similar transfor-
mations is solved through SOR method. Key �ndings
are pointed as:

1. The velocity graphs F (0:25; t) and F 0(0:25; t) depict
declining nature of increased magnetic and porosity
parameters and increasing trend of enhanced swirl
parameter such that the distance between pro�les
F 0(0:25; t) is larger as compared to F (0:25; t);

2. The oscillatory amplitudes magnify for larger con-
stant amplitude and when constant amplitude is
zero, the amplitude diminishes;

3. Thermal and concentration relaxation time param-
eters have reducing trend in temperature and con-
centration �elds, respectively. Furthermore phase-
log in oscillatory curves is also noticed in such
pro�les;

4. Time concentration pro�les are reduced for larger
Schmidt number, and smaller oscillations are ob-
served in pro�les;

5. Intensifying values of thermal relaxation time pa-
rameter and Prandtl number strengthens heat
transfer rate against t = �=6; �=4; �=2; 3�=4;

6. Mass transfer rate is enlarged for enhanced con-
centration relaxation time parameter and Schmidt
number considering various time levels.
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Table 4. Comparison of �zr and �z� for " and 
 considering distinct time levels.

" 


��zr ��z�
t = �

6

[37]
t = �

6

[Present]
t = �

4

[37]
t = �

4

[Present]
t = �

6

[37]
t = �

6

[Present]
t = �

4

[37]
t = �

4

[Present]

0.3 3 0.4010 0.4010 0.5450 0.5450 5.2681 5.2681 5.3283 5.3283

0.6 3 0.7915 0.7915 1.0902 1.0902 5.4285 5.4285 5.5457 5.5457

0.9 3 1.1941 1.1941 1.6581 1.6581 5.5854 5.5854 5.7567 5.7567

0.3 1 1.6300 1.6300 1.7113 1.7113 1.6533 1.6533 1.6686 1.6686

0.3 2 1.1029 1.1029 1.1913 1.1913 3.3762 3.3762 3.4051 3.4051

0.3 3 0.2736 0.2736 0.3684 0.3684 5.2139 5.2139 5.2543 5.2543
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Nomenclature

 Angular speed of disk
(u; �; w) Velocity components
Cw Wall concentration
C1 Ambient concentration
� Density
�0 Magnetic ux density
�1 Porosity of porous medium

� =
k
�cp

Coe�cient of heat di�usion

�0 Heat ux relaxation time
�1 Concentration relaxation time
t Time

St =
!
a

Unsteady parameter

P =
��1

a�k1
Porosity parameter


 =

a

Swirl parameter

�2 = a�1 Concentration relaxation time
parameter

Rex =
ar2

�
Local Reynolds number

" Amplitude
Tw Wall temperature
T1 Ambient temperature
� Kinematic viscosity
� Viscosity
�e Electrical conductivity
k1 Permeability of porous medium
DB Brownian di�usion
! Angular frequency
(0) Di�erentiation with respect to

dimensionless variable z
a Stretching strength

M=

s
�e�2

0
a�

Magnetic parameter

Pr =
�
�

Prandtl number

�1 = a�0 Thermal relaxation time parameter

Sc =
�
DB

Schmidt number

�(GJac) Spectral radius of Jacobi method
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