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KEYWORDS Abstract. Data Envelopment Analysis (DEA) can be employed to evaluate the operation
of units as one of the most important concerns of managers. DEA is a linear programming
technique for calculating relative performance of Decision-Making Units (DMUs) with
multiple input and output. However, although all the input and output are considered
as certain items in these models, there are uncertain items in the real word and the
existing interference between these two concepts will result in uncertain models. Allocation
models were studied in an uncertain environment with belief degree-based uncertain input
costs and output prices. Belief degree-based uncertainty is useful for cases in which
there is no historical information on an uncertain event. Utilizing the uncertain entropy
model as a second objective function, the cost and revenue models showed an optimal
performance with the maximum dispersion rate in their constituent components. As a
solution methodology, the uncertain allocation models were separately converted into crisp
models by the Expected Value (EV) and the Expected Value and Chance-Constrained
(EVCC) methods. A practical example from the Iranian stock market was also employed
to evaluate the performance of the new model.
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1. Introduction tion in a linear programming formula to measure the

) ] ) performance of a DMU relative to a set of DMUs.
Data Envelopment Analysis (DEA) is recognized as a Afterwards, Banker et al. [3] introduced the BCC
robust analytical tool extensively utilized in measuring model. In addition to CCR. and BCC

the relative efficiency of a group of Decision-Making
Units (DMUSs) with multiple input and output. The
DEA model, originally named CCR, was first developed

, several models
have been developed that discuss DEA from several
perspectives. Instances are RAM by Cooper et al. [4],
: slack-adjust by Sueyoshi [5], additive model by Seiford
by Charnes et al. [1] on a printed paper. They and Thrall [6], Slacks-Based Measure (SBM) model by
expanded the nonparametric method introduced by Tone [7], and FDH model by Deprins et al. [8], all of
Farrell [2] to gauge DMUs with multiple input and which are DEA-based models.

output. CCR makes use of mathematical optimiza- In classical DEA models, DMUs are evaluated
by considering input and output values in order to
. Corresponding author. measure rational efficiency as compared to different
E-mail address: masoudsaneif9@yahoo.com (M. Sanei) DMUs. Eventually, the measure to which rational
efficiency belongs is obtained between (0, 1). DEA

doi: 10.24200/sci.2020.55047.4046 is used for measuring and analyzing such concepts as
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cost and revenue efficiencies [9]. In fact, one of the most
important aspects of product analysis and organization
is to measure cost and revenue efficiencies [2]. Real ef-
ficiency models for calculating cost efficiency search for
a unit that requires the lowest cost for buying input not
more than the input to the units under investigation in
order to produce output equal to the output of the units
under investigation. Furthermore, a revenue efficiency
model searches for a unit which gains the best revenue
from selling output greater than output of the units
under investigation by consuming the input equal to
the input of the units under investigation.

The method for experimental evaluation of cost
and revenue efficiencies was first developed by Fare et
al. [10]. In the cost and revenue model introduced by
Fiére et al. [10], not only the modeling needs input and
output, but also every price can be different in every
unit, which may limit the applications of the model.
Their model was based on some sampling hypotheses.
The input should be homogenous and the prices should
be available and specified. Because of changes in the
process or in input specifications, the techniques and
input in big and small organizations might be different.
As aresult, input and their costs could also be different.
Accordingly, the technical structure of the DEA model
could be more sophisticated [9].

According to Jamshidi et al. [11], the classical
DEA models assumed that input and output were
represented by precise values. However, in many
real-world systems like banking, insurance, and other
financial systems, the input and output are not precise
and cannot be measured exactly. Considering this,
many researchers tried to formulate DEA problems
with different hypotheses. A possible hypothesis is
the earliest principles, which may be used to build
stochastic DEA models. Sengupta [12] summed up
the stochastic DEA model utilizing the Expected Value
(EV). Moreover, Banker [13] consolidated the elements
of applied mathematics under DEA in order to develop
a statistical method. Several papers utilized chance-
constrained programming for DEA so as to introduce
stochastic varieties to information [4,14-16]. Fuzzy
outlook is another theory the hypothesis of which has
been utilized to cope with the uncertainty in DEA.
Cooper et al. [17-19] introduced a technique to deal
with inaccurate information such as moderate data,
adjectival data, and ratio moderate data in DEA.
Furthermore, Kao and Liu [20] designed a technique to
discover the membership function of fuzzy performance
marks when each input and output was a fuzzy number.
Entani et al. [21] proposed an interval potency DEA
model by pessimistic and idealistic values. Several re-
searchers have introduced the possibility measure into
DEA [22-24]. As confirmed by several studies, human
uncertainty does not come with the same fuzziness in
all cases. To overcome the shortcomings of the fuzzy

theory, Liu [25] introduced the uncertain theory and
refined it in 2010 as an understandable mathematical
structure for confronting uncertainty in data, which
served as a strong alternative to the probability theory
when one had to restrict the information in the face
of insufficient trusted data. The belief degree function
is associated with an underlying concept of this theory
built according to the opinion of the experts [26].

Optimization problems with uncertain data can
be even more interesting and realistic in uncertain
environments with uncertain values for parameters and
variables [27]. To deal with uncertain parameters,
any approach based on randomness, fuzzy theory,
stochastic programming, probability theory, and so on
can be applied to the historical information on the
parameters.

In such cases, the uncertain manner of the prob-
lem is estimated from the historical data as a probabil-
ity function, random number, fuzzy number, etc. [25].
On the other hand, for cases in which no historical
information on an uncertain event exists, uncertainty
theory based on belief degree has been employed to
solve the problem.

The uncertainty theory can be explained by a
simple example. Consider a bridge with undetermined
strength. At first, it is assumed that no destructive
experiment is allowed on the bridge. Thus, there is
no sample regarding the strength of the bridge. In
this case, no statistical methods exist for estimating its
probability distribution. Therefore, there is no choice
but to invite bridge engineers to evaluate the belief
degrees about the strength of the bridge [28]. Some
basic concepts of the belief degree-based uncertainty
theory will be explained in Section 2 and a complete
study of this topic can be found in Liu [25].

The belief degree depends heavily on personal
knowledge (including preferences) concerning an event.
When the personal knowledge changes, the belief
degree changes as well. Different people may offer
different belief degrees. The question is which belief
degree is correct and it may be answered as follows: all
belief degrees are wrong, but some are useful [28].

A belief degree becomes “correct” only when it
is close enough to the frequency of the indeterminate
quantity, which, however, does not usually occur. Nu-
merous surveys have demonstrated that human beings
usually estimate a much wider range of values than the
object actually takes. This human conservatism makes
the belief degrees deviate far from the frequency. Thus,
all belief degrees are wrong compared with the real
frequency [25]. Nevertheless, it is undeniable that these
belief degrees are indeed helpful for decision-making.
Moreover, as determined by the choice of a, there is a
risk that DMUs would not be efficient even when their
condition is satisfied [28].

Wen et al. [29] applied the uncertain theory
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for the first time to rewriting the DEA model in
uncertainty condition and then, published a paper on
the sensitivity and stability of the additive model in
terms of uncertainty. Wen et al. [30] also introduced a
new additive model with uncertain input and output.
Additionally, Wen et al. [31] developed the DEA model
with uncertainty index ranking for criteria. Lio et
al. [32] also published a paper to evaluate DMUs
with uncertain input and output. Jamshidi et al. [11]
developed the RUSSEL DEA model with uncertain
input and output. Jamshidi et al. [26] applied the SBM
model to an uncertain environment where the uncertain
input and output were belief degree-based uncertainty.

These studies are nevertheless insufficient for
describing programming with uncertain data [27,33—
39] and new models are often introduced to create new
methods.

Based on the Shannon entropy, Liu [40] intro-
duced the concept of entropy for the first time to
determine the uncertainty of uncertain variables re-
sulting from information deficiency. Clearly, entropy
functions are used as a means for measuring dispersion
in allocation models. Chen and Dai [41] and Dai
and Chen [42] investigated the maximum entropy of
uncertainty distribution for uncertain variables. They
presented the entropy of a function of an uncertain
variable. In the present study, input costs and output
prices are considered as uncertain variables and then,
two different models are proposed to convert the new
model into a crisp model to deal with the uncertainty
problem. Thereafter, uncertain allocation models are
used in a practical example in the Iranian stock market
to find a stock portfolio with the maximum return.

Based on the literature on the uncertain DEA
problems, no serious study has been performed on
incorporating entropy and belief degree-based uncer-
tain DEA models. In fact, entropy measures the
degree of uncertainty. This study for the first time
aims at dealing with allocation models in an uncertain
environment. Since entropy helps with the diversifica-
tion of the model, another function is considered as a
second objective function. This in turn results in the
best and highest diversification of allocation models.
Considering the maximum entropy in allocation models
helps us achieve the highest revenue and the lowest
cost with a maximum dispersal measure. This new
multi-objective model will result in higher efficiency
of units, which are considered more dispersed in all
processes. The parameters of the objective function
and constraints are considered to be of zigzag uncer-
tainty variables. Two approaches of EV and Expected
Value and Chance-Constrained (EVCC) methods are
developed for the uncertain allocation problems. A
real practical example from the Iranian stock market is
also presented to evaluate the performance of the new
model. The new multi-objective uncertain allocation

models will enhance the power of managerial decisions
and offer a clear way for choosing components of
allocation models.

The paper is organized as follows: Some prelim-
inary knowledge on uncertainty theory is reviewed in
Section 2. Entropy function in an uncertain space is
introduced in Section 3. Basic concepts of the allo-
cation DEA models are introduced in Section 4. Some
new uncertain DEA models are introduced in Section 5
and their new structures are proven. Section 6 concerns
crisp equivalents of the DEA models. Entropy-based al-
location models with uncertain variables are introduced
in Section 7. The weighted method, which is solely
a multi-objective model, is introduced in Section 8.
Finally, an applied example to the Iranian stock market
is solved by the allocation uncertain models.

2. Preliminaries

Here, the basic concepts and presented uncertain vari-
ables are discussed [25]. Let I" be a nonempty set and
L an o-algebra over I'. Each element A € L is called
an event. A set function M{A} € [0,1] is known as
an uncertain measure if it satisfies the following three
axioms [25]:

1. M{A} =1 for the universal set I';
M{A} + M{A°} =1 for any event A;
3. For every countable sub-additive of events {A;}, we

have M{ole Az} S i A,‘.
= i=1

Definition 1 [25]. The set function M is called an
uncertain measure if it meets the duality, normality,
and subadditivity axioms.

The uncertain measure has the following at-
tributes:

i M{¢}=0;
ii. 0<M{A} <1 for any event A;
iti. M{A1} < M{A,} for any events A; C As.

The triplet (T, L, M) is called an uncertainty space. In
order to define the product uncertain measure, Liu [43]
proposed the fourth axiom as follows: Let (', Lg, My)
be the uncertainty space for ¥ = 1,2,---, then the
product uncertain measure M is an uncertain measure
satisfying:

M {ﬁ Ak} = kcj\:l/\/lk{/\k}.

k=1

Definition 2. [25]. An uncertain variable is a mea-
surable function ¢ from an uncertainty space (I', L, M)
of the set of real numbers, i.e., for any Borel set B of
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real numbers, the set {{ € B} = {y € T|{(v) € B} is
an event.

An uncertainty distribution function is used to
characterize an uncertain variable and defined as fol-
lows [25]:

o(x) = M{¢ <z} Va,x€R. (1)
Theorem 1 [44]. A function ®(x) : R — [01] is an
uncertainty distribution if and only if it is an increasing
monotonic function, except ®(z) =0 and ®(z) = 1.

Point 1. The zigzag uncertainty distribution is an
uncertain variable ¢ shown with Z(a,b,¢) and ex-
pressed as follows:

0 rz<a
S a<az<b
o(z) = (2)
z+c—2b)
( 5(c=b) b<z<e
1 T >c

where a, b, and ¢ are real numbers with a < b < c.

Definition 3. An uncertainty distribution ¢ is said
to be regular if it has an inverse function ¢~ !(a) and
it is unique for each a € (0,1). For instance, the
uncertain distributions are given in Eq. (2).

Point 2. The inverse uncertainty distribution of
zigzag uncertain variable Z(a, b, c) is:

o-1(a) = {(1 — 2a)a + 2ab a <05

(2—-20)b+ (2aa—1)c a>05 ®)

Definition 4 [28]. The uncertain variables &1, &, -+,
&, are considered to be independent if:

M {,61@1- € Bz-)} = _ﬁlM{@ € Bi},
for any Borel set By, B>, -, B,.

Definition 5 [28]. The uncertain variables £, &s,- - -,
&, are independent if and only if:

M {161(51' € Bz‘)} = iglM {& € B;},

for any Borel set By, By, -+, B,.

Theorem 2 [28]. Let &;,&,---,&, be independent
uncertain variables and fi, f2, -+ , f,, measurable func-

tions. Then, f1(&1), f2(&2),- -, fu(&n) are independent
uncertain variables.

Theorem 3 [28]. Let &, &, -, &, be variables with
independent uncertainty and regular uncertainty distri-
butions @1, @a, - ,@n, respectively. If f is a strictly
increaging function, then & = f(&,---,&,) is an
uncertain variable with inverse uncertain distribution

P = fler (), 03 (@), ot ().

Theorem 4 [28]. Let £,&, -, &, be independent
uncertain variables and regular uncertainty distri-
butions @1, @a, -, @, respectively. If f is strictly
increasing with respect to &1,&,---,&, and strictly
decreasing with respect to £41,&m+2, - s Emtn, then
& = f(&,+-,&,) is an uncertain variable with an
inverse uncertainty distribution:

4/771(a) :f(@l_l(a)v e 799;11(04)7997;14»1(1 - CY),
ent(1-a)),

Definition 6 [28]. If £ be an uncertain variable, then
the EV of ¢ is defined by:

+ oo

0
B = [ Mezodn- [ ME<oin @

0

provided that at least one of the two integrals is finite.
The couple uncertain variable and distribution

(&, ) have some related formulae explained as follows:

+ oo 0
El¢] = / (1 - o)) — / o()dz. (5)

— 00

Point 3. The EV for variable £ with zigzag uncertain
distribution is defined as fallows:

a+2b+c

Bl =

(6)
Theorem 5 [28]. Let &,&2, -, &, be independent
uncertain variables with regular uncertainty distri-
butions @1, @s, s, respectively. If f is strictly
increasing with respect to &1,&s,...,&, and strictly
decreasing with respect to &q1, &mt2,*  Emtn, then

&= f(&,,&,) has an EV:
1
B = [ fer @) ent @) erha -

v e (1= a))da. (7)
Theorem 6 [28]. Let ¢ and 5 be independent un-
certain variables with finite EV. Then, for any real

numbers a and b, we have:

Elal + bn] = aE[£] + bE[n).
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Theorem 7 [28]. Let &,&, -+ ,&, be independent
uncertain variables with regular uncertainty distri-
butions @1, @2, - ,@n, respectively. If the function

f(&, -+ &) is strictly increasing with respect to
&1,8, -+, &, and strictly decreasing with respect to
5m+13£m+27 o 7£m+na then: M{f(é-lag% T 7§n) S

0} > «, if and only if:
f((bl_l(a)v’ ) ¢'r_n1 (Oé), ;1-|—1(1_Oé)7' ) ¢;1(1—Oé)> <0.

Theorem 8 [28]. Let £ be an uncertain variable with
regular uncertainty distribution ®. Then:

Bl = / o~ (a)da ()

3. Entropy function as an uncertain variable

The primary definition of entropy is presented in this
section to specify the uncertainty of an uncertain
variable.

Definition 7 [28]. Suppose that £ is an uncertain

variable with uncertainty distribution®. Then, its
entropy is defined as follows:
+oo
B = [ s 9)

where S(t) = —tlnt — (1 — t)In(1 —¢).

It is easy to verify that S(¢) is a symmetric func-
tion about t = 0.5, strictly increasing in the interval
[0,0.5], strictly decreasing in the interval [0.5,1], and
reaching its unique maximum In2 at ¢ = 0.5.

Point 4. Let £ be a zigzag uncertain variable & ~
Z(a,b,c). Then, its entropy is:
c—a

2
Theorem 9. Let £ be an uncertain variable. Then,

H[¢] > 0 and the inequality holds if £ is essentially
constant.

H[¢] =

(10)

Theorem 10. Let ¢ be an uncertain variable and ¢
be a real number, then:

H[¢ + ] = H[¢]. (11)

Theorem 11 [42]. Let £ be an uncertain variable with
regular uncertainty distribution ®. Then:

H¢) = /01 (@1(a>1n (&)) da. (12)

Theorem 12 [42]. Let &1,&,, -+, &, be independent
uncertain variables with regular uncertainty distribu-
tions 1,99, - ,pn, respectively. If f(zy, -, z,)

is strictly increasing with respect to zi,---,z,, and
strictly decreasing with respect to Zp41, -, Zmtn,
then the uncertain variable £ = f(&;, -+ ,&,) has an

entropy:

: 7@:”1(&)7 r_rii—l(]' - a)?

@
8 N (1-a)l da. 13
) (2 )de (3)
Theorem 13 [42]. Let ¢ and 5 be independent
uncertain variables. Then, for any real numbers a and
b, we have:

Hlag + bn] = |a|H[E] + |b| H[n]. (14)

4. DEA models

Assume that there are n DMUs to be evaluated, each
consisting of z;; (¢ = 1,--- ,m) as input vector and y,;
(r=1,---,s) as output vector. Also, c = (c;1, - ,Cin)
for (i = 1,---,m) and p = (pr1, -+ ,Prn) for (r =
1,---,s), respectively, represent the input costs and
output prices. Assume that DMU, is an evaluated
unit. The cost efficiency model searches for a unit
which consumes the lowest cost for buying input not
more than the input in the units under investigation for
producing output equal to the output of the units under
investigation. The cost efficiency model is defined as
follows [7]:

s.t.
xizzxij)\] Z:17" , M,

j=1

n

Yro Szyr]/\J r=1,---,s,

Jj=1
2y >0 1=1,- ) T,
A >0 j=1,--,n. (15)

Assuming an optimal solution for (x*,\*), the cost
efficiency ratio is defined as:

E. = , (16)
according to Eq. (16), 0 < E, < 1.

Definition 8. DMU, is cost efficient if and only if
E.=1.
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In addition, the revenue efficiency model searches
for a unit which gains the best revenue from selling
the output greater than the output of the units under
investigation and consumes the input equal to the input
to the units under investigation. The revenue efficiency
model is defined as follows [7]:

S
py" = maxpy = max Z;pmyr,

s.t.:

n
Tio = E TijAj i=1,---,m,
j=1

n
yrézyrj/\j T:]-a"'vsv
j=1

yr >0

A, >0 j=1,.n. (17)

Assuming an optimal solution for (y*, A*), the revenue
efficiency ratio is defined as:

PYo
ot (18)
py*

according to Eq. (18),0 < Er < 1.

Er =

Definition 9. DMU, is revenue-efficient if and only
it Er =1.

5. Uncertain DEA model

The allocation model requires input and output
equipped with precise data. Nevertheless, in real-
world situations, input and output may be unstable
and complicated and, therefore, cannot be measured
in an accurate manner. This conflict results in the
investigation of uncertain DEA models. Decision-
makers in real-word situations make their decisions in
an indeterminate state. To model indeterminacy, there
exist two mathematical systems, namely the probabil-
ity theory [45] and the uncertainty theory [25]. If there
exists frequency in the phenomena, the probability
theory is employed; otherwise, the uncertain theory
can be a powerful technique for resolving a problem
with no sample using the personal belief degree. For
this purpose, skilled consultants and experts should be
invited to measure the belief degree. Belief degree-
based uncertainty is useful for cases in which there is
no historical information on an uncertain event. For
example, both costs and prices may be unstable and
complex in the stock market. Therefore, uncertain
DEA models should be used for discovering the effi-
ciency of two people with two different stock portfolios

in terms of cost and revenue.

Through this approach, we aim to introduce an
allocation model, referred to as the uncertain allocation
model, with uncertain input and output. First, the new
symbols and notation are presented as follows:

- Tr = (T1x, %2k, - ,¥mk): The uncertain input
vector of DMUy,, k=1,2,--- ,n;
- @ix(z): The uncertainty distribution of %, k =

1727"'7n7i:1727"'7m;

- 9 = (J1k,-+ ,Yrk): The uncertain output vector of
DMU,, k=1,2,--- ,m;
- e(x): The uncertainty distribution of ¢, k =

1727”' N, T = 1727'” S5
- «a: A predetermined confidence level;

- M: The uncertainty measure expressed in Section 2.

Now, suppose that the input costs ¢;; and the input
vectors x;;, for (1 = 1,---,m), (j = 1,--- ,n) as well
as the output vector y,;j(r = 1,---,s) in Model (15)
are uncertain variables represented by ¢;;, ;;, and §,;,
respectively. Accordingly, the uncertain cost efficiency
model can be rewritten as follows:

¢x® = min ¢z = min E Cioki,
x .

A
=1
S.t.:
n
l’izzi’zj)\j 1=1,-+-,m,
j=1
n
grogzgr])‘j T:1,"'7S7
j=1
)\]207 «%20 ]:1,,71, 7’:177m (19)
Also, suppose that the output price p,;, the output
vectors y,; for (r = 1,---,s), (j = 1,---,n), and
the input vector z;;(i = 1,---,m) in Model (17) are

uncertain variables represented by p,;,%,;, and Zj;,
respectively. Accordingly, the uncertain cost efficiency
model can be rewritten as follows:

S
By" = maxpy =max Y broyr,

r=1
s.t.:
n
jio 2 E jij/\j 1= ]-7 RAUD
j=1
T = 17’ )y S,

n
Yr S Z grj/\j
7j=1

Aj20, y.>0 Jj=1---\n, r=1L---,s. (20)
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6. Crisp equivalents of the model

To deal with the uncertainty problem, two different
methods are presented to convert it into a crisp model,
namely (1) the EV and (2) the EVCC methods.

6.1. EV method
In this section, the uncertain cost model is transformed
to a crisp model using the EV method.

6.1.1. Cost optimization model
The uncertain cost efficiency (Model (19)) is introduced
as follows using the EV method:

9:E cr*] = in B = E ~io 7

[¢z¥] min [¢z] = min ;c x]

s.t.:

E i’i]‘)\j Z; <0 ’L:].,' ,m,
_j:1

E ¥ro JriAi| <0 r=1, , S,
L ‘j:l

/\jZO, z; >0 j=1-n, i=1---,m.

(21)

Definition 10 (efficiency). In Model (21), DMU,
is efficient if and only if 8* = 1, where 8* is the optimal
value of Model (21).

Theorem 14. Assume that the input costs &, &2,
,Cin, the input &;1,Z2, - ,Tin, and the output

U1, Yr2, - Yrn are independent uncertain variables
with uncertainty distributions of @;1, @2, ", Qin;
¢i17 ¢i27 e ﬂﬁm% and Xr1s Xr2y ' s Xrno reSpeCtiVebC

where ¢ = 1,2,--- . m and r = 1,--- 8. Then, the
uncertain programming Model (21) will be equivalent
to the following model:

m 1
min E xi/ o1
1=1 0

s.t.:

n i
Z/\j/ w;l(a)da—xigo 1=1,---,m,
j=1 70
1 n 1
/ Xoi (a)da — Z )\j/ erl(l a)da <0

207 z; >0 j:]-v"'anv

(22)

Proof. According to Theorem 6, objective function in
(21) is rewritten as follows:

f: 6ioxi] = in: E [6ioxi] = zm: IiE [51'0] .
i=1 i=1 i=1

m
The function Y z;E[é;,] is strictly increasing with
i=1
respect to é&;, for each i. According to Theorem 8, we
have:

il’iE [51'0] = f:l’i /1 d1
i=1 i=1 0

As a result, the objective function is proven. Now,
according to Theorem &:

Elag] = /Olaq’

Let us prove the constraint as follows:
According to Theorem 6, the first constraint of
Model (21) is rewritten as follows:

Ha)da = a/o & !(a)da = aE[€].

n n
E ZEij/\j —X; E l’.ﬂ')\j —X;
j=1 j=1

do — ;.

n= 3 [ vt

The function §,., — > §;A; is strictly increasing with
j=1

respect to §,, and strictly decreasing with respect to §,;
foreach r,r=1,--- ;sand j, 7 =1,--- ,n. According
to Theorems 6 and 8, we have:

Uro — Z ?Jm Z yr]

yro -

:/ o ( da—Z)\ / er (1 - a)da.
0

The theorem is therefore proven.

6.1.2. Revenue optimization model

Using the EV method explained in the previous section,
the uncertain revenue (Model (20)) is introduced as
follows:
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0 = E[py*] = max E [py] = max E
YA YA

Zﬁroyr] ’
r=1

S.t.:
E 1Y A =&, <0 i=1,---,m,
= J
E yT_Zgrj/\j <0 r=1, ) S5
=t
/\jzﬂv yr >0 Jj=1-n, r=1,-- s
(23)

Definition 11 (efficiency). In Model (23), DMU,
is efficient if and only if 8* = 1, where 8* is the optimal
value of Model (23).

Theorem 15. Agsume that the output prices p,1, pr2,
- Prn, the input Z;1,Z2, - ,%in, and the out-
put %.1,Yr2, - ,Yrn are independent uncertain vari-
ables with uncertainty distributions 7,1, 7r2, -, Trn;
Vi1, Yiz, 0, Vins and Xp1, Xr2, 000 5 Xrn, Tespectively,
where ¢ = 1,2,---,m and r = 1,---,s. Then, the
uncertain programming (Model (23)) will be equivalent
to the following model:

1
manyT/ . )da,
0

r=1
S.t.:
n 1 1
ZA]/ T a) —/ TN (1—a)da <0
j=1 0 0
1=1,2,--+,m,
n 1
Yr Z)‘]/ Xrgl(l a)da r=1, , 8,
j=1 0
/\jZO’ y7“>07 ]:17 , I, T:]-v ,S.
(24)

Proof. According to Theorem 6, the objective function
in Model (23) is rewritten as follows:

ZﬁroyT] = Z E [ﬁroyr] = Z yrE [ﬁro] .
r=1 r=1 r=1

The function Y., _, y,E[p,,) is strictly increasing with
respect to p,., for each r. According to Theorem &, we
have:

E

s s 1
S 0BG =S /0 =) da
r=1 r=1

Thus, the objective function is proven. Now, according
to Theorem &:

Elag] :/0 aV(a)da = a/o U (a)da = aE[¢].

Let us prove the constraint as follows. According
to Theorem 6, the first constraint of Model (23) is
rewritten as follows:

Ely. — ng"j/\j =y —F ng’)\j
j=1 Jj=1

=Yr — ZE [grj] )‘j'
j=1

The function y,— > E[§r;]A; is strictly increasing with
j=1
respect to —¢,; foreach r =1,--- ,sand j=1,--- ,n.

According to Theorem 8, we have:
n n 1
” -1
Y= > B\ =9, — ZAJ/ M1 - a)da
J=1 j=1 0
Vrr=1,---,s.

n
The function ) #;;A; — &40 is strictly increasing with
j=1

respect to Z;; and strictly decreasing with respect to
—Z;oforeachi=1,--- jmandj=1,--- ,n. According
to Theorems 6 and 8, we have:

E {Zﬁ: TijA; — jio} = zi: N E[Zi5] — E %]

n 1 1
:ZAj/ \If;jl(a)da—/ T (1 - a)da,
i=1 0 0

1=1- ,m.
The theorem is therefore proven.

6.2. EVCC method

Using the EVCC method, the uncertain cost and
revenue models are converted into crisp models and the
new crisp models are solved with the help of specific
software.

6.2.1. Cost optimization model
The uncertain cost (Model (19)) is converted to a crisp
model using the EVCC method as follows:



3442 M. Jamshidi et al./Scientia Iranica, Transactions E: Industrial Engineering 29 (2022) 3434-3454

Elea*] = mlnE [éz] = min E chxll ,
=1

s.t.:

{Zx“ -, <0} >« 1=1,2,---,m,
M gro_ g’l‘j)\] SO ZO[ T_lv » Sy

j=1
/\jzﬂa z; > 0, j=1-n, i=1,-- m.
(25)

Definition 12. A vector (z;,A;) > 0 where j =
1,..,n,1=1,...,m is called a feasible solution to the
uncertain programming (Model (25)) if:

Zi’z])\]—JhSO Z(J{ 7;:17...’7”.
j=1
M o= GA; <0p>a  r=1,-,s

Jj=1

Definition 13. A feasible solution is called an ex-
pected optimal solution to the uncertain programming
(Model (25)) if:

m
E Ciol;
=1

<E

m
E Ciol;
=1

7;:1,2,"'7777/7 j:1’27’”an7 (26)

for any solution (z;, A;).

Definition 14. A larger optimal objective value in
Model (25) means a more efficient DMU,.

Theorem 16. Assume that the input costs &, &2,
,Cin, the input Z;1,Z;2, - - ,Tin, and the output

Ur1, Gr2, " > Yrn, are independent uncertain variables
with uncertainty distributions of ©;1,@2, ", Yin;
7/%‘17 ¢i27 e 7/(/)in; and Xrly Xr2s " 5 Xrn, respectively,
where © = 1,2,---,m and r = 1,---,s. Then, the

uncertain programming (Model (25)) will be equivalent
to the following model:

m 1
min g a:i/ o1
i=1 0

s.t.:

Zl/}” )‘ _I’LSO 221727' ,m,
X ( wa (1-—a)A; <0 r=1,---,s,
J=1
Aj>0, ;>0  i=1,2,---,m, j=1,2,---,n.
(27)

Proof. FEquivalency of the objective function was
proven in the proof of Theorem 15. To prove the equiv-
alency of the constraints, the function Z?Zl TijAj—
is strictly increasing with respect to &;; for each i =
1,---,mand j=1,--- ,n. According to Theorem 7:

M Zii]‘/\j—xigo >as

Jj=1

M wa —x; <0 >(1<:>Z”L/J” )A; —x; <0,

Vj? jzlv"'anv l:]-??m

Also, the function §.,—>_7_; §-;; is strictly increasing
with respect to 7., and strictly decreasing with respect
to y,; for each r = 1,---,5 and j = 1,---,n.
According to Theorem 7:

n

M gro - Z?jr]A] S 0 Z o <= X:ol(a)

j=1

n
— ijjl(l —a)A; <0
j=t1
j=1-n, r=1..-s.
Therefore, the theorem is proven.

6.2.2. Revenue optimization model
The uncertain revenue (Model (20)) is converted to a
crisp model using the EVCC method:

Z proyr‘| )

r=1

E[py*] = maxE[py] =max E
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X

;20

) ?JTZO j:]-a"'vna 74:]-',"'75’

(28)

Definition 15. A vector (y,,A;) > 0 where j =
1,..,n, 7 =1,..,s, is called a feasible solution to the
uncertain programming (Model (28)) if:

7;:1727”’ ) T,

M Zi’ij)\j—fiogo ZO(

j=1
n

M y'r_zgrj/\jgo Za r=1,---,s.
j=1

Definition 16. A feasible solution (y;, A7) is called
an expected optimal solution to the uncertain program-
ming (Model (28)) if:

> broy;
r=1

E >FE

Z ﬁroyr]
r=1

T:17"'757 (29)

jzl,"'ﬂl,

for any solution (¥, A;).

Definition 17. A larger optimal objective value in
Model (28) means a more efficient DMU,.

Theorem 17. Assume that the output prices p,1, pro,
- Prn, the input Z;1,Z,--- ,%in, and the out-
put %.1,Yr2, - ,Yrn are independent uncertain vari-
ables with uncertainty distributions of 7,1, 7p2, -+, Tpn;
Vi1, Vio, - s Win; and Xp1, Xr2," ", Xrn, Tespectively,
where ¢ = 1,2,--- ,m and r = 1,---,s. Then, the
uncertain programming (Model (28)) will be equivalent
to the following model:

s 1
manyT/ . )da,
r=1 0

S.t.:
SN @) -l —a) <0 i=1,2,m,
J=1
Y=Y X (1= )Xy <0 r=1 s
=1
A0, 320 j=1,..m r=1,,s
(30)

Proof. Equivalency of objective function was proven
in the proof of Theorem 15. To prove the equivalency of

the constraints, the function Z?:l Tij\j— i 18 strictly
increasing with respect to Z;; and strictly decreasing
with respect to —Z;, for each ¢ = 1,--- ,m, and j =
1,---,n. According to Theorem 7, we have:

n
M Zi’ijA]’_i’ioSO >as
j=1

M Zi‘ij/\j —Z;0<0}>a< Z/\Jwgl(a)
g=1

=1
—¢;1(1—Q)S0 ]:17777/7 7’:177m

n
Also, the function y, — Y §r;A; is strictly decreasing

j=1
with respect to —g,; for each » = 1,---,s, and j =
1,---,n. According to Theorem 7, we have:

n
M yT_Z?jTj/\jSO > a s Yy
j=1

- Zx;jl(l —a))\; <0
j=1

j=1-- n, r=1,--- s

Proof is completed.

7. Entropy-based allocation models with
uncertain variables

In the literature on uncertain DEA, there is no study
on the use of entropy in models with uncertain data.
Entropy is employed to provide a quantitative measure
for the degree of uncertainty. On the basis of the
Shannon and Weaver [46] entropy, Liu [47] introduced
the concept of entropy for the first time to determine
the uncertainty of uncertain variables resulting from
information deficiency. Chen and Dai [41] and Dai
and Chen [42] investigated the principle of maximum
entropy of uncertainty distribution for uncertain vari-
ables. They presented the entropy of a function for
uncertain variables.

Considering the maximum entropy in allocation
models help us achieve the highest revenue and the
lowest cost with the maximum dispersal measure. This
model will result in the efficiency of units, which are
considered more dispersed in all processes. Moreover,
it will enhance the power of managerial decisions.

Now, Model (12) is rewritten as a second objective
function using Models (22), (24), (27), and (30) as
follows. By utilizing Theorems 12 and 13 as the ob-
jective function of Model (22), we define the following
uncertain entropy function.
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Lemma 1. Suppose ¢é;1,Ci2,--- ,¢6;,n 1S an uncer-
tain variable with regular uncertainty distribution
Pi1, Pi25 0 Pin for (Z:Lvm) Iff R"™ = R
is a str1ct1y increasing function with respect to x;,
i =1,---,m, then the uncertain function f(x,¢) has
an entropy.

H(2,8) = gxi/ol ¢ a)ln (f@) da.  (31)

Proof. Since ¢;, has a regular uncertain distribution
Yio, We obtain:

m 400
H (2,0) :Zx[ Fpio(2))da.

From Theorem 13, the following equality can be rewrit-

ten:
Piol
(2,0) E a:l/ / a)dadx

dadz,
2o Lo
where:

fl(a)=(—alna—(1—-a)ln(l - a))

:_ln(lfa)

By applying the Fubini theorem [48] to the above
function, we obtain:

(z,8) Z:m/ /71 " (a)dadz

Yio(z
/ / a)dadz
o()

Lemma 2. Suppose Pr1,Pr2,  * ,Drn 1S an uncer-
tain variable with regular uncertainty distribution
TrlyTr2y " ,Trm for v = 1,---,s. If f : R® — R
is a strictly increasing function with respect to y,,
r =1,---,s, then the uncertain function f(y,p) has
an entropy:

y,m:rfjlyr/;%l(a)ln(1fa)da. (52)

Proof. Since p,, has a regular uncertain distribution
Tro, We Obtain:

s +oo
y,p) = Zyr/i f(1ro(x))d.

From Theorem 13, this equality can be rewritten as:

H (y,p) ZyT/ /T”x a)dadx

* Z o / /mm s

where:

fl(a)=(—alna—(1-a)ln(l—a))'=—In

By applying the Fubini theorem [48] to the above
function, we obtain:

H (y,p) Zy/ /T (w) a)dada
s T,O(Z)
+Zy,/ )/ a)dadz
r=1 T'O(I

r=1 0
S 1
:ZyT/ Tml(a)1n< )da
r=1 0 —a

According to above discussions, the allocative efficiency
models are presented below. First, the new multi-
objective cost efficiency model consisting of an uncer-
tain cost model and an uncertain entropy function is
explained.

Note 1. All multi-objective problems are solved
by the weighting method. Accordingly, the multi-
objective problems are converted into single-objective
ones. The coefficients w; and wy are considered for
improving the flexibility of our model to be used by
decision makers for determining the importance of
objective functions as wy +ws = 1. The values of these
functions are determined before solving the problems
by the decision makers. Equal weights (w; = w2) mean
equal attention of decision makers to both functions;
the uncertain multi-objective cost efficiency model is
introduced as follows using the EVCC method. The
EVCC method is used for converting the new model to
a crisp model:
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m 1
71 = min E xl/ o1
=1 0

dao,

m 1
— _ -1 a
Zg—maX;xl/O L (a)lnl_a

s.t.:

Zw” JA; —2; <0 1=1,---,m,

XTO Zx_ll—a)\ <0 TZI, )8,

A; 20, ;20 j=1,---,n, i=1,---,m.
(33)

Using the weighting method explained previously, the
uncertain multi-objective (Model (33)) is rewritten as
follows:

min(w1 Zl — IUQZQ),

s.t.:

wa A _ngo 2_17 c,Mm,

oo ( Zx_ll—oz/\ <0 r=1,.-,s,

/\]‘ZO, z; >0 j=1--n, =1, ,m.
(34)

Definition 18. The greater the optimal objective
value in Model (34) is, the more efficient is the DMU,.

The new multi-objective revenue efficiency model
consisting of an uncertain revenue model as the first
objective function and an uncertain entropy as the
second objective function is developed here. The
uncertain multi-objective revenue efficiency model is
introduced using the EVCC method as follows. Again,
EVCC method is used for converting the uncertain
form to the crisp form.

s 1
Zy = maxzyr / \I/r_ol(a)daa
r=1 0

Zy = manyr/ ;01 () 1n 1 @ da,

—

s.t.:

Z/\]wlj - w (1

—a)<o0

Zx_l 1-a)X; <0

)\jzov yr 20 j=1-n, r=1-- s

(35)

Using the weighting method, the uncertain multi-
objective (Model (35)) is rewritten as follows:

min(—w; Z; — waZs),

S.t.

Z)\ﬂbw — Yl (1—a) <0 i=1,--,m,
y?"_zx;jl(l_a)/\j SO r= 17 5 S,
j=1
)\j207 yr 20 Jj=1-n, r=1,--,s.
(36)

Definition 19. The greater the optimal objective
value in Model (36) is, the more efficient is the DMU,.

Using the uncertain entropy model as the second
objective function, we will be able to achieve an optimal
performance in cost and revenue models with the max-
imum dispersion rate in their constituent components.
As a solution methodology, the uncertain allocation
models are converted to crisp models using the two
EV approaches. The uncertain multi-objective cost
efficiency model is introduced using the EV method
as follows. The EV method is used for converting the
new model to a crisp model.

m 1
7, = miani/ 3 (a)da
i=1 0

m 1
- a
Zy = maX;a;i/O 3 (a)ln T ada,

s.t.:

nooe

Z/ qbi_jl(oc)/\jdoc—xigo i=1,--,m,
j=1"0

/OXTO da—Z/ xr] a)X;da <0
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Using the weighting method, the uncertain multi-
objective (Model (37)) is rewritten as follows:

min(w1 Z1 - w2Z2)7

s.t.:

i=1,-,m,

nooel
Z/o wi_jl(oc)/\jdoz —x; <0
j=1

(38)

Definition 20 (efficiency). DMU, is efficient if and
only if the optimal solution in Model (38) can achieve
the value of 1.

Using the EV method, the multi-objective rev-
enue efficiency model consisting of an uncertain revenue
model and an uncertain entropy is introduced as
follows:

S 1
Zy = maxzyr / \Ij:ol(a)daa
r=1 0

s 1
7y = manyr/ 7 a)ln (1 a ) da,
r=1 0 o

2 [

—a)<o0

/\3207 yr 20 J=L-n, r=1-- s (39)

Using the weighting method, the uncertain multi-
objective (Model (37)) is rewritten as follows:

min(—w1 Z1 — ’LUQZQ),

s.t.:

j;)\j/o wi—jl(a)da_/o =11 — a)da < 0

i=1,---,m,
ZA/X” 1-a)<0 r=1,---,s,
)‘j207 yr 20 Jj=L-n, r=1,---,s. (40)

Definition 21 (efficiency). DMU, will be efficient
if and only if the optimal solution in Model (40) can
achieve the value of 1.

8. Practical example

The accuracy of the above-mentioned models is ex-
amined using a practical example. There is a well-
known direct relationship between business in stock
market and market forecasting. In the meantime, the
use of beliefs and opinions of experts in the field of
buying and selling stocks is of great importance to
obtaining the maximum revenue at the minimum cost.
Therefore, the use of belief theory in the stock market
to take into account the most efficient suggestions will
be helpful in this business. Tables 1 and 2 list data
of 25 stockbrokers for buying and selling a same stock
portfolio with different prices. Considering that the
amounts and numbers of stock are equal and the buying
and selling prices are uncertain variables (Tables 3
and 4), the efficiency of the cost and revenue models in
the stock portfolio is explained.

The results obtained from Model (34) with differ-
ent wy and wy are presented in Table 5.

According to the results, none of the cost-efficient
DMUs is equal to 1. According to Definition (18), a
larger optimal objective value means a more efficient
DMU,. Therefore, according to Model (34):

1. If wy = 0.6, wy = 0.4, then DMUj; is efficient;
2. If wy =0.7, we = 0.3, then DMUy is efficient;
3. If wy =0.8, wy = 0.2, then DM Uy is efficient;
4. If wy = 0.9, wy = 0.1, then DM Uy is efficient.
The results obtained from Model (38) with different w,
and wsy are shown in Table 6.
As clearly seen, the cost-efficient DMUs are equal
to 1. According to Definition 20 and Model (38):
1. If wy = 0.6, wy = 0.4, then DMUj; is efficient;
2. Ifwy =0.7, we = 0.3, then DM Uy is efficient;

3. If w = 087 wWo = 02, then .D]MU;;7 .D]M[]77 _D]MUvg7
DMUy,, DMU,s, and DMUy; are efficient.
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Table 1. DMUs with three uncertain inputs (z;;).

DMU;

Iran-Khodro

Saderat Bank

Pars Petrochemical

DMU,
DMU,
DMU3
DMU,
DMUs
DMUs
DMU
DMUs
DMUy
DMUyo
DM Uy
DMUn»
DMUys
DMUy4
DMUns
DMUn e
DMU 7
DMUys
DM Urg
DMUsq
DMUs
DMUsz
DMUs3

DMUsy

Z(23200, 24300, 26400)
Z(20000, 22000, 240000)
Z(21000, 22500, 24300)
Z(21500, 22700, 23300)
Z(22900, 25000, 26300)
Z(21200, 23200, 24500)
Z(22300, 23300, 24900)
Z(21700, 22900, 23700)
Z(23100, 23800, 24100)
Z(21100, 21700, 22300)
Z(22400, 23200, 24300)
Z(23200, 23900, 24500)
Z(22200, 22700, 23200)
Z(23100, 23500, 23900)
Z(22200, 22900, 23200)
Z(21400, 21700, 21800)
Z(20100, 20700, 21200)
Z(20300, 20800, 21300)
Z(21000, 21300, 21800)
Z(22300, 22900, 23200)
Z(20150, 20400, 21000)
Z(21100, 21650, 22100)
Z(22300, 22750, 22960)

Z(22150, 22230, 22780)

Z(26300, 27400, 28600)
Z(27600, 28900, 29000)
Z(28300, 29500, 31200)
Z(31200, 32700, 34200)
Z(33100, 34300, 36100)
Z(25230, 25740, 26150)
Z(26150, 26630, 26970)
Z(27200, 27730, 28050)
Z(27330, 27520, 27740)
7(28130, 28430, 28720)
7(29220, 29780, 30050)
Z(26130, 26740, 26970)
Z(26000, 26370, 26700)
7(28240, 28530, 28780)
Z(25430, 25790, 26100)
Z(27200, 27730, 28050)
Z(26050, 26390, 26430)
Z(27300, 27800, 27990)
Z(25130, 25640, 25830)
Z(25000, 25390, 25930)
Z(26170, 26600, 26820)
Z(27230, 27470, 27580)
Z (31100, 31430, 31690)

Z(32330, 32560, 32810)

Z(19000, 19900, 20200)
Z(18500, 19300, 21200)
Z(22000, 23200, 24100)
Z(17100, 17900, 18600)
Z(22300, 23300, 24000)
Z(18340, 18770, 18960)
Z(17000, 17300, 17700)
Z(18100, 18900, 19150)
Z(19200, 19740, 20000)
7(22350, 22980, 23110)
Z(18100, 18820, 19100)
Z(19230, 19490, 19990)
Z(21340, 21780, 22000)
7(22270, 22520, 22990)
Z(23410, 23800, 24000)
Z(19180, 19900, 22000)
Z(18170, 18890, 19220)
7(21310, 21660, 21960)
Z(19730, 20000, 20150)
Z(22110, 22730, 23100)
7(23430, 23730, 24150)
Z(21210, 21840, 22050)
Z(22120, 22590, 22970)

Z(23380, 23980, 24400)
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Table 7 presents the results obtained from Model (36) 1. If wy = 0.6, wy = 0.4, then DMUs, DMU,, DM Us,
DMU,7, DMU,g, DMUsq, and DMUsy, are efficient;

According to the results, none of the revenue- 2. If wy = 0.5, wy = 0.5, then DMUs, DMUy, DMTs,

with different w; and ws.

efficient DMUs is equal to 1.

According to Def-

inition 19, a larger optimal objective value means

a more efficient DMU,.

Model (36):

Therefore, according to

wy and wy are presented in Table 8.

DMU17, DMUlg, DMUQ(), and DMU21 are efficient.

The results obtained from Model (40) with different
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Obviously, the cost-efficient DMUs are equal to 1.
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Table 2. DMUs with three uncertain outputs (y;;).

DMU;

Iran-Khodro

Saderat Bank

Pars Petrochemical

DMU,
DMU,
DMUS3
DMU,
DMUs
DMUs
DMU
DMUs
DMU,
DMUo
DMU14
DMU;»
DMU 3
DMU4
DM U5
DMUe
DMUy 7
DMUs
DMUrg
DMUsq
DMUsy
DMUsz
DMUs3
DMUs>4

DMUss

Z(17500, 18100, 19600)
Z(15100, 16300, 20000)
Z(19000, 20000, 20900)
Z(16000, 17300, 20000)
Z(18400, 19200, 24000)
Z(16200, 16900, 17200)
Z(19100, 19700, 20200)
Z(17100, 17700, 18300)
Z(15100, 15650, 16100)
Z(18050, 18250, 18530)
Z(17300, 17750, 17960)
Z(16000, 16300, 16800)
Z(19150, 19400, 20000)
Z(15200, 15900, 16500)
Z(18300, 19300, 20900)
Z(19400, 20200, 21300)
Z(16100, 16500, 16900)
Z(18300, 18900, 19200)
Z(17150, 17230, 17780)
Z(16300, 16800, 17300)
Z(19400, 19700, 19800)
Z(19200, 19700, 20200)
Z(16100, 16800, 17100)
Z(18700, 19900, 20700)

Z(15200, 16200, 17500)

Z(23500, 25000, 26100)
Z(25000, 26100, 27300)
Z(24200, 25700, 27600)
Z(28100, 29300, 30300)
Z(24000, 25100, 26500)
Z(26230, 26470, 26580)
Z(23130, 23640, 23830)
7(26430, 26790, 27100)
Z(28130, 28740, 28970)
7(23330, 23520, 23740)
7(28240, 28530, 28780)
Z(24300, 24800, 24990)
Z(25170, 25660, 25820)
7(24230, 24740, 25150)
Z(24200, 24730, 25050)
Z(23000, 23370, 23700)
Z(22200, 22730, 23050)
Z(23000, 23390, 23930)
Z(28330, 28560, 28810)
7(24220, 24780, 25050)
Z(22100, 22430, 22690)
Z(25130, 25430, 25720)
Z(28030, 28340, 28620)
Z(25050, 25390, 25430)

Z(23150, 23630, 23970)

Z(12000, 12500, 13200)
Z(13400, 17800, 18400)
Z(17300, 18400, 20000)
Z(13000, 13400, 14100)
Z(17300, 18500, 20500)
Z(14110, 14730, 15100)
Z(12410, 12800, 13000)
Z(17230, 17490, 17990)
Z(13210, 13840, 14050)
Z(15310, 15660, 15960)
Z(14340, 14780, 15000)
Z(12230, 12540, 12870)
Z(13180, 13900, 14000)
Z(15700, 15900, 16150)
Z(12730, 13000, 13150)
Z(16380, 16980, 17400)
Z(17340, 17770, 18960)
Z(13170, 13890, 14220)
7(14430, 14730, 15150)
Z(12350, 12980, 13110)
Z(13100, 13820, 14100)
Z(16120, 16590, 16970)
Z(17270, 17520, 17990)
Z(14000, 14300, 14770)

Z(15600, 15980, 16430)

According to Definition 21 and Model (40):

1. If w1 = 03, Wy = 07, then l)]|4l]37 l)]‘4l]g7 DMUle, 3.

and DMU,; are efficient;

2. If w1

0.4, Wy =

0.6, then DMUg, DMU;~,

DMUs,

DMU,g, DMUy,

DMUsq,
DMUss, DMUsy, and DMUsys are efficient;

DMUs,,

If w = 05, Wo = 05, then DMUQ, DMU3, DMUG,

DMUs, DMUy1, DMUg, DMUy7, DMUyg, DMUss,

and DM U,z are efficient.
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Table 3. Input costs for DMUs (¢5;).

Saderat Bank

Pars Petrochemical

DMU; Iran-Khodro

DMU,  Z(2603, 2610, 2715)
DMU,  Z(2500, 2520, 2580)
DMUs  Z(2450, 2500, 2530)
DMUs  7(2300, 2310, 2340)
DMUs  Z(2200, 2250, 2290)
DMUs  Z(2000, 2100, 2200)
DMU;  7(2190, 2220, 2240)
DMUs  Z(2199, 2210, 2299)
DMUy  Z(2090, 2099, 2115)
DMUyo  Z(2100, 2150, 2180)
DMUy1  Z(2110, 2120, 2130)
DMUy,  Z(2122, 2139, 2169)
DMUys  Z(2220, 2270, 2299)
DMU.s  Z(2000, 2050, 2091)
DMUs  Z(1900, 1960, 1999)
DMUs  Z(2070, 2080, 2090)
DMU;  Z(2120, 2160, 2190)
DMUs  Z(2198, 2210, 2250)
DMUs  Z(2260, 2290, 2300)
DMUsy  Z(2310, 2321, 2347)
DMUy  Z(2340, 2370, 2398)
DMU,»  Z(2410, 2419, 2421)
DMU,s  Z(2380, 2391, 2400)
DMU>,  Z(2330, 2340, 2350)
DMUss  Z(2410, 2427, 2439)

Z(950, 1000, 1100)
Z(900, 950, 990)
Z(800, 900, 910)
7 (810, 820, 850)
Z(840, 850, 869)
Z(890, 899, 9100)
7(800, 810, 830)
Z(830, 840, 850)
Z(840, 850, 860)
7(830, 890, 920)
Z(910, 960, 990)

Z(990, 1010, 1030)

Z(1000, 1019, 1038)

Z(1100, 1200, 1290)

Z(1090, 1099, 1120)

Z(1190, 1200, 1210)

Z(1210, 1219, 1229)

Z(1290, 1231, 1391)

Z(1391, 1399, 1410)

Z(1290, 1310, 1380)

Z(1170, 1199, 1270)

Z(1280, 1320, 1410)

Z(1470, 1499, 1510)

Z(1510, 1590, 1690)

Z(1700, 1820, 1899)

Z(30000, 32000, 34000)
Z (28000, 29000, 30000)
Z(27000, 27500, 27900)
Z(26000, 26500, 26700)
Z(25000, 25500, 25800)
Z(24000, 24900, 25100)
7 (28500, 28600, 29100)
Z(29100, 29250, 29380)
Z(29500, 29900, 30000)
Z(30000, 31000, 31990)
Z(31000, 32000, 32850)
Z(32000, 32800, 33500)
Z(33000, 33790, 33990)
Z(33000, 33900, 34100)
Z(34000, 34900, 35200)
Z(35000, 35990, 36590)
Z(35900, 36200, 36990)
Z(36000, 36900, 37000)
Z (37000, 37500, 37990)
Z(37700, 38100, 38800)
Z(38000, 38200, 38400)
Z (38600, 38900, 38990)
Z (38710, 38790, 38990)
Z(40000, 41000, 42500)

Z(43000, 45000, 45990)
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It seems that DMUg and DMU,7 have the best perfor-
mance for selling a same stock portfolio with different
prices.

According to the above results, DMUg and
DMU, 7 seem to be efficient in most models. These two
DMUs showed the best performance in both cost and
revenue models for buying and selling the same stock
portfolio with different prices.

9. Conclusion

This paper was aimed at presenting an uncertain
allocation model with inherent complexity of uncertain
models. Due to the complexity of the new models,
two methods were proposed to convert the uncertain
models into crisp models. Finally, an real example
from the Iranian stock market was used to examine
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Table 4. Output prices for DMUs (p;;).

Saderat Bank

Pars Petrochemical

DMU; Iran-Khodro

DMU,  Z(17500, 18100, 19600)
DMU,  Z(15100, 16300, 20000)
DMUs  Z(19000, 20000, 20900)
DMU,  Z(16000, 17300, 20000)
DMUs  Z(18400, 19200, 24000)
DMUs  Z(16200, 16900, 17200)
DMU;  Z(19100, 19700, 20200)
DMUs  Z(17100, 17700, 18300)
DMUy  Z(15100, 15650, 16100)
DMU.,  Z(18050, 18250, 18530)
DMUy  Z(17300, 17750, 17960)
DMU»  Z(16000, 16300, 16800)
DMUs  Z(19150, 19400, 20000)
DMUs  Z(15200, 15900, 16500)
DMUs  Z(18300, 19300, 20900)
DMUs  Z(19400, 20200, 21300)
DMUy;  Z(16100, 16500, 16900)
DMUs  Z(18300, 18900, 19200)
DMUys  Z(17150, 17230, 17780)
DMUsy  Z(16300, 16800, 17300)
DMUy  Z(19400, 19700, 19800)
DMUsy  Z(19200, 19700, 20200)
DMU,s  Z(16100, 16800, 17100)
DMUz,  Z(18700, 19900, 20700)
DMUss  Z(15200, 16200, 17500)

Z(23500, 25000, 26100)
Z(25000, 26100, 27300)
Z(24200, 25700, 27600)
Z(28100, 29300, 30300)
Z(24000, 25100, 26500)
Z(26230, 26470, 26580)
7(23130, 23640, 23830)
Z(26430, 26790, 27100)
Z(28130, 28740, 28970)
7(23330, 23520, 23740)
7(28240, 28530, 28780)
Z(24300, 24800, 24990)
Z(25170, 25660, 25820)
7(24230, 24740, 25150)
Z(24200, 24730, 25050)
Z(23000, 23370, 23700)
7(22200, 22730, 23050)
Z(23000, 23390, 23930)
7(28330, 28560, 28810)
7(24220, 24780, 25050)
Z(22100, 22430, 22690)
Z(25130, 25430, 25720)
7(28030, 28340, 28620)
Z(25050, 25390, 25430)

Z(23150, 23630, 23970)

Z(12000, 12500, 13200)
Z(13400, 17800, 18400)
Z(17300, 18400, 20000)
Z(13000, 13400, 14100)
Z(17300, 18500, 20500)
Z(14110, 14730, 15100)
Z(12410, 12800, 13000)
Z(17230, 17490, 17990)
Z(13210, 13840, 14050)
Z(15310, 15660, 15960)
Z(14340, 14780, 15000)
Z(12230, 12540, 12870)
Z(13180, 13900, 14000)
Z(15700, 15900, 16150)
Z(12730, 13000, 13150)
Z(16380, 16980, 17400)
Z(17340, 17770, 18960)
Z(13170, 13890, 14220)
7(14430, 14730, 15150)
7(12350, 12980, 13110)
Z(13100, 13820, 14100)
Z(16120, 16590, 16970)
Z(17270, 17520, 17990)
Z(14000, 14300, 14770)

Z (15600, 15980, 16430)

the performance of the new models. For this purpose,
25 stockbrokers were selected to determine buying and
selling prices of a single stock portfolio with different
prices in the cost and revenue models. The amounts
and numbers of stock were considered to be equal.

The buying and selling prices were also considered as
uncertain variables. The presented models can help
managers choose the best portfolio in the stock market.
Instead of the expected values for objective functions
with uncertain variables, the variance can be taken into
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Table 5. The results of evaluating cost efficiency with Model (34) (a = 0.5).

DMU; DMU, DMU-, DMUs DMU, DMUs
w1 = 0.6, wa =0.4 0.149 0.168 0.156 0.170 0.150
wy = 0.7, w2 = 0.3 0.324 0.370 0.342 0.375 0.330
wr = 0.8, wa =0.2 0.504 0.571 0.527 0.581 0.513
wi; = 0.9, wy =0.1 0.687 0.770 0.718 0.790 0.694
DMU; DMUg DMU- DMUsg DMU, DMU,o
w1 = 0.6, ws =0.4 0.164 0.170 0.172 0.158 0.139
wr = 0.7, w2 = 0.3 0.361 0.376 0380 0.347 0.303
w1 = 0.8, wy =0.2 0.556 0.558 0.585 0.539 0.471
wi = 0.9, w2 =0.1 0.753 0.790 0.799 0.728 0.640
DMU; DMU; 1 DMU, 2 DMU,3 DMUi4 DMU,5
wi = 0.6, wy = 0.4 0.168 0.144 0.146 0.133 0.130
wr = 0.7, w2 = 0.3 0.370 0.314 0.320 0.293 0.285
wi; = 0.8, wy =0.2 0.575 0.488 0.496 0.455 0.442
wr = 0.9, w2 =0.1 0.777 0.664 0.675 0.618 0.601
DMU; DMUie DMU.~ DMU,s DMUio DMUzo
wi = 0.6, w2 =0.4 0.168 0.173 0.142 0.160 0.128
w1 = 0.7, wa = 0.3 0.370 0.377 0.310 0.352 0.282
wi = 0.8, w2 =0.2 0.574 0.584 0.481 .0.545 0.438
w1 = 0.9, wy =0.1 0.781 0.795 0.654 0.742 0.595
DMU; DMU>. DMU>-» DMU-s DMUz4 DMU-s5
wr = 0.6, wa = 0.4 0.133 0.155 0.150 0.135 0.132
wy = 0.7, wa = 0.3 0.291 0.340 0.329 0.294 0.289
wr = 0.8, wa =0.2 0.451 0.528 0.510 0.456 0.450
wi; = 0.9, wy =0.1 0.617 0.718 0.693 0.619 0.611
Table 6. The result of evaluating cost efficiency with Model (38) (o = 0.5).
DMU; DMU, DMU, DMUs DMU, DMUs
w1 = 0.6, wy =0.4 0.262 0.287 0.274 0.300 0.267
wr = 0.7, w2 = 0.3 0.570 0.628 0.600 0.656 0.587
wp = 0.8, wp =0.2 0.882 0.965 0.921 1 0.907
DMU; DMUg DMU-~ DMUsg DMU, DMU,o
w1 = 0.6, wa =0.4 0.285 0.297 0.301 0.275 0.244
wy = 0.7, we = 0.3 0.627 0.651 0.663 0.605 0.532
wi = 0.8, wa =0.2 0.966 1 1 0.939 0.826
DMU; DMU¢ 1 DMU,» DMU,s DMUia DMU,s
w1 = 0.6, w2 =0.4 0.294 0.252 0.255 0.233 0.228
w1 = 0.7, wy = 0.3 0.645 0.548 0.559 0.511 0.500
wi = 0.8, w2 =0.2 1 0.850 0.867 0.791 0.773
DMU; DMUie DMU.~ DMU,s DMUio DMUso
w1 = 0.6, w2 = 0.4 0.298 0.302 0.248 0.280 0.225
wi = 0.7, w2 = 0.3 0.653 0.657 0.543 0.614 0.492
wi = 0.8, w2 =0.2 1 1 0.838 0.952 0.761
DMU; DMU2. DMU--» DMU-23 DMU24 DMU-s5
w1 = 0.6, wy =0.4 0.233 0.273 0.262 0.236 0.231
wy = 0.7, w2 = 0.3 0.510 0.598 0.574 0.515 0.502
w1 = 0.8, wy =0.2 0.788 0.927 0.890 0.796 0.783
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Table 7. The result of evaluating revenue efficiency with Model (36) (o = 0.5).

DMU; DMU, DMU- DMUs DMU, DMUs
w; = 0.4, we = 0.6 0.51 0.59 0.63 0.59 0.57
w; = 0.5, we = 0.5 0.51 0.73 0.78 0.76 0.73
DMU; DMUs DMU-~ DMUs DMU,y DMUso
w; = 0.4, we = 0.6 0.71 0.71 0.71 0.53 0.58
wy; = 0.5, w2 = 0.5 0.82 0.82 0.82 0.67 0.73
DMU; DMU+1 DMU,-» DMU,3 DMU;4 DMU,5
w; = 0.4, wy = 0.6 0.57 0.50 0.54 0.55 0.55
wy; = 0.5, we = 0.5 0.74 0.62 0.69 0.69 0.71
DMU; DMU, s DMU,~ DMU, s DMU, o DMUzo
w; = 0.4, we = 0.6 0.62 0.71 0.53 0.71 0.71
wy = 0.5, we = 0.5 0.73 0.82 0.68 0.82 0.82
DMU; DMU21 DMUa;2 DMUa3s DMUz4 DMUas
w; =04, we = 0.6 0.71 0.60 0.59 0.51 0.53
w; = 0.5, we = 0.5 0.82 0.73 0.73 0.67 0.67

Table 8. The result of evaluating revenue efficiency with Model (40) (o = 0.5).

DMU; DMU, DMU- DMUs3; DMU, DMUs
wr = 0.3, wa = 0.7 0.81 0.95 1 0.90 0.93
w; =04, wy =0.6 0.83 0.93 0.81 0.915 0.87
wi = 0.5, wa = 0.5 0.92 1 1 0.955 0.977
DMU; DMUsg DMU, DMUsg DMUyg DMU,o
wi = 0.3, wy = 0.7 0.98 0.92 1 0.83 0.93
wy = 0.4, wy = 0.6 0.915 0.885 0.97 0.87 0.905
wi = 0.5, wy = 0.5 1 0.963 1 0.946 0.963
DMU; DMU, 1 DMU,2 DMU,3 DMUi4 DMU;s
wi = 0.3, we = 0.7 0.98 0.89 0.90 0.92 0.88
wi; =04, wy =0.6 0.905 0.85 0.89 0.89 0.86
w1 = 0.5, wa = 0.5 1 0.937 0.963 0.955 0.946
DMU; DMU, 6 DMU,~ DMU,s DMU,o DMUzo
wy = 0.3, we = 0.7 1 1 0.90 0.98 0.92
w; = 0.4, wa = 0.6 0.93 1 1 1 1
w1 = 0.5, ws = 0.5 1 1 0.955 1 0.955
DMU; DMU2. DMU;» DMUzs DMU324 DMU2s5
wr = 0.3, wa = 0.7 0.93 0.94 0.89 0.83 0.83
w; = 0.4, ws = 0.6 1 1 1 1 1
wi = 0.5, wa = 0.5 0.963 1 1 0.955 0.946

account in future studies. The problem presented in
this paper can be also studied with normal uncertain
variables.
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