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Abstract. This paper investigates a multistage production-inventory model for de-
teriorating items, including raw materials and �nished goods, based on collaborative
preservation technology investment. The major purpose is to determine the optimal
materials supply, production delivery, replenishment, and investment policies for the retailer
and manufacturer in which the joint total pro�t of the integrated system is maximized.
Mathematical programming analysis is employed to ascertain the optimal solutions for
the retailer and manufacturer. Furthermore, several numerical examples are presented to
demonstrate solution process and verify the concavity of the proposed model. Sensitivity
analyses with respect to major parameters are also performed. The numerical results show
that market demand, �xed shipping cost, production rate, manufacturer's sales price, and
holding cost of �nished good may a�ect the optimal number of shipments. In addition,
when collaborative preservation technology investment becomes an option, the e�ect of the
deterioration rate on the shipping and ordering quantity will be reduced through investment
in improving deterioration of raw material or �nished good. Finally, the increase in the
amount of raw materials used to produce a �nished product implies that the amount of
�nished goods produced by the original material is reduced; therefore, the collaborative
preservation technology investment is increased.

© 2022 Sharif University of Technology. All rights reserved.

1. Introduction

Recently, commercial developments have demonstrated
that e�ective integration of enterprises is key to sur-
vival in a highly competitive industry. Similarly, in-
ventory management studies should consider the entire
supply chain membership and establish an integrated
inventory model rather than adopt a retailer's or

*. Corresponding author. Tel.: +886-3-4581196#6123
E-mail address: 122300@mail.tku.edu.tw (C.T. Yang)

doi: 10.24200/sci.2020.53357.3200

manufacturer's viewpoint alone. The application of
the production-inventory model to manufacturers and
retailers in supply chain has been discussed extensively.
Goyal [1] �rst developed an integrated inventory model
based on the Economic Order Quantity (EOQ) model
to determine the optimal joint inventory policy for a
single vendor and single buyer. Banerjee [2] developed
a joint economic-lot-size model in which a vendor
produces items to be ordered for a buyer on a \lot-
for-lot" basis. Goyal [3] employed Banerjee's [2] model
to relax the assumption of the \lot-for-lot" policy and
demonstrated that the joint total relevant cost of the
proposed model was lower than or equal to that in
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Banerjee [2]. Lu [4] subsequently extended Goyal's [3]
model to consider one-vendor and multiple buyers in an
integrated inventory model and relaxed the assumption
that shipments cannot be triggered before the entire
production batch is completed. Goyal [5] further
applied Lu's [4] model to suggest that the shipment size
to the buyer of a production batch should be increased
by a �xed factor. Hill [6] generalized the model of
Goyal [5] by taking the geometric growth factor as a
decision variable and demonstrating numerically that
his policy outperformed both the equal shipment size
policy and the policy adopted by Goyal [5]. Goyal
and Nebebe [7] attempted to exploit the bene�ts of
both equal-size and geometric policies and suggested
a simple geometric-then-equal policy that produced
positive results. Kelle et al. [8] �rst proposed a
production and shipping policy where the buyer's order
was delivered in n shipments of equal size and the
vendor's production lot size could also be an integer, m,
multiple of the shipment size, where m is di�erent from
n. Giri and Roy [9] developed a production-inventory
model in which the vendor o�ers a quantity discount
to motivate the buyers to buy a larger quantity and
delivers an unequal size per shipment. Thereafter,
many researchers (e.g., Sana [10], Wu and Chen [11],
Lin and Ho [12], Ouyang et al. [13], Muniappan et
al. [14], Bhunia et al. [15], Teimoury and Kazemi [16])
continued to propose additional ordering and shipping
policies for integrated inventory models. However,
previous studies of production-inventory models only
explored the production, transport, or ordering strate-
gies, or all strategies together, but did not consider
the e�ect of multi-stages of raw material supply, pro-
duction delivery, and order sales, being necessary for a
complete supply chain system.

For items with a high deterioration rate, using
preservation technology to improve the investment is
a major concern for inventory management. Beck
et al. [17] reported that the fast-moving consumer
goods market loses 18 billion annually because of
stock shortages in Europe alone. In the US grocery
industry, approximately 15% of goods are discarded
before selling because of spoilage [18]. Based on the
empirical study by the pro�t experts [19], a 20%
reduction in waste from deterioration could increase
gross pro�ts by 33%. These results indicate that the
management of deteriorating goods is critical when
performing inventory management, especially in the
retail grocery industry. Companies require a more
robust inventory management system to reduce losses
because of deterioration. The inventory models for
deteriorating items have been widely discussed by
scholars after the study of Ghare and Schrader [20].
The natural process of deterioration is unavoidable,
but it can be delayed by investing in special storage
equipment and procedures. For example, when food

is stored and packaged, maintaining its quality per-
manently is impossible, but equipment and procedures
can extend its shelf life. Cold storage or freezers also
help to prevent microbial and chemical corruption.
Freezing and vacuum technology can remove moisture
from food, pharmaceuticals, or agricultural products,
thereby reducing humidity to enable long-term storage
at room temperature [21]. In summary, deterioration
rate can be slowed down using facilities equipped
with preservation technology or maintaining proper
environmental conditions. Hsu et al. [22] developed
a deteriorating inventory model in which the retailer is
allowed to invest in preservation technology to improve
the deterioration. They concluded that the higher
the deterioration rate of a product, the greater the
necessary investment in preservation technology. Dye
and Hsieh [23] extended the model of Hsu et al. [22]
by assuming that the cost of preservation technology
is a function of the length of the replenishment cycle.
Furthermore, time-varying deterioration and reciprocal
time-dependent partial backlogging rates were consid-
ered in the model of Dye and Hsieh [23]. Dye [24]
also employed the model of Hsu et al. [22] and studied
investment in preservation technology and inventory
decisions concerning a retailer's non-instantaneous de-
teriorating items. The generalized productivity of
invested capital and deterioration as well as time-
dependent partial backlogging rates were used to ob-
tain robust and general results concerning inventory
management. He and Huang [25] and Zhang et al. [26]
studied both investment in preservation technology and
pricing strategies and developed an inventory model
for deteriorating items. Mishra et al. [27] studied the
characteristics of preservation technology investment
in the case of deteriorating items with stock and
price-dependent demand. Mishra et al. [28] further
developed an inventory model for deteriorating items
with not only controllable deterioration rate but also
trade credit. Other relevant articles include Singh
and Sharm [29], Shah et al. [30], Yang et al. [31],
Singh and Rathore [32], Tsao [33], and Bardhan et
al. [34]. However, the research concerning preservation
techniques described in all these studies has been done
from the retailer perspective and does not account
for supply chain integration. When the preservation
technology necessary for reducing the deterioration
rate of items requires considerable investment, a single
enterprise cannot a�ord it. However, in an integrated
supply chain system, the manufacturer and retailer
can agree to jointly invest capital in reducing the
deterioration rate of items and achieve global optimiza-
tion. Consequently, devising an optimal investment
strategy for balancing the cost of deterioration against
the cost of investment is a major challenge that must
be addressed in the �eld of integrated production and
inventory problems.
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Besides, quality warrants discussion in supply
chain inventory management. Product quality can vary
considerably depending on the manufacturer's produc-
tion process. Retailers may thus assess the product
quality when the order is received before stocking it for
immediate or later use. Quality-related costs include
prevention costs, identi�cation and inspection costs,
internal failure costs, and external failure costs; man-
agers make trade-o�s between these costs to achieve
the appropriate level of quality [35]. Inventory models
accounting for defective products have also been pro-
posed. Rosenblatt and Lee [36] considered the e�ect
of imperfect production processes in an EPQ model.
Kim and Hong [37] applied the model of Rosenblatt
and Lee [36] to determine the optimal production run
length for production processes of deteriorating goods.
Salameh and Jaber [38] proposed a modi�ed EPQ
model with defective items which can be sold as a single
batch at a discounted price at the end of the screening
process. Recently, Nobil et al. [39] applied an EPQ
model with an imperfect production system including
the purchasing of raw materials. Afterwards, numerous
studies concerning imperfect production processes have
been published including Sana [40], Trevi~no-Garza et
al. [41], Hsu and Hsu [42], Jaggi et al. [43], Kang et
al. [44], Jain et al. [45], and Yang et al. [46].

Extending the scope of the literature, this study
examined the optimal production, shipping, ordering,
and preservation technology investment policies for
an integrated multistage supply chain system with
respect to deteriorating raw materials and �nished
products with a controllable deterioration rate, col-
laborative preservation technology investment, and
defective �nished products. The main features of this
paper di�erent from previous studies are described
as follows: To the best of our knowledge, no study
has yet considered a three-stage supply chain, namely
raw materials supply, production delivery, and order
sales, to develop a production-inventory model with
defective �nished products. Further, the concept of
a co-investment agreement in preservation technology
investment among supply chain members is used in
the proposed model. In terms of model formulation,
the total pro�ts of the retailer and manufacturer are
established and then integrated to obtain the joint
total pro�t per unit time. The main purpose is to
determine the optimal production, delivery, ordering,
and investing policies for the retailer and manufacturer
so as to maximize the joint total pro�t per unit time.
Because of the complexity of the model, determining
closed-form optimal solutions and directly checking the
concavity of the pro�t function are di�cult. Alterna-
tively, an attempt is made to develop an algorithm to
obtain optimal solutions for the supply chain system
and then, verify the concavity of the proposed model
through numerical analysis. Furthermore, several

numerical examples are presented to demonstrate the
procedures for solving the problem. A sensitivity anal-
ysis with respect to major parameters is also conducted
to ascertain several managerial implications that may
provide managers with a useful decision-making tool.

2. Notation and assumptions

This paper uses the following notations to discuss the
multistage supply chain production-inventory model:
D The demand rate
P The manufacturer's production rate
AR The retailer's ordering cost of �nished

products per order
AM The manufacturer's ordering cost of

raw material per order
r The number of raw materials used to

produce a �nished product
S The manufacturer's setup cost per

production cycle
s The retailer's inspection cost per unit
c1 The manufacturer's raw material cost

per unit
c2 The manufacturer's production cost

per unit
� The manufacturer's sales price per unit
p The retailer's selling price per unit
hb The retailer's holding cost per unit per

unit time
hm The manufacturer's holding cost of raw

material per unit per unit time
hv The manufacturer's holding cost of

�nished goods per unit per unit time
u The manufacturer's treatment cost per

defective item
CT The retailer's �xed shipping cost per

shipment
Ct The retailer's variable shipping cost

per unit
�1 The original rate of deterioration of

the raw materials
�2 The original rate of deterioration of

the �nished goods
� The rate of defective �nished products,

where � 2 (0; 1)
� The preservation technology

investment for reducing the rate
of deterioration to preserve the
products; a decision variable

m(�) The proportional reduction of the
deterioration rate; a function of �
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Q The retailer's order quantity; a decision
variable

n Number of shipments from the
manufacturer to the retailer per
production cycle; a decision variable

q The quantity of non-defective items
sent from the manufacturer to the
retailer per shipment; a decision
variable

Tb Length of the retailer's replenishment
cycle; a decision variable

Tv Length of the manufacturer's
production cycle; a decision variable

Ts Length of the manufacturer's period
of production per production cycle; a
decision variable

Tp Length of time for the manufacturer
to make and deliver the �rst batch of
�nished products to the retailer

� The superscript represents the optimal
value

This paper uses the following assumptions:

1. The multistage supply chain system considers a
single manufacturer, single retailer, single material,
and single commodity.

2. The �nished goods produced by the manufacturer
contain defective items and must be inspected by
the retailer. No errors occur during the inspection
process. In addition, to simplify the problem, this
model does not consider the occurrence of defective
materials.

3. The manufacturer's production rate of nondefective
products is �nite and greater than the demand
rate, i.e., (1 � �)P > D. Otherwise, no inventory
problems would occur.

4. The retailer orders Q units of multiple sizes and
allows the manufacturer to divide the order into
n consignments [21,47]. Because the �nished
products produced by the manufacturer contain
defective products at a rate of �, the manufacturer
may ship q=(1 � �) units to the retailer to ensure
that the retailer receives q units of non-defective
products in each shipment.

5. The original deterioration rates of the raw material
and the �nished goods are assumed to be �1 and �2,
respectively. Both of them can be reduced through
preservation technology investment at the same rate
of m(�), where m(�) is an increasing function of
the preservation technology investment (�) and 0 <
m(�) < 1 (please refer to Dye and Hsieh [23], and
Dye [24]). That is, the rates of deterioration for raw
material and �nished products are [1�m(�)]�1 and
[1�m(�)]�2, which can be controlled by investment.

Furthermore, the model does not permit the repair
or replacement of deteriorated units; items are
withdrawn immediately as they deteriorate.

6. The manufacturer and retailer jointly share the
preservation technology investment. The propor-
tions of the capital investment that the retailer and
manufacturer should invest in machinery equipment
are � and 1� �, respectively, where 0 � � � 1.

7. Shortages are not allowed for either the manufac-
turer or the retailer.

3. Model formulation and solution

This paper establishes a multistage integrated supply
chain production-inventory model that considers a
three-stage supply chain, namely raw material sup-
ply, production delivery, and order sales. A single
manufacturer and a single retailer are considered in
the system. For the retailer, the quantity of �nished
products per order is Q units and the manufacturer
must deliver the order in n batches (the freight cost is
borne by the retailer). The manufacturer purchases
raw materials from the original material supplier to
be able to produce upon receiving the retailer's or-
der. Because the �nished products produced by the
manufacturer contain defective products at a rate of
�, the manufacturer may ship q=(1 � �) units to the
retailer to ensure that the retailer receives q units
of nondefective products in each shipment. Thus,
the total shipping quantity of �nished products in
a production cycle (length of the period is Tv) is
Q=(1 � �). To comply with the Just-In-Time (JIT)
inventory system, the manufacturer begins shipping to
the retailer when the production quantity reaches units
for the �rst time (length of the period is Tp). The
manufacturer then ships q units at regular intervals
(length of the period is Tb). Furthermore, because the
manufacturer's production rate of �nished products is
higher than the demand rate, it may stop producing,
but continue to ship regularly until the entire ordered
quantity has shipped, when the inventory quantity of
�nished products reaches Imax (length of the period
is TS). The production, delivery, and sales process of
the entire multistage supply chain system is depicted
in Figure 1. The inventory levels of the manufacturer's
materials and products and the retailer's goods in a
complete production cycle are represented in Figure 2.

On the basis of the aforementioned notation and
assumptions, the total pro�t per unit time for each
stage of the supply chain was established as follows.

3.1. Retailer's total pro�t
Because �nished products from the manufacturer con-
tain defective products at a rate of �, the retailer
receives q=(1��) units that are immediately inspected
in each shipment. The good items (q units) are stored
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Figure 1. Multistage supply chain considering defective products.

Figure 2. Inventory levels of the manufacturer's
materials and products and retailer's goods in a complete
production cycle.

and then, sold. The retailer's inventory level of �nished
products at time t during the replenishment cycle is
reduced because of market demand and the deteriora-
tion (Figure 2), and it is represented by the following
di�erential equation:

dIR(t)=dt+[1�m(�)]�2 IR(t)=�D; 0 � t �Tb: (1)

Solving Eq. (1) with the boundary condition IR(Tb) =
0 yields:

IR(t) =
D

[1�m(�)]�2

n
e[1�m(�)]�2(Tb�t) � 1

o
;

0 � t � Tb: (2)

From Eq. (2), the quantity of non-defective items
shipped from the manufacturer to the retailer per
shipment q = IR = 0 can be obtained through the
following equation:

q = IR(0) =
D

[1�m(�)]�2

n
e[1�m(�)]�2Tb � 1

o
: (3)

The retailer's total pro�t per unit time is de-
termined by sales revenue, ordering cost, inspection
cost, purchasing cost, holding cost, transportation cost,
and preservation technology investment, which are
evaluated as follows:

(a) The sales revenue per replenishment cycle is pDTb.
(b) The ordering cost per replenishment cycle is AR.
(c) The inspection cost per replenishment cycle is:

s q
(1� �)

=
sD

(1� �)[1�m(�)]�2n
e[1�m(�)]�2Tb � 1

o
:

(d) Although the manufacturer delivers q=(1 � �)
units to the retailer per replenishment, �q=(1��)
defective units will be immediately detected by the
retailer and returned to the manufacturer. Thus,
the retailer's purchasing cost is:

vq =
vD

[1�m(�)]�2

n
e[1�m(�)]�2Tb � 1

o
:

(e) The retailer's transportation cost consists of �xed
and variable costs per replenishment cycle and is
given by:

CT +
Ctq

(1� �)
= CT +

CtD
(1� �)[1�m(�)]�2n

e[1�m(�)]�2Tb � 1
o
:
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(f) The retailer's holding cost is:

hb
Z Tb

0
IR(t) dt

= hb
Z Tb

0

D
[1�m(�)]�

[e[1�m(�)]�(Tb�t) � 1]dt

=
hbD

[1�m(�)]2�2
2
fe[1�m(�)]�2Tb

�[1�m(�)]�2Tb�1g:
(g) The preservation technology investment, �, is

shared between the retailer and manufacturer and
the proportion of the retailer's investment is �
(0 � � � 1); thus, the retailer's investment to
reduce the deterioration rate per cycle is denoted
by ��Tb.

On the basis of these details, the retailer's
total pro�t per unit time, denoted by TPb(Tb; �),
can be obtained:

TPb(Tb; �) =
1
Tb

(
(p� v)DTb �AR � CT

� (s + Ct)D
(1� �)[1�m(�)]�2

n
e[1�m(�)]�2Tb�1

o
�fhb + [1�m(�)]�2vgD

[1�m(�)]2�2
2

�
e[1�m(�)]�2Tb

�[1�m(�)]�2Tb � 1
�)
� � �: (4)

3.2. Manufacturer's total pro�t
The inventory levels of the manufacturer's material in
a complete production cycle are depicted in Figure 2.
In a production cycle, on receiving a retailer's order
(Q units), the manufacturer places orders with the
original material supplier for processing and production
material. Assuming that one unit of �nished product
requires r units of raw materials and the material
deteriorates during storage, the manufacturer's inven-
tory level uctuates due to the use of materials for
production and the deterioration of the material during
the time interval [0; Ts]. The manufacturer's inventory
level of raw materials changes at time t at the time
interval [0; Ts] and is represented by the following
di�erential equation:

dIM (t)=dt+ [1�m(�)]�1 IM (t) = �rP
0 � t � Ts: (5)

By using the boundary condition IM (Ts) = 0,
the manufacturer's inventory level of materials per
production cycle can be obtained:

IM (t) =
rP

[1�m(�)]�1

n
e[1�m(�)]�1(Ts�t) � 1

o
;

0 � t � Ts: (6)

From Eq. (6), the total amount of raw materials
per production cycle qM = IM (0) can be obtained as
follows:

qM =IM (0)=
rP

[1�m(�)]�1

n
e[1�m(�)]�1Ts�1

o
: (7)

To comply with the spirit of JIT, as the manufac-
turer produces q=(1��) = Q=[n(1��)] units of �nished
goods, it delivers goods to the retailer immediately
at the beginning of the production cycle. Then, the
number of �xed shipments (q=(1��) units) is repeated
at every interval Tb. The total number of shipments in a
production cycle is n (see Figure 2). In each shipment,
�q=(1� �) units of defective products are returned by
the retailer and discarded.

The manufacturer's inventory level of �nished
products changes because of the production and dete-
rioration during [0; Ts]. Because the manufacturer's
production rate for non-defective products is �nite
and greater than the demand rate, the manufacturer
stops production once the inventory reaches a certain
level Imax. Figure 3 illustrates the manufacturer's and
retailer's cumulative inventory. From Figure 3, the
manufacturer's �nished goods inventory level at time
t during [0; Ts] can be discerned through the following
di�erential equation:

dIp(t)=dt+[1�m(�)]�2 Ip(t) = P; 0 � t �Ts: (8)

Based on the boundary condition Ip(0) = 0, the
manufacturer's inventory level of �nished goods can be
obtained:

Ip(t)=
P

[1�m(�)]�2
f1� e�[1�m(�)]�2 tg;

0 � t � Ts: (9)

As the �rst order of goods (q=(1� �) units) com-
pletes (length of the period is Tp), the manufacturer
immediately ships them to the retailer. Thus:

Ip(Tp) = q=(1� �) = P (1� e�[1�m(�)]�2 Tp)

=[1�m(�)]�2;

which implies:
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Figure 3. Manufacturer's and retailer's cumulative inventory of �nished goods.

Tp=
1

[1�m(�)]�2
ln
�

(1��)P
(1� �)P�[1�m(�)]�2 q

�
;
(10)

where q is taken from Eq. (3).
During [Ts; Tv], the manufacturer is no longer

producing, and its inventory level decreases because
of deterioration; thus, the inventory level of �nished
goods at time t is governed by the following di�erential
equation:

dId(t)
dt

+ [1�m (�)] �2 Id(t) = 0 ; Ts � t � Tv: (11)

Similarly, the manufacturer's inventory level of
the �nished goods during [Ts; Tv] with boundary con-
dition Id(Tv) = n q=(1� �) can be obtained by solving
Eq. (11) as follows:

Id(t) =
n qe[1�m(�)]�2(Tv�t)

1� � ; Ts � t � Tv; (12)

where q is taken from Eq. (3).
From Eqs. (9) and (12) and Ip(Ts) = Id(Ts), it

can be determined that:

Ts =
1

[1�m(�)]�2
ln�

(1� �)P + [1�m(�)]�2n qe[1�m(�)]�2Tv

(1� �)P

�
:
(13)

Similarly, the manufacturer's total pro�t per unit
time includes sales revenue, setup cost, ordering cost,

material cost, production cost, defective item process-
ing cost, holding cost, and preservation technology in-
vestment. These components are evaluated as follows:

(a) The manufacturer's sales revenue per production
cycle is:

vQ = vnq =
v nD

[1�m(�)]�2
fe[1�m(�)]�2Tb � 1g:

(b) The manufacturer's setup cost per production
cycle is S.

(c) The manufacturer's ordering cost for material per
production cycle is AM .

(d) The manufacturer's material cost per production
cycle is:

c1qM =
c1 rP

[1�m(�)]�1

n
e[1�m(�)]�1Ts � 1

o
:

(e) The manufacturer's production cost per produc-
tion cycle is c2PTs.

(f) The manufacturer's holding cost contains two
parts: raw material and �nished products. The
holding cost of raw materials is:

hm
Z Ts

0
IM (t) dt =

hmrP
[1�m(�)]2�2

1

fe[1�m(�)]�1Ts � [1�m(�)]�1Ts � 1g:
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With respect to the holding cost of �nished goods,
the manufacturer's total inventory per production
cycle is equal to the manufacturer's cumulative in-
ventory minus the retailer's cumulative inventory
(see Figure 3), given by

R Ts
0 Ip(t)dt+

R Tv
Ts
Id(t)dt�

[qTb=(1� �)][1 + 2 + � � �+ (n� 1)]. Therefore, the
holding cost of �nished goods is:

hv
�Z Ts

0
Ip(t)dt+

Z Tv

Ts
Id(t)dt� [ qTb=(1� �)]

[1 + 2 + � � �+ (n� 1)]
�

= hv
�

P
[1�m(�)]�2

fe�[1�m(�)]�2Ts

+[1�m(�)]�2Ts � 1g

+
n q

(1��)[1�m(�)]�2
fe[1�m(�)]�2(Tv�Ts)�1g

�n (n� 1)qTb
2(1� �)

�
:

(g) Because q=(1 � �) units of defective products are
returned by the retailer per shipment, the man-
ufacturer's processing cost for returned defective
products in a production cycle is un�q=(1� �).

(h) Similar to the retailer, the preservation technology
investment � reduced the deterioration rate which
is shared between the retailer and manufacturer.
Because the proportion of the cost that the man-
ufacturer shares is 1 � � (0 � � � 1), the
preservation technology investment reduces the
deterioration rate per cycle for the manufacturer
by (1� �)�Tv.

Consequently, the manufacturer's total pro�t
per unit time, denoted by TPv(Tv; Ts; n; �), is:

TPv(Tv; Ts; n; �) =

1
Tv

�
vnq � (c1r + c2)PTs � S �AM

�fhm+[1�m(�)]�1c1grP
[1�m(�)]2�2

1
�fe[1�m(�)]�1Ts

�[1�m(�)]�1Ts � 1g � hv P
[1�m(�)]�2

�fe�[1�m(�)]�2Ts + [1�m(�)]�2Ts � 1g

+
n hvqfe[1�m(�)]�2(Tv�Ts) � 1g

(1� �)[1�m(�)]�2

�n (n�1)hvqTb
2(1��)

�un�q
1��

�
�(1��)�; (14)

where q is taken from Eq. (3).

3.3. Joint total pro�t of the system
Because the manufacturer and the retailer have decided
to share resources and engage in a mutually bene�cial
cooperation, the joint total pro�t per unit time, which
is a function of Tv, Ts, Tb, n, and �, denoted by
JTP (Tv; Ts; Tb; n; �), can be obtained as the sum of
the manufacturer's and retailer's total pro�t per unit
time, given by:

JTP (Tv; Ts; Tb; n; �) = TPb(Tb; �)

+TPv(Tv; Ts; n; �); (15)

where TPb(Tb; �) and TPv(Tv; Ts; n; �) are solved by
Eqs. (4) and (14), respectively.

From Eqs. (10) and (13) and that Tv = Tp +
n Tb, JTP (Tv; Ts; Tb; n; �) can be reduced to
JTP (Tb; n; �). Now, the objective is to determine the
optimal value of (Tb; n; �) for maximizing the joint
total pro�t per unit time. Because of the complexity
of the model and because n is an integer, �nding
closed-form solutions for Tb, n, and � and directly
checking the concavity of pro�t function are di�cult.
Thus, alternatively, the concavity will be veri�ed by
numerical analysis in the next section and an algorithm
is developed to obtain the solutions for the joint total
pro�t per unit time.

Algorithm 1.

Step 1. Set n = 1.

Step 2. Find Tb(n) and �(n) by solving the simulta-
neous equations:

@JTP (Tb; n; �)=@Tb = 0 and

@JTP (Tb; n; �)=@� = 0:

Step 3. Substitute n, Tb(n), and �(n) into Eq. (15)
to calculate JTP (Tb(n); �(n); n).

Step 4. Set n = n + 1 and repeat Steps 2 and 3 to
obtain JTP (Tb(n+1); �(n+1); n+ 1).

Step 5. Compare JTP (Tb(n+1); �(n+1); n+ 1) with
JTP (Tb(n); �(n); n).

(i) If JTP (Tb(n+1); �(n+1); n + 1) � JTP (Tb(n);
�(n); n), then (Tb(n); �(n); n) is the optimal
solution and the process is �nished.
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(ii) If JTP (Tb(n+1); �(n+1); n + 1) > JTP (Tb(n);
�(n); n), return to Step 4.

After obtaining the optimal solution of (Tb; �; n),
the manufacturer's optimal number of shipments and
quantity of items shipped, the retailer's optimal order
quantity, the preservation technology investment, and
the total joint pro�ts per unit time are determined.

4. Numerical analysis

In this section, we illustrate the foregoing theoretical
results and aforementioned algorithm using the follow-
ing numerical examples:

Example 1: Consider an inventory situation where
D = 1000 units/year, P = 8000 units/year, AR =
$100/order, am = $500/order, S = $800/setup, v =
$20/unit, hb = 0:5/unit/year, hv = $0:3/unit/year,
hm = $0:1/unit/year, s = $0:3/unit, �1 = 0:05, �2 =
0:05, r = 1, CT = $100/ship, Ct = $0:5/unit, p =
$50/unit, c1 = $0:5/unit, c2 = $1/unit, u = $1/unit,
� = 0:5, and m(�) = 1� e�0:01�.

With the application of Algorithm 1, the solution
procedure in Table 1 indicates that the manufac-
turer's optimal number of shipments, quantity of goods
shipped, and preservation technology investment are
9, 425.968 units, and $101.588, respectively. The
retailer's optimal order quantity is 3,833.71 units and
the optimal joint total pro�t is $45,526.8. Figure 4
displays a graphical illustration of the joint total pro�t
function JTP (Tb; n; �) with respect to Tb and � for

Table 1. Solution procedure of Example 1.

n Tb q Q � JTP

8 0.4534 455.341 3642.72 99.3651 45524.6

9 0.4243 425.968 3833.71 101.588 45526.8 
10 0.4001 401.473 4014.73 103.719 45521.4

Note: \ " denotes the optimal solution generated by

the proposed model.

Figure 4. Graphical illustration of JTP (Tb; n; �) with
respect to Tb and � for n = 9.

Figure 5. Graphical illustration JTP (Tb; n; �) versus n
for (Tb; �) = (345:999; 748:726).

n = 9, and Figure 5 illustrates the graphical illustration
of the joint total pro�t function JTP (Tb; n; �) versus n
for (Tb; �) = (345:999; 748:726). That is, the concavity
of the joint total pro�t function can be veri�ed, and
the obtained solutions are optimal for maximizing the
joint total pro�t function.

Example 2: A sensitivity analysis illustrates the
e�ects of changes in the parameters related to retailers
and manufacturers on the optimal solution. The
data used are the same as those in Example 1, and
the computational results are presented in Tables 2
and 3. Table 2 exhibits the sensitivity analysis with
respect to the retailer's parameters, and the following
observations can be made using it:

1. When the market demand D increases, the optimal
preservation technology investment �� and optimal
order quantity Q� increase. Further, the optimal
number of shipments n� gradually increases and the
quantity of goods per shipment q� also increases
with �xed delivery times. For the overall supply
chain system, the demand rate has a positive e�ect
on the joint total pro�t JTP �. This indicates that
if the supply chain system can e�ectively stimulate
demand, it can improve the joint total pro�t.

2. In general, the increase in the retailer's �xed cost
parameters (ordering cost of �nished product AR
and �xed shipping cost CT ) will promote the in-
crease in the optimal values of ��, q�, and Q�, but
lead to a decline in the optimal joint total pro�t.
Further, it is worth noting that the optimal number
of shipments will increase as the �xed shipping
cost increases to a certain threshold (for example,
CT = 120 in Table 2).

3. The optimal values of ��, q�, Q�, and optimal joint
total pro�t decrease when the retailer's holding cost
hb increases. This is very intuitive because the
retailer does not want to keep excess inventory when
its holding cost is high. This will also reduce the
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Table 2. Sensitivity analysis of retailer's parameters in Example 1.

Parameter Value n� �� q� Q� JTP �

D

800 8 85.8815 404.921 3239.36 36291.5
900 8 92.9478 430.703 3445.63 40908.0
1000 9 100.588 425.968 3833.71 45526.8
1100 9 107.507 448.126 4033.13 50148.1
1200 10 112.958 442.543 4425.43 54771.9

AR

80 9 99.0289 412.453 3712.08 45574.7
90 9 100.331 419.261 3773.35 45550.6
100 9 101.588 425.968 3833.71 45526.8
110 9 102.803 432.580 3893.22 45503.4
120 9 103.977 439.099 3951.89 45480.4

hb

0.4 9 102.715 432.096 3887.87 45548.2
0.45 9 102.148 428.998 3860.99 45537.5
0.5 9 101.588 425.968 3833.71 45526.8
0.55 9 101.036 423.003 3807.02 45516.2
0.6 9 100.490 420.100 3780.90 45505.7

�2

0.04 9 79.9595 425.912 3833.21 45548.5
0.045 9 91.3578 425.943 3833.49 45537.1
0.05 9 101.588 425.968 3833.71 45526.8
0.055 9 110.869 425.989 3833.90 45571.5
0.06 9 119.360 426.006 3834.06 45509.0

CT

80 9 99.0289 412.453 3712.08 45574.7
90 9 100.331 419.261 3773.35 45550.6
100 9 101.588 425.968 3833.71 45526.8
110 9 102.803 432.580 3893.22 45503.4
120 8 101.690 468.712 3749.70 45481.1

Ct

0.4 9 101.226 425.998 3833.98 45632.5
0.45 9 101.408 425.983 3833.85 45579.6
0.5 9 101.588 425.968 3833.71 45526.8
0.55 9 101.769 425.953 3833.58 45474.0
0.6 9 101.949 425.938 3833.45 45421.1

p

40 9 101.588 425.968 3833.71 35526.8
45 9 101.588 425.968 3833.71 40526.8
50 9 101.588 425.968 3833.71 45526.8
55 9 101.588 425.968 3833.71 50526.8
60 9 101.588 425.968 3833.71 55526.8

s

0.24 9 101.371 425.986 3833.87 45590.2
0.27 9 101.480 425.977 3833.79 45558.5
0.3 9 101.588 425.968 3833.71 45526.8
0.33 9 101.697 425.959 3833.63 45495.1
0.36 9 101.805 425.950 3833.55 45463.4
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Table 3. Sensitivity analysis of the manufacturer's parameters in Example 1.

Parameter Value n� �� q� Q� JTP �

P

6400 10 106.101 403.291 4032.91 45473.2
7200 9 102.619 426.750 3840.75 45502.3
8000 9 101.588 425.968 3833.71 45526.8
8800 8 98.5351 454.739 3637.91 45547.8
9600 8 97.8293 454.248 3633.98 45567.2

AM

400 9 100.211 418.618 3767.56 45552.8
450 9 100.906 422.308 3800.77 45539.8
500 9 101.588 425.968 3833.71 45526.8
550 9 102.258 429.600 3866.40 45514.0
600 9 102.915 433.203 3898.83 45501.2

S

400 9 99.3586 414.151 3727.35 45568.7
450 9 100.491 420.098 3780.88 45547.6
500 9 101.588 425.968 3833.71 45526.8
550 9 102.653 431.765 3885.89 45506.3
600 9 103.687 437.491 3937.42 45486.1

v

16 8 98.8446 455.385 3643.08 45589.9
18 8 99.1051 455.363 3642.90 45557.3
20 9 101.588 425.968 3833.71 45526.8
22 9 101.799 425.951 3833.56 45497.8
24 10 104.067 401.446 4014.46 45469.1

hv

0.24 9 113.272 462.084 4158.76 45645.7
0.27 9 107.211 442.885 3985.97 45585.0
0.30 9 101.588 425.968 3833.71 45526.8
0.33 9 93.3377 410.911 3698.20 45470.8
0.36 8 89.5038 425.208 3401.66 45418.1

hm

0.08 9 101.163 427.734 3849.60 45532.8
0.09 9 101.377 426.847 3841.63 45529.8
0.10 9 101.588 425.968 3833.71 45526.8
0.11 9 101.797 425.096 3825.86 45523.8
0.12 9 102.004 424.230 3818.07 45520.8

�1

0.040 9 101.036 426.014 3834.13 45527.4
0.045 9 101.313 425.991 3833.92 45527.1
0.050 9 101.588 425.968 3833.71 45526.8
0.055 9 101.863 425.945 3833.51 45526.5
0.060 9 102.137 425.923 3833.31 45526.3

c1

0.4 9 93.9544 426.622 3839.60 45638.8
0.45 9 97.8407 426.283 3836.55 45582.7
0.50 9 101.588 425.968 3833.71 45526.8
0.55 9 105.207 425.674 3831.07 45471.0
0.60 9 108.704 425.400 3828.60 45415.4
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Table 3. Sensitivity analysis of the manufacturer's parameters in Example 1 (continued).

Parameter Value n� �� q� Q� JTP �

c2

0.8 9 87.0352 427.257 3845.31 45750.3
0.9 9 94.5532 426.569 3839.12 45638.2
1.0 9 101.588 425.968 3833.71 45526.8
1.1 9 108.194 425.439 3828.95 45415.9
1.2 9 114.417 424.971 3824.74 45305.5

u

0.8 9 101.553 425.971 3833.74 45537.2
0.9 9 101.571 425.970 3833.73 45532.0
1.0 9 101.588 425.968 3833.71 45526.8
1.1 9 101.606 425.967 3833.70 45521.6
1.2 9 101.624 425.965 3833.69 45516.4

�

0.04 9 100.870 427.755 3849.79 45572.5
0.045 9 101.229 426.863 3841.77 45549.7
0.05 9 101.588 425.968 3833.71 45526.8
0.055 9 101.950 425.070 3825.63 45503.7
0.06 9 102.314 424.170 3817.53 45480.3

r

0.8 9 93.4684 428.425 3855.83 45644.9
0.9 9 97.6148 427.171 3844.54 45585.8
1.0 9 101.588 425.968 3833.71 45526.8
1.1 9 105.402 424.810 3823.29 45468.1
1.2 9 109.068 423.692 3813.22 45409.5

preservation technology investment for the entire
supply chain.

4. The higher the deterioration rate of �nished goods,
the higher the optimal preservation technology
investment, quantity of goods per shipment, and
order quantity and the lower the joint total pro�t.
The deterioration rate is sensitive to the amount
of preservation technology investment, but the
impacts on the shipping and ordering quantity are
very small. This result shows that when the preser-
vation technology investment becomes an option,
the impact of the deterioration rate on the shipping
and ordering quantity will be reduced by investing
in improving �nished product deterioration.

5. When the retailer's unit cost parameters (variable
shipping cost Ct and inspection cost s) increase,
the optimal preservation technology investment in-
creases; however, the optimal shipping quantity,
order quantity, and joint total pro�t decrease. In
addition, the sensitivity of these parameters to the
optimal solutions is very low.

6. The selling price p has a positive e�ect on the
optimal joint total pro�t, but no e�ect on ��, q�,
and Q�. It is obvious that the selling price is

independent of decision variables of the proposed
model and an increasing function of the joint total
pro�t from Eq. (4).

According to Table 3, which presents the sensi-
tivity analysis of the manufacturer's parameters, the
following observations can be made:

1. As the manufacturer's production rate increases,
the optimal preservation technology investment and
order quantity decrease, while the optimal joint to-
tal pro�t increases. Further, the optimal number of
shipments is reduced as the order quantity drops to
a certain level due to the increase in manufacturer's
production rate;

2. Similar to the retailer's �xed cost parameters, when
the manufacturer's �xed costs (ordering cost of
material and setup cost) increase, the optimal
preservation technology investment, shipping quan-
tity, and order quantity increase, while the optimal
joint total pro�t decreases;

3. As the manufacturer's sales price increases, the op-
timal preservation technology investment increases,
but the optimal shipping quantity and joint total
pro�t decrease. Further, the optimal number of
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shipments will be increased as the order quan-
tity rises to a certain level due to the increase
in manufacturer's sales price. The results show
that increased sales prices of the manufacturer will
increase the order quantity, but it is not conducive
to the entire supply chain;

4. The e�ect of the manufacturer's holding cost of
�nished goods on the best solution is consistent
with that of retailer. The di�erence is that when
the manufacturer's holding cost of �nished goods
increases to a certain threshold (for example hv =
0:36 in Table 3), it will reduce the number of
shipments;

5. When the manufacturer's holding cost of material
hm, raw material cost c1, production cost c2, or
treatment cost u increase, the optimal preserva-
tion technology investment increases, while optimal
shipping quantity, order quantity, and joint total
pro�t are reduced. Further, changes in raw material
and production costs are relatively sensitive to the
amount of preservation technology investment;

6. The optimal preservation technology investment
increases, while optimal joint total pro�t decreases
followed by an increase in the deterioration rate of
material, which is consistent with the deterioration
rate of the �nished goods. The di�erence is that the
sensitivity of the deterioration rate of materials to
the optimal solution is signi�cantly lower. Further,
the optimal shipping quantity and order quantity
are reduced as the deterioration rate of material
increases;

7. Whether the number of raw materials used to pro-
duce a �nished product or the detective rate of the
�nished product increases, the optimal preserva-
tion technology investment increases, while optimal
shipping quantity, order quantity, and joint total
pro�t are reduced.

5. Conclusions

This study investigated a multistage supply chain
production-inventory model for deteriorating items
that accounted for collaborative investment in preser-
vation technology. The main purpose of the study was
to determine the manufacturer's optimal production
and delivery policies as well as the retailer's optimal
ordering and collaborative investing policies, which
would maximize the joint total pro�t per unit time.
Because of the complexity of the model, �nding closed-
form solutions and directly checking the concavity
of the pro�t function was di�cult. Alternatively,
the concavity of the proposed model was veri�ed by
numerical analysis and an algorithm was developed
to obtain the solutions for the joint total pro�t per
unit time. Furthermore, several numerical examples

were presented to demonstrate the solution procedure
and sensitivity analysis of the optimal solutions with
respect to major parameters. From the numerical
results, several management insights di�erent from
previous researches can be ascertained:

1. In general, the optimal shipping strategy is not
easily a�ected. However, this proposed model
shows that there are �ve parameters that may a�ect
the optimal number of shipments: market demand,
�xed shipping cost, production rate, manufacturer's
sales price, and holding cost of �nished goods;

2. The e�ect of deterioration rate of raw materials
on the shipping quantity and order quantity is
inconsistent with the deterioration rate of �nished
good. Further, when the collaborative preservation
technology investment becomes an option, the e�ect
of the deterioration rate of raw materials or �nished
goods on the shipping and ordering quantity will be
reduced by investing in improving deterioration of
raw materials or �nished goods;

3. Though increased sales prices of the manufacturer
will increase the order quantity, it is not conducive
to the joint total pro�t of the entire supply chain;

4. The selling price is independent of decision variables
of the proposed model and an increasing function
of joint total pro�t. This is because the market
demand considered in the model is constant;

5. When the raw material supply is considered in
the production-inventory model, the increase in the
number of raw materials used to produce a �nished
product will promote the optimal preservation tech-
nology investment, but decrease optimal shipping
quantity, order quantity, and joint total pro�t. This
is because the amount of �nished goods produced
by the original material quantity is reduced, which
will increase the preservation technology investment
and reduce joint total pro�t.

The proposed model could be extended in several
ways. For example, the results indicate that the selling
price has no e�ect on the optimal solution because it is
an exogenous variable in the proposed model. Future
research can treat the selling price as a decision variable
and deal with the demand rate as a function of selling
price. Furthermore, because of the various power
levels and preferences among supply chain members,
supply chains can be analyzed from competitive or
cooperative viewpoints based on game theory concepts
including Nash equilibrium, Stackelberg game, and
Pareto optimality. Finally, the regulation of greenhouse
gas emissions is a trend likely to a�ect enterprises'
future business strategies. Therefore, the proposed
model can be extended to account for the regulation
of carbon emissions.
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