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Abstract 

Today, the advent of new technologies, globalization of markets, customers' varied needs, and 

increasingly fierce competition, are making SMEs seek to improve engagement with their 

suppliers, and cost management practices in order to survive. SMEs clearly need to focus on the 

interests of the entire supply chain by enacting win-win policies. In this study, we investigate a 

two-level inventory model featuring a manufacturer and a buyer in the competitive market with 

the policy of producing new products. Imperfect quality products and the capacity to rework are 

also considered in the model. In other words, because of the competitive nature of the market, 

any increase in price leads to a decrease in demand. The mathematical model is proposed over 

two scenarios: a scenario where shortage can occur, and one with no possibility of shortage. The 

objective function of the mathematical model revolves around the central goal of maximizing the 

total profit of the supply chain considering both independent and joint optimization by the supply 

chain members. A new algorithm is proposed to solve the mathematical model whose 

applicability is evaluated by giving a numerical example to the analysis software MATLAB. The 

results are analyzed and discussed using a sensitivity analysis approach. 
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1 Introduction 1 

Cutting global competition forces manufacturing organizations to develop their internal manners 2 

and improve collaborative networks with their suppliers and clients to produce mutual 3 

advantages. They have recognized that solely optimizing the present manufacturing foundation 4 

would fail to manage and conserve a competitive advantage. Therefore, they promote human 5 

capital to convert the shop floor into an adaptable system capable of promptly reacting to 6 

customers’ demands. Flourishing manufacturing corporations have succeeded by performing 7 

versatile principles to integrate supply chain collaborators with their manufacturing approaches. 8 

For these causes, organizations place a high priority on the improvement of long-term 9 

connections with internal and external supply chain partners [1]. Due to these reasons, 10 

researchers believe entirely that the formulation and implementation of supply chain policie  11 

need substantial administration practices and the highest administration support [2]. Directors in 12 

the thriving entrepreneurial-oriented firms, who have ambidextrous administration behaviors and 13 

placed great emphasis on maximizing the integration with suppliers and clients, succeeded in 14 

enhancing business responsiveness [3, 4]. Moreover, the study found that both strategic 15 

management and supply chain integration are critical components for companies to promote 16 

agility in humanitarian operations [5].  17 

In the real world, each business industry wants more profit with a smaller production cost. Client 18 

satisfaction is another significant issue for any business, and for that, the quality of the 19 

commodity should also be improved. A tremendous amount of demand for any commodity 20 

results is more profit for the corporations, and more shortages and defective items may also 21 

occur due to the high demand. As a result, shortages and faulty items are an excellent issue for 22 



3 

 

consumer satisfaction, for which protection stocks may provide an answer. An integration in 23 

SMEs’ supply chain can increase the quality of a product such as rework process which is 24 

beneficial to any industry such procedures can also enhance the total profit. [6]. 25 

Some of the comodities produced in the company are faulty due to many reasons, including the 26 

failure of equipments, the mistake of operators, and the low quality of primary substances. So, 27 

deciding on faulty items is one of the significant concerns faced by corporations and production 28 

units. There are two kinds of defective items: scrap and repairable. Scraped items can be sent to 29 

manufacturer at a single shipment. But, repairable items are sold after rework at a lower price. 30 

Repairable items need reworking, which is usually kept in a warehouse until the rework process 31 

is called for. Thus, a general method must be determined with regard to the cost of an intended 32 

system to do the rework process so as to obtain it at the least cost. This method should cover all 33 

types of states that can happen in SMEs' supply chain. It must provide a proper method and 34 

schedules to the managers based on the best result. This study helps administrators to recognize 35 

the best strategy for the rework process based on SMEs' supply chain conditions. Also, it 36 

attempts to provide programmers and managers with guidelines to choose the optimal production 37 

quantity based on maximizing total profit. Includes production cost for the rework and normal 38 

production process, holding cost for imperfect and perfect items, and manufacturing cost and 39 

rework cost. 40 

This paper, has been emphasized on the importance of paying attention to rework of defective 41 

items. In this supply chain inventory system, items are inspected by buyer after production and 42 

sending to buyer. Good quality items are stocked and sold to customer immediately. Defective 43 

items scheduled for rework. We assume buyer and supplier make decision integeratly and 44 

provide some types of equipments and facilities to rework imperfect items in the buyer place. 45 
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Therefore, the buyer will pay lower price for imperfect goods, which reworked by itself.  After 46 

inception the vendor send all of the defective commodities to manufacturer as a shipment. 47 

This research work develops an optimal inventory model in two level supply chain for small and 48 

medium-sized enterprises with a rework for new products and price-dependent demand. One of 49 

the novelty of this study is that the defective items are assumed to be scrape or reworkable and  50 

the defective items will be reworked at the buyer location and inception will carry outed by 51 

distributor. Rework can be drawn as the conversion of production rejects, failed, or non-52 

conforming objects into re-usable commodities of the equivalent or lower quality during or after 53 

review. Rework is significant and useful, mainly if materials are restricted in availability and also 54 

pricey. Furthermore, rework can be an excellent contribution to a ‘green image environment.’ 55 

Sometimes produced faulty items can be improved and reworked. Throughout the last decade, 56 

investment in rework on optimal replenishment decisions has been grown-up extensively. An 57 

other novelty of this study is that we have employed two strategy base on the real world’ supply 58 

chain for SMEs: first, the manufacturer and distributor make dicision independently, second, the 59 

manufacturer and distributor share many types of their useful information and facilities to make 60 

decision integrately. The third novelty is considering new products and price-dependent demand 61 

for supply chain in SMEs. The aim of this study is to determine an optimal supply chain for 62 

SMEs with a rework for new products and price-dependent demand so that the total inventory 63 

profit is maximized. 64 

In the next section, we will describe the detail about the objective of this investigation and the 65 

research gaps that we are trying to cover. The remainder of this paper is as follows. The next 66 

section reviews the literature on the models with integration in the two-level supply chain, price-67 
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dependent demand, imperfect quality items, new product, rework, rework in the supply chain, 68 

SMEs, and the two-level supply chain in SMEs. This section is followed by Section 3, which 69 

discusses the research gap and the objectives of this study. Section 4, initially, develops the 70 

Hypotheses and Symbols of this model. Sections 5 discusses the material and methods. Sections 71 

6 the paper then provides some numerical studies and sensitivity. The paper finally concludes in 72 

Section 7. 73 

2 Literature review 74 

2.1 Integration in Two-level supply chain 75 

 76 

Supply chain integration, as a way to align and coordinate the production within a supply chain, 77 

has become a well-recognized industrial practice. The combination of different grades of the 78 

supply chain, from raw substance generation to sub-assembly/part production, commodity 79 

assembly, delivery, and selling, together with the corresponding warehousing, and shipping are 80 

receiving more and more notice from both manufacturing and academia. To meet customers’ 81 

requirements, commodity quality reliability and punctuality of distribution should be ensured. In 82 

the meanwhile, the cost of the total supply chain should be optimized [7]. 83 

[8] provided a production-inventory integration model for supplier, producer and retailer in 84 

supply chain with imperfect quality products. [9]  presented the integration and generalization of 85 

the supply chain model under a trade policy. The trade credit is expressed in two levels, in which 86 

the supplier sells the retailer with a permissible delay of M and the retailer sells products to the 87 
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customer with a permissible delay of n. This model is provided to find the optimal retail price, 88 

EOQ (Economic Order Quantity) and the number of shipments from the supplier to the single-89 

time retailer and also to integrate the inventory system based on both the payment and price 90 

policies related to the demand rate. 91 

[10] focuses on the coordination of the supplier network in an integrated inventory model .The 92 

inventory model is presented for a heterogeneous buyer and supplier and a single product, based 93 

on the reduction of system overall cost. [11] revised the traditional economical orders size with 94 

the assumption of perfect products. Their model and analysis are described under two conditions, 95 

first, There is no relationship between buyer's purchase price, buyer's sales price and customer 96 

demand, and second, there is a relationship between the buyer's purchase price, the buyer's sales 97 

price, and customer demand. [12] provided a new model by revising the lot size model that 98 

affects inventory level and decisions between buyer and seller as well as supply chain 99 

performance .This model (JELS) determines the system cost, the order quantities, the optimum 100 

size of the products, as well as the optimal number of shipments. [13] presented a vendor-buyers 101 

integrated inventory model including quality enhancement investment in a supply chain. [14] 102 

explained an integrated just-in-time inventory model where the demand rate is linearly 103 

diminishing with time, the generation rate is limited, and transfer time is constant and 104 

deterministic. [15] presented the integration of inventory and sales decisions model for a two-105 

level supply chain, taking into account imperfect quality products and backorders. [16] 106 

investigated a two-level supply chain, including a wholesaler and a retailer, in which the retailer 107 

works as a vendor and sells the commodities to the final clients. This chain only creates a single 108 

deteriorating good with a continuous deteriorating rate. In this chain, demand is deterministic, 109 

and lead time for replenishment and replacement of the vendor's product is considered to be zero. 110 
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The purpose of this study is to maximize the total chain's profit by defining the optimal values of 111 

the vendor's selling price (p) and order cycle length (T). [17] proposed an optimal integrated 112 

vendor-buyer inventory model with imperfect items. Most researches for faulty items considered 113 

that an inspection process is carried out by the buyer. They assumed that the vendor conveys the 114 

inspection process and disposes of faulty items in multiple shipments. 115 

 [18] assumed a buyer and multi-supplier, that the production process in the supplier is affected 116 

by training, which reduces production costs and increases the supplier's production capacity. 117 

Assuming that suppliers are able to reduce their sales price that result in reducing the purchaser's 118 

acquisition costs. [19] provided a multi-level supply chain in which equal and unequal batches 119 

can be transmitted to different levels, and if the delivery time is not on time, a fine will be 120 

imposed on the system .Unlike previous works, this research does not limit the number of steps 121 

and analyzes a general case .First, an analytical model of the supply chain is developed and then 122 

the model specifications are expressed .Then a simulation study is performed on the model 123 

analysis. [20] investigated a model with a single buyer, a single product, and multiple vendors. 124 

The seller is selected based on reducing the shipping and handling costs .This research suggests 125 

that fixed shipments may result in a reduction in the total cost. [21] provided a supply chain 126 

model with a vendor and several retailers that uses reversible transportation, such as containers 127 

and boxes. [22] introduced the supply chain construction consists of a single producer with a 128 

multi-buyer where the producer requests a determined number of raw substances from outdoor 129 

suppliers, processes the documents, and delivers the finished commodities in unequal purchases 130 

to each client. [23] showed a model which deals with the difficulty of the joint measurement of 131 

the selling price, replenishment lot size, and the number of purchases for an economic production 132 

quantity  (EPQ) model with the rework of faulty items where the multi-shipment method is used. 133 
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[24] Proposed a new multi-objective model for dynamic and joined the network plan of a 134 

sustainable closed-loop supply chain network, which points to optimize financial, environmental, 135 

and social anxieties, concurrently. In order to have a dynamic perspective, multiple police 136 

periods are considered throughout the outlining horizon. Moreover, various short-term decisions 137 

are integrated with long-term decisions related to the network layout problem. Two of these 138 

short-term decisions are discovering the selling price of commodities in transmitting logistics 139 

and purchasing the price of used stocks from client zones in reverse logistics.  140 

2.2 Price-dependent Demand 141 

Since market demand intensively prices sensitive, pricing has taken a significant and vital role 142 

for any corporation. Consequently, the businesses hire the pricing strategy as one of the decision 143 

policies to optimize their costs in order to absorb clients and obtain more profit. In supply chain , 144 

When the demand is not fixed and is price-sensitive, it is possible to influence the costs to the 145 

producer and the buyers, most significantly their holding cost. In this situation, the unit 146 

procurement cost for the buyers may also vary if the producer fixes its sales price depending 147 

against its cost incurred in producing the items [25]. 148 

[26] provided a model by assuming that a product is supplied in a market that the demand is 149 

sensitive to the price and quality. [17] suggested a two-layer game method on pricing, ordering, 150 

and allocation policies in a supply chain, including a supplier and two retailers. [27] Studied a 151 

two-level supply chain model consisting of the producer and retailer where the manufacturer 152 

sells the outcome in both direct and retail channels. Additionally, they assume that the 153 

customers’ demand is sensitive to the selling price of each member, delivery time for direct 154 

channel, and retail service for the business where the demand in the direct business has a 155 
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negative effect on higher selling price, lengthy delivery time for direct market and more retail 156 

servicing from the retail market. 157 

2.3 Imperfect quality items 158 

Producing defective items is an unavoidable issue to which companies are faced. 159 

Additionally,the imperfect products have a significant value to the company. [28] summarizes 160 

the researches regarding the EOQ model for imperfect quality products. In the classical 161 

EOQ models that are also widely in use, it is assumed that all products are perfect and this is 162 

different from actual production systems and imperfect products are common in production 163 

process [29]. [30] extended an integrated lot-sizing and production model for a faulty and 164 

unpredictable production method. [31] considered an EPQ model for imperfect objects with a 165 

screening and shortage constraint. Later [32] proposed an EPQ  model for an imperfect 166 

production process allowing backordered shortages. 167 

2.4 New product 168 

The nature of competitive businesses continuously promotes manufacturers to develop new 169 

products to meet the frequently diversified client demands. One advantage of globalization is the 170 

expanding opportunities for products the market can afford. On the demand side, consumers are 171 

enjoying the developing choices they have when choosing commodities that satisfy their needs. 172 

On the supply side, this globalization trend pushes manufacturers to promote new products that 173 

can fulfill the upcoming demands for customized commodities at competitive prices. To meet 174 

client demands and sustain their competitiveness, producers keep improving new products. 175 
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[33] analyzed the relationship between the competitiveness of informal (unregistered) companies 176 

and the new products development (NPD) and official (registered) companies .They analyzed 177 

9,000 official companies in Eastern Europe and Central Asia and concluded that NDP is an 178 

effective factor to differentiate formal companies from informal companies, in this study the 179 

direct effect of NDP was taken to account and this effect was also moderated based on the 180 

characteristics of competition and organizational institutions. Given the significance of product 181 

design and its profound impact on the total supply chain performance, more and more people 182 

recognize the necessity to integrate commodity improvement decisions, and supply chain 183 

decisions and trying to bring the integration of suppliers one step earlier – to the design phase 184 

[34]. Joint product and supply chain configuration/design is a cross-domain, cross-space, cross-185 

level, and cross-echelon difficulty that explores to optimize many decisions all at once [35]. [7] 186 

investigated a study based on the interests of the decision-maker, this dilemma may demand the 187 

incorporation of other components, such as consumer favorite, demand prediction, product and 188 

production process design, supplier preference, stock locating, logistic planning, pricing, 189 

production planning, and so on. This joint optimization obstacle can become significantly 190 

involved when commodity variants are considered.  The supply chain domain is at the 191 

intermediate level, and the goods domain is at the lower level. The necessities of clients will 192 

affect the product design and supplier choice. Once the product and supply chain design is fixed, 193 

creation will be arranged and regulated into the supply chain, and corresponding substances will 194 

flow from suppliers to end clients. [36] focus on the mathematical modeling of commodity, 195 

process, and supply chain design (i.e. three-dimension concurrent engineering, 3D-CE) a 196 

classifies extant research based on the dimensions considered.  197 
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2.5 Rework 198 

Rework process is likewise one crucial issue backward coordination where utilized items are 199 

modified to reduce total inventory cost, waste, and environmental pollution. [26] studied the 200 

production line for the imperfect quality products at each level. The imperfect quality products 201 

enter a reworked process, which is done incompletely and the products that are still imperfect for 202 

the second time are considered to be scrap and no rework can be done on them. This model is 203 

optimized for a multi-level production-inventory system and the system performance is 204 

optimized based on the production time, the production process performance, and shipment 205 

frequency. [37] studied the integration model of production problems, and in this model, the 206 

preventive maintenance (PM) and inventory screening are done in the production process, and 207 

after rework and repairs, the imperfect quality products are returned to the inventory. Preventive 208 

maintenance is done during the control phase. The result of proper preventive maintenance is the 209 

reduction in the rate of imperfect quality products, and also performing a faulty preventive 210 

maintenance in the system result in making it out of control with a specific probability. When the 211 

production process is out of control, the system produces imperfect quality products with a 212 

specific probability.  Rework is typical in Paper Industries, Semiconductor, Chemical, Food 213 

industries, Textile industries, Pharmaceutical, Glass industries, Metal processing industries, and 214 

Plastic industries [38-40]. The rework process has attracted significant consideration because of 215 

the decline of natural sources and the rise in the cost of raw material. Rework processes perform 216 

an essential role in eradicating waste and efficiently controlling the cost of manufacturing in a 217 

production system. Therefore, determining the optimal lot size in a system that allows reworking 218 

is a valuable objective to maximize the total inventory profit. Rework process diminishes energy 219 

usage and preserves more natural resources for future generations. Therefore, corporations are 220 
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offering sustainable improvement. Also [41] explained an integrated inventory product model 221 

with a single-stage production process and reworking faulty objects. [42] presented rework with 222 

multi-production fixings. [43] investigated an economic generation quantity model for three 223 

kinds of faulty goods with rework the economic production quantity (EPQ) model problem for a 224 

single object below the hypotheses of the defective commodity, and complete rework has been 225 

performed by [44]. [27, 45] developed the models under multiple conditions with regard to the 226 

planned method, one of which examines an imperfect generation system that produces 227 

remarkable low-quality commodities in lot-sizing restrictions. [17] optimized a stochastic lot-228 

sizing difficulty for a single faulty stage generation system with paramount rework, faulty 229 

preventive preservation, and minimal repair. [46] studied replenishment and pricing strategies for 230 

a defective process with paramount rework and various deliveries. [47] solved the multi-delivery 231 

lot-sizing dilemma with a partial rework. [6] proposed a lot-sizing model for a production system 232 

with back-ordering and outsourcing rework. They concluded that repairable products were not 233 

reworked at the firm and sent to a repair store.  [6] and [48] dealt with defective economic 234 

production quantity models with back-ordered demand and reworked process, respectively. 235 

2.6 Rework in Supply chain 236 

[44] investigated the combined results of defective quality goods, the faulty inspection process, 237 

the rework process, and sales return under two-level trade credit. [49] suggested a single-vendor 238 

single-buyer inventory model for an imperfect production system with various production set-up 239 

and rework. 240 
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2.7 Small and Meduim-sized Enterperises (SMEs) 241 

 SMEs perform an essential role in every economy, both in prosperous improved countries and 242 

developing countries. They perform some critical roles like employment creation [50], wealth 243 

creation, which enhances the economy capacity. Furthermore, SMEs utilize their restricted 244 

sources efficiently and promote entrepreneurial abilities. Investigations carried out by multiple 245 

authors, recommends that SMEs contribute significantly to the social-economy and political 246 

foundation of promoting and developed countries. [51] have done an empirical study on 247 

inventory management of retailers in SMEs in India .In this research, the benefits, barriers and 248 

impact of inventory management implementation of SMEs are evaluated. [52] provided a 249 

supplier inventory integration model as a multi-stage dynamic program, and in their study, an 250 

inventory optimization policy for the supplier is provided in two cases, first, there is no access to 251 

external finance. And the second case is that access to external finance through inverse or 252 

traditional factors is possible. The importance of having a strategy in a competitive supply chain 253 

should not be underestimated, for SMEs the implementation of supply chain management has 254 

been difficult. In spite of these challenges, growth resulting from globalization for automotive 255 

SMEs, outsourced constructing activities by developed countries because of own uncompetitive 256 

high prices, etc., are the evidences that further confirm the need for greater investigation into the 257 

problems faced by this section. It is also interesting to note that a diversity of perspectives have 258 

been reported on explaining SME organizations. 259 

SCM has achieved a reputation around the globe due to its importance in relation to enhancing 260 

marketing performance. Although large enterprises have been capable of performing SCM 261 

successfully, it is varied in SMEs as they are faced with various restrictions that prevent the 262 

practical implementation of SCM. Variables such as technological barriers, poor coordination 263 
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with the supplier’s absence of government support, sources, funds, access to markets and top 264 

management support, issues in information sharing, inventory administration, poor  SCM 265 

knowledge, and uneducated workforce all influence the SCM implementation in SMEs [53].  266 

2.8 Two Level Supply Chain in SMEs 267 

The supply chain is vital in business activities, including for small and medium enterprises. The 268 

importance of all parties ranging from suppliers, producers, distributors, retailers, and clients 269 

working together in the manner of commodity production to the distribution of goods to end 270 

customers produces the appearance of the concept of supply chain management [54]. [55] try to 271 

find the supply chain for SMEs. This research is based on investigating the implementation of 272 

SCM by SMEs and the factors affecting the success these enterprises in achieving the balance 273 

between supply chain capacities and customer needs. The research approach was based on a case 274 

study that has been done on five SMEs. [56] did a comparative analysis of the effect of SCM and 275 

information systems (IS) on operating functionality in small and medium enterprises in two 276 

markets of Turkey and Bulgari. Then, he investigated the moderating and inhibiting effects of 277 

SCM-IS related to the inhibitors of the SCM, IS and OPER SME approaches.SMEs tend to aim 278 

in the brief term, merely acting to arising positions and focusing on their incredible survival. 279 

Furthermore, they share less formalized constructions and classified methods while they are most 280 

usually owner-managed, resulting in a management and administration management culture. 281 

SMEs can obtain sales by reaching out to clients immediately and promptly within e-business 282 

when starting new products and by penetrating into markets that might be impassable due to 283 

distribution or infrastructural limitations [57]. [58] studied the inventory model for s SMEs in a 284 

two-level supply chain of several buyers and several vendors for seasonal products. In this 285 
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model, it is assumed that every buyer has a warehouse. The location of the buyers is specified 286 

and the capacities of the warehouses are limited, and the buyers order different products to the 287 

seller with a discount policy .The optimal location of potential vendors is determined based on 288 

minimizing the maintenance and ordering costs and also the size of order. [53] analyzed how the 289 

influence of SCM on enterprise performance. The SCM strategy is performed with four 290 

independent variables, namely sharing information, trust, long-term connection, and 291 

collaboration. This investigation proposes to analyze the influence of SCM on corporate 292 

performance. The sampling technique utilizes a random sampling technique with a total example 293 

of 75 people consisting of small and medium-sized leather shoes in Medan. [54] were measured 294 

SCM restrictions in Tanzanian SMEs. A mixed-method method was used in this study. 295 

Definitive statistics were then used to maintain the connection between SCM impediments and 296 

effective SCM implementation in Tanzanian SMEs. Frequency and percentages were computed 297 

to achieve the study results. According to Cscmp.org (2019), “SCM includes the planning and 298 

administration of all activities from sourcing raw substances into manufacturing these and 299 

delivering them to the consumers. It also involves coordination among the supply chain co-300 

workers such as suppliers, clients, intermediaries, and third-party consumers. Additionally, SCM 301 

integrates supply and demand across companies.”  [59] discovered that SCM undoubtedly and 302 

significantly promotes SMEs to achieve liquidity, working capital and to improve member 303 

connections. Notwithstanding the advantages of SCM in institutions, numerous investigations 304 

have documented the difficulties that attain in the way of successful SCM implementation. 305 

Newly, [60] discovered that firms still encounter problems in information sharing in their supply 306 

chain while utilizing blockchains. [61] research on the mining area in Zimbabwe revealed an 307 

absence of fundamental and organizational change necessitated to promote sustainable SCM 308 
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implementation. Furthermore, [62] showed that firms in Zimbabwe face SCM restrictions such 309 

as an unfriendly market condition, restrictive tax management. A poor regulatory method, a lack 310 

of stable government policy, financial limitations, poor procurement, and inventory policies and 311 

poor logistics and communication. [63] determined that a shortage of purposes, short-term 312 

objectives, a lack of collaboration, poor willingness between the supply chain partners and 313 

economic, managerial, and technological limitations to be issued preventing SCM in SMEs in 314 

the Gulf countries. [64] discovered that supplier matters influence better SCM in UK aerospace 315 

SMEs. [65] published financing limitations to be the dominant problem affecting the supply 316 

chain in SMEs. 317 

3  Research gaps and objectives 318 

The review of the literature above illustrates that several topics have frequently been studied in 319 

the past, and indeed the number of publications in several individual areas is on the rise. It is, 320 

however, clear that there has been less attention from researchers to integrate several topics into 321 

a single frame to investigate the rework in the imperfect quality goods in the two-level supply 322 

chain for SMEs’ points of view. For instance, the available literature does not support an optimal 323 

decision for an optimal inventory model in two-level for SMEs that base various strategies the 324 

shipments have been screened and make the decision about imperfect items with considering 325 

shortage, new products. To contribute to close the identified research gap and to build a joint 326 

two-level supply chain for SMEs with imperfect quality items, rework, new products, shortages, 327 

screening, this paper revisits the model of [15]. As underlined before, the study of [15] is one of 328 

the perfect models in this research stream that has received favorable attention from researchers. 329 

Our study also considers the significant extension of the basic model of [15]. Their study has 330 
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regarded as the research [29]; [66]; [67]; [11]; [68] and extends them to take into account an 331 

optimal decision making in the two-level supply chain for large companies. This helps us to 332 

study an optimal inventory model in the two-level supply chain for SMEs under different 333 

assumptions and to investigate the effect of the rework process on the optimal policies of this 334 

work. Specifically speaking, we investigate some scenarios that may occur in real-world supply 335 

chain decision making for SMEs, including kinds of imperfect items, the inspection process, 336 

rework process, decision making in the two-level supply chain in SMEs. We mainly attempt to 337 

address the research question of how policy-makers in SMEs should modify their inventory 338 

decision metrics when intend to rework the imperfect goods in the supply chain into account. 339 

This study develops an optimal inventory model in two level supply chain SMEs with a rework 340 

for new products and price-dependent demand. The main contributions are listed as follows: 341 

1. This study provides an inventory model in a two-level supply chain for SMEs with a single 342 

manufacturer and a single buyer.  343 

2. This paper considered imperfect quality items and reworked, which have performed by the 344 

buyer in  SMEs’ supply chain, which is quite near the real world. 345 

3. In our models, two different practical situations are considered: (1) the manufacturer and the 346 

buyer make decision independently about their issues such as inventory level, number of 347 

shipments, end price, order quantity, and so on. Also, they attempt to maximize their profit. (2) 348 

the manufacturer and the buyer make the integrated decision about their issues. Therefore, they 349 

can take a joint maximize profit. 350 

4. One of the novel contributions of the model is price-dependent demand, which is common in a 351 

two-level supply chain for SMEs. 352 
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5. Another important novelty in our model’s contribution, which is a significant production’s 353 

difficulties in real-world is that the imperfect productions classified into two segments: scrape, 354 

reworkable 355 

6. Finally, we conduct a sensitivity analysis to provide some management insights. 356 

 357 

4 Hypotheses and Symbols 358 

 359 

In this section, the model's assumptions and symbols are discussed. 360 

 361 

4.1 Symbols 362 

The symbols used in the model are described in two parts of the parameters and the decision 363 

variables: 364 

 365 
Demand Function 𝐷(𝑝) 

Scaling Factor Of The Demand Function 𝛼 

Index Of Price Elasticity Of The Demand Function 𝛽 

Vendor’s Set Up Cost 𝑆 

Buyer’s Ordering Cost 𝐴 

Sales Price Per Unit For The Buyer (Decision Variable) 𝑝 

Order Quantity (Decision Variable) 𝑄 

Number Of  Shipments (Decision Variable) 𝑛 
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Backorders (Decision Variable) 𝑏 

Vendor’s Inventory Holding Cost ℎ𝑣 

Buyer’s Inventory Holding Cost ℎ𝑏 

Rework’s Inventory Holding Cost ℎ𝑟𝑤 

Backordering Cost 𝜋 

Unit Production Cost 𝐶 

Unit Rework Cost 𝐶’ 

Buyer’s Screening Cost 𝐶𝐼𝑏 

Vendor’s Warranty Cost For Defective Units 𝐶𝑤 

Fixed Transportation Cost Per Shipment 𝐹 

Unit Variable Cost For Handling Or Receiving an item 𝑉 

Rate of defectives, which is uniformly distributed on 𝑦 

Mean Rate Of Defectives 𝑌 

Variance Of Defective Rate 𝑣𝑎𝑟 

Unit Purchase Price 𝑊(𝑌) 

Maximum Unit Purchase Price, which is charged for defect-free shipments 𝑚 

Reduction Slope of the Purchase Price 𝐾 

Screening Rate of the Buyer 𝑥𝑏 

Production Rate 𝑅 

Ratio Of The Market Demand Rate To The Production Rate q =  D/R 𝜌 

Order Cycle 𝑇 

Buyer’s Expected Profit [$/year] Under Independent Optimization 𝐸𝑇𝑃𝐵 

Vendor’s Expected Profit [$/year] Under Independent Optimization 𝐸𝑇𝑃𝑉 

Expected Total System Profit [$/year] Under Independent Optimization 𝐸𝑇𝑃𝐼 

Expected Joint Total Profit 𝐸𝐽𝑇𝑃 
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Expected Joint Total Profit [$/year] For The Case Without Shortage 𝐸𝐽𝑇𝑃𝑊𝑆 

4.2 Assumptions 366 

The assumptions of the proposed model are as follows: 367 

1. A two-level supply chain for SMEs with a vendor (manufacturer) and a distributor and 368 

new product is presented. 369 

2. The demand rate is a decreasing function of the selling price, 𝐷(𝑝) =  𝛼𝑝−𝛽 , 𝛼 > 0, 𝛽 >370 

1 and β is the price flexibility index [69] [70]. 371 

3. if there are imperfect quality products in the shipment that are not reworkable, the 372 

distributor faces shortages. 373 

4. Each shipment delivered to the distributor includes a rate of imperfect quality products, 374 

y is the rate of imperfect quality products, which included two rates of 𝑦1(scrap products) 375 

and y2(reworkable imperfect products),𝑦 =  𝑦1  +  𝑦2. 376 

5. The purchase price to be paid by the distributor to the manufacturer (W) is a decreasing 377 

function of the mean rate of the imperfect quality products: 𝑤(𝑌) = 𝑚 − 𝐾𝑌, (𝑚 > 𝐾 >378 

0), 𝑌 =  𝑦1 + 𝑦2 assuming that 𝑊(𝑌) is greater than the cost of production per unit. 379 

6. Each shipment delivered to the distributor is inspected 100% by the distributor at the 380 

screening rate of 𝑥𝑏, perfect products are separated from imperfect quality products. In 381 

order to avoid shortages during screening, the screening rate is considered to be higher 382 

than the demand rate, and the lowest number of perfect products per shipment is equal to 383 

the demand at that time and this number is constant and definite. 384 

7. The expected perfect products in each shipment are equal to, which is equal 𝑄(1 − 𝑦) to 385 

the demand during the order period of 𝑇[71]. 386 
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8. The screening process is considered without any error, and the first type error and the 387 

second type error has been removed. 388 

9. At the end of the screening, the distributor pays the purchase price of perfect and the 389 

reworked products to the producer in one payment. And if any imperfect products 390 

without the capability of being reworked are found, these products are returned to the 391 

producer by one single shipment. 392 

10. In order to avoid the complexity of the model, it is assumed that the shortages that are 393 

caused by the distributor are compensated in the next shipment before the start of the 394 

screening, and all these products are considered to be perfect. 395 

 396 

5 Material and methods 397 

The proposed model is an inventory model for SMEs with imperfect quality products and 398 

backorders. The existence of imperfect quality products in the production system incurs costs 399 

and damages; thus, manufacturers and distributors adopt various policies to eliminate these 400 

products from the supply chain, one of which is to rework imperfect quality products. In addition 401 

to reducing scrap and raw material waste, reworking imperfect quality products can partly 402 

compensate for the manufacturer and distributor's losses caused by these items. Imperfect quality 403 

products can, at the same time, result in shortage for the distributor, which also imposes the 404 

additional cost of lost orders to the distributor. Therefore, reworking the returned products can 405 

play a significant role in reducing supply chain costs and help increase profit. 406 

All members of the supply chain in SMEs, including the manufacturer-istributor, adopt 407 

preventive policies to reduce the production rate of imperfect quality products because of the 408 
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costs these products impose on the production system. The most important of these policies is 409 

reworking. In real-world production systems, manufacturing imperfect quality products during 410 

the production process of producing new products is considered inevitable. In order to create a 411 

real inventory model, the proposed model is expected to increase the total joint profit of all 412 

supply chain members and to obtain the optimal amount of order, number of shipments, and the 413 

selling price, by taking into account the imperfect quality products as well as the rework 414 

procedure required to recycle these items. The goal of this study is to provide an integrated 415 

inventory model for a two-level supply chain in SMEs with a manufacturer, a distributor, and 416 

manufacturing a new product, assuming that the screening and rework procedures are done by 417 

the distributor. A numerical test is carried out to evaluate the efficiency of the model and the 418 

profit rate improvement. Finally, a sensitivity analysis of the results is performed to decide 419 

whether it is economically worthwhile to rework the imperfect quality products or not. 420 

5.1 Inventory model with allowable shortages 421 

In this section, the inventory model is presented fewer than two conditions of allowable 422 

shortages and without shortages for independent and joint optimizations of the supply chain for 423 

SMEs. In the unintegrated model of the supply chain SMEs, there is no integration or 424 

coordination between members of the supply chain, and all the members of the supply chain 425 

make their own pricing decisions independently, thus the manufacturer (seller) and distributor 426 

profits will be maximized independently. In this case, the distributor will make sales and order 427 

decisions independently in order to maximize his or her own profits. Therefore, the expected 428 

profit for the distributor in SMEs in the independent optimization model can be calculated as 429 

follows: 430 
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𝐸𝑇𝑃𝐵(𝑝, 𝑄, 𝑏) = [ 𝑝 − 𝑤(𝑌) −  𝐶𝐼𝐵 −  𝐶′(𝑌1 +  𝑌2)]𝛼𝑝−𝛽 −  
(𝐴 + 𝐹)𝛼𝑝−𝛽

𝑄(1 − 𝑌1)

−
ℎ𝑏𝑄(1 − 𝑌1)

2
−  

ℎ𝑟𝑤𝑄(𝑌1 +  𝑌2)

2
−  

(𝜋 + ℎ𝑏)𝑏2

2𝑄(1 − 𝑌1)
+ 𝑏ℎ𝑏 

(1) 

The manufacturer in the independent optimization model makes decisions in order to maximize 431 

his or her profits, as well as reduces costs of production, transportation and operating and acts 432 

independently from other members of the supply chain members, so in this case, the profit for 433 

the manufacturer can be expressed as follows: 434 

𝐸𝑇𝑃𝑉(𝑛) = [𝑤(𝑌) − 𝐶 − 𝐶𝑤(𝑌1 + 𝑌2)]𝛼𝑝−𝛽 −  
𝑆𝛼𝑝−𝛽

𝑛𝑄(1 − 𝑌1)
−  

ℎ𝑣𝑄

2
[(2 − 𝑛)𝜌

+ 𝑛 − 1] 

(2) 

 

When members of the supply chain (distributor-manufacturer) decide independently, their 435 

purpose is to maximize their own profits separately, and the expected benefits of the entire 436 

supply chain system for SMEs are calculated by the following equation:  437 

𝐸𝑇𝑃𝐼 =  𝐸𝑇𝑃𝐵(𝑝, 𝑄, 𝑏) + 𝐸𝑇𝑃𝑉(𝑛) (3) 

Here, the inventory models with and without shortages are investigated in the case that the 438 

manufacturer and distributor decisions are dependent together. In this case, the joint expected 439 

benefit in each unit can be expressed as follows:  440 
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𝐸𝐽𝑇𝑃(𝑝, 𝑄, 𝑛, 𝑏)

= [ 𝑝 −  𝐶𝐼𝐵 − 𝑉 − 𝐶 − (𝑌1 −  𝑌2)(𝐶𝑤 + 𝐶′)]𝛼𝑝−𝛽

−  
𝛼𝑝−𝛽

𝑄
[ 𝐴 + 𝐹 +  

𝑆

𝑛
 ]

−  
𝑄

2
{ ℎ𝑏(1 − 𝑌1) +  ℎ𝑟𝑤(𝑌1 +  𝑌2) −  ℎ𝑣[(2 − 𝑛)𝜌 + 𝑛 − 1]}

−  
(𝜋 + ℎ𝑏)𝑏2

2𝑄(1 − 𝑌1)
+ 𝑏ℎ𝑏 

(4) 

The goals are to maximize the Equation (4) and find the optimal amounts for 𝑝 𝑏, 𝑛 and 441 

𝑄 variables. The optimum amount of b can be calculated as follows: 442 

𝑏∗ =  
ℎ𝑏𝑄(1 − 𝑌1)

𝜋 + ℎ𝑏
 (5) 

Equation (5) is given in study [15] and the 𝑏∗ value is calculated. By replacing Equation (5) into 443 

Equation (4):  444 

𝐸𝐽𝑇𝑃(𝑝, 𝑄, 𝑛) =  [ 𝑝 −  𝐶𝐼𝐵 − 𝑉 − 𝐶 −  (𝑌1 −  𝑌2)(𝐶𝑤 + 𝐶′)]𝛼𝑝−𝛽  

−  
𝛼𝑝−𝛽

𝑄
[ 𝐴 + 𝐹 +  

𝑆

𝑛
 ] −  

𝑄

2
 ℎ𝑏{ (1 − 𝑌1) +  

ℎ𝑏(1 − 𝑌1)

𝜋 + ℎ𝑏
 

+  ℎ𝑟𝑤(𝑌1 +  𝑌2) +  ℎ𝑣[(2 − 𝑛)𝜌 + 𝑛 − 1] } 

(6) 

 

The second-order partial derivative of Eq. (6) with respect to 𝑄 is: 445 

𝜕2𝐸𝐽𝑇𝑃(𝑝, 𝑄, 𝑛)

𝜕𝑄2
=  

2𝛼𝑝−𝛽( 𝐴 + 𝐹 +  
𝑆
𝑛 )

𝑄3
 < 0 

(7) 
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So, the optimum amount of 𝑄 for fixed values of 𝑛, 𝑝 is calculated as follows: 446 

𝜕𝐸𝐽𝑇𝑃(𝑝, 𝑄, 𝑛)

𝜕𝑄
= 0 

 

𝑄∗ = √
2𝛼𝑝−𝛽 [ 𝐴 + 𝐹 +  

𝑆
𝑛 ]

𝐻(𝑛)
 

(8) 

And, for more simplicity, is can be expressed as: 447 

𝐻(𝑛) =  ℎ𝑏[ (1 − 𝑌1) +  
ℎ𝑏(1 − 𝑌1)

(𝜋 + ℎ𝑏)
 ] +  ℎ𝑟𝑤(𝑌1 + 𝑌2) +  ℎ𝑣[(2 − 𝑛)𝜌 + 𝑛 − 1] }  )9) 

The expected joint total profit as a function of p and n is calculated by replacing the Equation 9 448 

into the Equation 6 : 449 

𝐸𝐽𝑇𝑃(𝑝, 𝑛) = [𝑝 − 𝐶𝐼𝐵 − 𝑉 − 𝐶 − (𝑌1 +  𝑌2)(𝐶𝑤 + 𝐶′) ]𝛼𝑝−𝛽

−  √2𝛼𝑝−𝛽 [ 𝐴 + 𝐹 +  
𝑆

𝑛
 ] 𝐻(𝑛)  

(10) 

For a specific amount of  𝑝 , 𝐸𝐽𝑇𝑃 (𝑝, 𝑛)can be maximized by minimizing the following 450 

expression: 451 

𝐸𝐽𝑇𝑃′ =  2𝛼𝑝−𝛽 [ 𝐴 + 𝐹 +  
𝑆

𝑛
 ] 𝐻(𝑛) (11) 

 First, it is assumed that n is a continuous variable [15] and n value can be calculated by solving 452 

Equation (2): 453 
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𝜕𝐸𝐽𝑇𝑃′

𝜕𝑛
= 0 (12) 

Due to the complexity of the equations, the MATLAB software is used to solve them .The 454 

optimum amount of p is calculated using equation (10). 455 

  456 

5.2 Inventory model in joint optimization without shortages 457 

In this section, the integration of inventory model without shortages is discussed. The expected 458 

joint total profit without shortages can be expressed as follows : 459 

𝐸𝐽𝑇𝑃𝑊𝑆(𝑝, 𝑄, 𝑛)

=  [𝑝 −  𝐶𝐼𝐵 − 𝑉 − 𝐶 − (𝑌1 −  𝑌2)(𝐶𝑤 + 𝐶′) ]𝛼𝑝−𝛽

−  
𝛼𝑝−𝛽

𝑄
[ 𝐴 + 𝐹 + 

𝑆

𝑛
 ] −   

𝑄

2
 { ℎ𝑏(1 − 𝑌1) +  ℎ𝑟𝑤(𝑌1 +  𝑌2)

+  ℎ𝑣[(2 − 𝑛)𝜌 + 𝑛 − 1] } 

(13) 

And the optimal amount of 𝑄 can be calculated as : 460 

𝜕𝐸𝐽𝑇𝑃

𝑄
= 0 

 

𝑄∗ = √
2𝛼𝑝−𝛽 [ 𝐴 + 𝐹 +  

𝑆
𝑛 ]

𝐻(𝑛)
 

(14) 

By placing the Equation (14) in Equation (13): 461 
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𝐸𝐽𝑇𝑃𝑊𝑆(𝑝, 𝑛) =  [𝑝 −  𝐶𝐼𝐵 − 𝑉 − 𝐶 − (𝑌1 + 𝑌2)(𝐶𝑤 + 𝐶′) ]𝛼𝑝−𝛽

−  √2𝛼𝑝−𝛽 [ 𝐴 + 𝐹 +  
𝑆

𝑛
 ] 𝐻(𝑛) 

(15) 

 𝐻 (𝑛) is defined as follows to simplify the equations: 462 

𝐻(𝑛) =  ℎ𝑏(1 − 𝑌1) +  ℎ𝑟𝑤(𝑌1 +  𝑌2) + ℎ𝑣[(2 − 𝑛)𝜌 + 𝑛 − 1] } (16) 

For a specific amount of 𝑝, 𝐸𝐽𝑇𝑃𝑊𝑆(𝑝, 𝑛) is maximized after the following expression gets its 463 

own optimal value: 464 

𝐸𝐽𝑇𝑃′ =  2𝛼𝑝−𝛽 [ 𝐴 + 𝐹 +  
𝑆

𝑛
 ] 𝐻(𝑛) (17) 

(𝑛) value can be calculated as follows : 465 

𝜕𝐸𝐽𝑇𝑃𝑊𝑆
′

𝜕𝑛
= 0 

 

𝑛∗ =  √
𝑆[ℎ𝑏(1 − 𝑌1) +   ℎ𝑟𝑤(𝑌1 + 𝑌2) + 2𝜌ℎ𝑣 +  ℎ𝑣]

𝜌ℎ𝑣(𝐴 + 𝐹)(𝜌 − 1)
 (18) 

The value of (𝑝)  can be calculated using the Equation (15):   466 

𝜕𝐸𝐽𝑇𝑃(𝑝, , 𝑛)

𝜕𝑝
= 0 
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𝜕𝐸𝐽𝑇𝑃𝑊𝑆(𝑝, , 𝑛)

𝜕𝑝

=  𝛼𝑝−𝛽 −  𝛼𝛽𝑝−𝛽−1[𝑝 − 𝐶𝐼𝐵 − 𝑉 − 𝐶 − (𝑌1 +  𝑌2)(𝐶𝑤 + 𝐶′) ]

−  
𝛽𝑝

−𝛽
2⁄ −1√2𝛼 [ 𝐴 + 𝐹 +  

𝑆
𝑛 ] 𝐻(𝑛)

2
 

(19) 

MATLAB software can be used to do the work and solve the equations. 467 

6 Solution algorithm 468 

In this section, an algorithm is introduced that can be used to find the optimum values for the 469 

inventory model without shortages. This algorithm is based on the algorithms provided in the 470 

previous studies Rad and khoshalhan [15, 68, 72]. Chen and Kang [68] utilize a similar solution 471 

procedure for carrying out the price-negotiation system based on the difference of total profits of 472 

three models. Rad and khoshalhan [15] attempt to use a solution algorithm to calculate a optimal 473 

solution for one of their models. So to speak, a solution procedure can be summarized as follows: 474 

1. Computing 𝑛 from Equation (11) using MATLAB software 475 

2. Computing 𝑝 based on Equation (10) 476 

3. Computing 𝑄 using Equation (7) 477 

4. Computing 𝑏 based on Equation (4) 478 

5. Calculate the amount of  𝐸𝐽𝑇𝑃( 𝑝𝑛, 𝑄𝑛, 𝑏𝑛, 𝑛 ) using Equation (4) 479 

6. 𝑛 =  𝑛 +  1 for steps (2) to (5) is calculated too, So  𝐸𝐽𝑇𝑃( 𝑝𝑛, 𝑄𝑛, 𝑏𝑛, 𝑛 ) (Goyal, 480 

(1977))  481 
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7. If 𝐸𝐽𝑇𝑃( 𝑝𝑛, 𝑄𝑛, 𝑏𝑛, 𝑛 ) ≥ 𝐸𝐽𝑇𝑃( 𝑝(𝑛−1), 𝑄(𝑛−1), 𝑏(𝑛−1), 𝑛 ) the step (6) is repeated again ,482 

and the optimal values are equal to :  483 

𝐸𝐽𝑇𝑃( 𝑝∗, 𝑄∗, 𝑏∗, 𝑛∗ ) ≥ 𝐸𝐽𝑇𝑃( 𝑝(𝑛−1), 𝑄(𝑛−1), 𝑏(𝑛−1), 𝑛 − 1 ) 484 

7 Results 485 

The numerical example presented in this section is similar to the studies conducted by Rad and 486 

khoshalhan and Chen and Kang [15, 68]. 487 

𝐴 =  100 𝐹 =  100 𝑆 =  1200 𝐶 =  2.5 

𝑉 =  1 𝐶𝑊 =  11 𝐶𝐼 𝑏 =  0.1 π = 1.5 

𝑃 =  0.8 ℎ 𝑣 =  0.25 𝑀 =  9 𝐾 =  20 

𝛼 =  30000 𝛣 =  1.25 ℎ 𝑟 𝑤 =  0.96 𝐷(𝑝)  =  30000𝑝 − 1.25 

𝑊(𝑌)  =  9 –  20 𝑌    

 488 

𝑃𝐼 =  
𝐸𝐽𝑇𝑃 −  𝐸𝑇𝑃𝐼

𝐸𝑇𝑃𝐼
 × 100 

(20) 

 

∆% =  
𝐸𝐽𝑇𝑃𝑊𝑆 −  𝐸𝐽𝑇𝑃

𝐸𝐽𝑇𝑃
 × 100 (21) 

7.1.1 𝐏I is the percentage of profit improvements in the supply chain with integration for 489 

SMEs Rad and khoshalhan [15]. Where 𝐄𝐉𝐓𝐏 is the expected joint total profit, while the 490 

𝐄𝐓𝐏𝐈 (expected total profit improvement) rate without shortage is expressed by 491 

𝚫%.Based on the results, it can be concluded that the optimal 𝐄𝐉𝐓𝐏 improvement rate is 492 
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9.91%, which is higher than the (5.5%) which is achieved when the supply chain 493 

members act independently. 494 

7.2 Theoretical analysis 495 

Based on the equations and results, the following findings may be pointed out: 496 

i. Reduction in the selling prices leads to reduction in the optimal size of the orders 497 

decreases, (Equation (8)); 498 

ii. Reduction in the optimal size of the shortage leads to reduction of the selling prices 499 

(Equation (8)); 500 

iii. When the distributor increases the cost of shortage, the value of 𝐻(𝑛) , selling prices, and 501 

total cost increase. This, in turn, reduce the optimal order size and shortage (Equation (5) 502 

and (8)). These changes are more severe when demand is sensitive to price changes than 503 

when demand is fixed.  504 

iv. The average impact of imperfect quality products 𝑌on the optimal value of shortage 505 

𝑏∗can be expressed as: 506 

7.2.1 Independent optimization for supply chain members in SMEs 507 

The optimal value of shortage is considered as the denominator of the fraction and the value of 508 

𝑏∗ increases when the value of 𝑌 increases. When demand is fixed, the optimal  amount of 509 

shortage decreases when the value of 𝑌 increases. Contrastingly, when demand is sensitive to 510 
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price changes, the selling prices and the optimal amount of shortage may either increase or 511 

decrease depending on the conditions. 512 

7.2.2 Joint optimization for supply chain members in SMEs 513 

The optimal value of the shortage is calculated through Equation (5) and can be analyzed as 514 

described in the previous section. It can be concluded that the optimal value of the shortage may 515 

increase or decrease when the value of 𝑌 increasing.  516 

7.3 Sensitivity analysis for flexibility index (β) 517 

As can be seen in the results listed in Table 1, in cases where no shortage are allowed and for 518 

independent and joint optimizations, the values of 𝑃𝐼(percentage of improvement in the 𝐸𝐽𝑇𝑃) 519 

and i(percentage of improvement in the 𝐸𝑇𝑃𝐼 without shortage) increase when the value of 520 

𝛽 increases. It can be concluded that unallowable shortage and the presence of coordination in 521 

the supply chain in SMEs with the possibility of doing rework on new products play an 522 

important role in solidifying the firms' market position and boost overall customer satisfaction, 523 

especially when market demand in SMEs is highly sensitive to the price. This case can be more 524 

common in competitive markets in SMEs where new products have little discrepancy and 525 

customers focus on the price. Under this condition, the integration of supply chains in SMEs and 526 

the rework of new products that help to eliminate shortage can be used to improve the position of 527 

organizations and enterprises in the market. As can be seen in Table 1, and confirmed by prior 528 

research, the more sensitive the demand is to the price, the lower the optimal selling prices will 529 

be. 530 
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7.4 Sensitivity analysis of the effects of β changes on 𝚫 % 531 

Figure (1) indicates that increasing the value of 𝛽 when all imperfect quality products are 532 

reworkable and no shortage occurs in the system, the 𝐸𝐽𝑇𝑃 for SMEs will be much greater than 533 

when the system suffers from shortage because of non-reworkable products. This means that, 534 

under the condition that all imperfect quality products are reworkable, doing so will lead to a 535 

higher total profit. It is also evident that in markets where demand is sensitive to price changes, 536 

when the distributor manages to rework the returned products and eliminate all shortages, then 537 

the total profit and optimal value of orders increase in proportion with the value 𝛽. Based on 538 

these results, it can be concluded that the equations proposed by previous studies are not suitable 539 

in cases where imperfect quality products can be reworked, especially when the market demand 540 

is highly sensitive to the price. 541 

7.4.1 Figure (1) 542 

Figure (1) shows that the impact of changes in the values 𝛽 on 𝛥%. The improvement rate of 543 

𝐸𝑇𝑃𝐼 (expected total system profit) without shortage is expressed by 𝛥% , while 𝛽 represents the 544 

index of price elasticity of the demand function. 545 

7.5 Sensitivity analysis of the effects of 𝜷 changes on 𝑷𝑰 546 

As can be seen in Figure (2), when the supply chain members optimize their operations 547 

independently, allowable rework on imperfect quality products will result in increased total 548 

profit. The results show that the possibility of rework in independent and joint profit models in 549 

SMEs leads to an increase in total profits. The increase of 𝑃𝐼 in the model proposed in this study 550 
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is greater than same value in the similar model proposed by  [15]. Product rework is allowable in 551 

our model, as well. It can be seen that doing rework on imperfect products in both cases of 552 

independent and joint optimization of inventory models leads to an increase in the total supply 553 

chain profit of SMEs. The 𝐸𝐽𝑇𝑃  of the supply chain reaches its highest value under the 554 

conditions that all imperfect quality products in the system can be reworked and the system 555 

experiences no shortage. In this case, in markets where demand is sensitive to price changes, 556 

increasing the value of 𝛽 can lead to an increase in the optimal order size. 557 

7.5.1 Figure (1) 558 

It can be concluded from Figure (2) that the impact of changes in the value of 𝛽 on 𝑃𝐼, where 559 

𝑃𝐼 is the percentage of profit improvements in the integrated supply chain of the SMEs and 560 

𝛽 represents the index of price elasticity of the demand function. 561 

7.6 Sensitivity analysis for expected rates of imperfect quality products 𝒀 =562 

 𝑬 (𝒀)  563 

In this section, the imperfect quality products rates are the same as the numerical example used 564 

in the research done by Rad and khoshalhan [15]. As described in the previous sections, the rate 565 

of imperfect quality products in the equations of this study is 𝑌 =  𝑌1  +  𝑌 2and the values of 566 

𝑌1and 𝑌2are shown in table 2. The two variables  𝑌1and   𝑌2 can be used to determine the 𝐸𝐽𝑇𝑃 567 

and the values of decision variables. As can be seen, an increase in the value of   𝑌1 (average rate 568 

of scrap products) and a decrease in the value of   𝑌2 (average rate of reworkable imperfect 569 

products) may lead to an increase in the expected joint total profit of supply chain system, as it is 570 

assumed that shortage can occur in the model if scrap products be produced in the system, so an 571 
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increase in 𝑌1results in an increase in b. Also, it is clear that, due to the model assumptions in 572 

addition to the fact that scrap quality products are costly for the system, increasing the amount of 573 

scrap per shipment leads to the reduction of the purchase price. Based on the results of Table 2, 574 

the increase in the average rate of re-work able imperfect quality products, the expected joint 575 

total profit in the case of unallowable shortage, 𝛥% increases. Additionally, the impact of the 576 

average rate of re-workable imperfect quality products on decision variables can be different . 577 

Integration in the supply chain always leads to a decrease in the average price of imperfect 578 

quality products which, in turn, leads to an increase in total profit. When the supply chain 579 

members i.e. the manufacturer and buyer optimize their inventory models independently, or 580 

when they receive shipments which contain a high percentage of imperfect quality products, if 581 

the manufacturer quotes a low selling price, it can be very profitable business for the distributor. 582 

Prior research have also arrived at this conclusion [66, 73].  583 

8 Discussion and conclusions 584 

This paper aspired to present a supply chain inventory model for SMEs consisting of one 585 

distributor and one manufacturer. Product shortage, backorders, rework and the demand 586 

sensitivity to price are considered in the proposed model which is based on such variables as the 587 

expected total system profit (𝐸𝑇𝑃𝐼), optimal selling prices, number of orders, amount of 588 

shortage, calculation of  the number of shipments, and both joint and independent inventory 589 

model optimization by the distributor and manufacturer. Using numerical tests and sensitivity 590 

analysis, the impact of various factors on the 𝐸𝑇𝑃𝐼 was also investigated and the results indicate 591 

that the optimal scenario is the one in which no shortage occurs, doing rework on faulty new 592 

products is permitted by the distributor, especially under the condition that demand sensitivity to 593 
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price, backorder costs, and average rate of imperfect quality products are high. The results also 594 

suggest that the integration of the manufacturer and distributor's  decisions, with the possibility 595 

of rework by the distributor in the SMEs, may significantly improve the total profit. 596 

As evident by the results, supply chain integration in SMEs, especially when demand is sensitive 597 

to price changes, seems able to greatly increase the total profit recorded by supply chain 598 

members.  599 

When the supply chain members in SMEs act independently as regards optimization, distributors 600 

often tend to purchase from manufacturers that generate a high rate of imperfect products; 601 

whereas manufacturers tend to offer a lower purchase price based on the average rate of 602 

imperfect quality products per total production. 603 

 604 

 605 

 606 

 607 

 608 
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 811 

β Joint optimization PI Δ% 

Model with shortage 

 

No shortage model 

p Q b n EJTP p Q n EJTPWS   

1.05 89.2 1081 390.09 13 227520   87.1 662 13 227700 2.43 0.079 

1.10 46.05 1390 501.53 13 185010 

 

44.89 1002 13 185370 4.27 0.19 

1.25 20.73 1718 619.71 13 111310 

 

20.18 1651 13 111920 9.91 0.54 

1.50 12.98 1671 602.65 13 51260 

 

12.7 2205 13 51891 22.31 1.23 

2.00 8.38 1363 491.75 13 16972   8.16 2906 13 17321 64.87 2.05 

β Independent optimization (non-integrated) 

p Q b n ETPI 

1.05 205.17 526.24 193.704 11 222120 

1.10 106.97 790.62 291.01 11 177420 

1.25 47.7 1309.9 482.15 11 101270 

1.50 29.15 1781.7 655.82 11 45381 

2.00 19.63 2281.3 839.71 11 10294 

Table 1 (Joint optimization & Independent optimization (non-integrated)) 812 

β 

Sensitive analysis of average of imperfect products rate 

p Q b n EJTP 

Y1 0 

29.72 1338 0 12 101930 
Y2 0.17 

Y1 0. 17 × 0. 25 

29.73 1318 42.425 14 101820 

Y2  0. 17 × 0. 75 

Y1 0. 17 × 0. 5 

29.74 1299 39.439 13 101710 

Y2 0. 17 × 0. 5 

Y1 0. 17 × 0. 75 

29.86 1211 15.453 12 101590 

Y2 0. 17 × 0. 25 

Table 2(Sensitive analysis of average of imperfect products rate ) 813 

 814 

 815 
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