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Abstract. Recently, researchers in the �eld of transportation network planning have
become increasingly interested in network reliability, publishing research works focused on
the calculation of various types of network reliability. Calculation of network reliability
has led the transportation network optimizers toward new approaches in which the
maximization of reliability is considered as an objective. Travel time reliability is among the
most important reliabilities investigated when analyzing urban transportation networks.
For this purpose, various approaches have been taken based on di�erent assumptions
proposed. In the present research, the uncertainty associated with the demand for travel
and the ows passing across links along with the correlations among the links comprising
a route were considered in order to calculate the travel time for each of the network links.
Moreover, it was observed that the process followed Shifted Log-Normal (SLN) distribution.
These calculations are hoped to serve as a basis for the employment of travel time reliability
within the modeling of transportation systems so as to increase the accuracy and reliability
of simulations. The results were validated by an urban network with 12 nodes, 21 links, and
4 origin-destination pairs. Travel time reliability assessment was conducted by calculating
travel time over all the forming links.

© 2022 Sharif University of Technology. All rights reserved.

1. Introduction

Throughout the 20th century, transportation programs
were focused on the preliminary infrastructure for
transportation networks. However, in the 21st century,
the programs were changed toward network adminis-
tration and performance. The economy of a country or
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region is largely dependent on an e�cient and reliable
transportation system that can provide the required
access and safe transportation services for individuals
and goods. This is especially the case in metropolitans,
witnessing to the importance of ensuring an acceptable
level of transportation service.

Factors a�ecting travel time across an urban
transportation network include: (a) The ow of tra�c,
which is not always uent across the entire scope
of a transportation network, but is rather frequently
disordered by such crises as earthquake, ood, storm,
accident, etc., making the ow of tra�c stopped, in-
terfered, or interrupted, with the interruptions lasting
for some hours to several years; (b) The link capacity,
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which may be reduced due to di�erent reasons such
as crises and weather conditions; and (c) demand,
which exhibits occasional uctuations because of the
occurrence of crises or special events. These factors
may bring about uncertain travel times. Travel time
is one of the most important criteria for evaluating
the performance and quality of services provided by
a transportation system. Other criteria in this respect
(e.g., fuel consumption, accidents, etc.) are dependent
on this parameter in one way or another.

In order to evaluate the reliability across a trans-
portation network, three criteria are considered: con-
nectivity reliability, travel time reliability, and capacity
reliability [1].

- Connectivity reliability: It refers to the probabil-
ity of connectivity of nodes across a network. In fact,
this probability checks for the presence of a route
between a particular origin-destination pair. For any
particular origin-destination pair, the network that
has at least one active and usable route is evaluated
as successful.

- Travel time reliability: It expresses the proba-
bility that a trip between a given pair of origin-
destination is successfully performed within a certain
time interval at a particular quality of service. This
reliability is expressed in terms of the di�erence
between the anticipated travel time according to the
schedule or average travel time and actual travel
time due to tra�c congestion or uctuations in
demand.

- Capacity reliability: It is the probability that
a network can successfully meet a certain level of
demand for a particular origin-destination pair at
an acceptable quality of service. Transportation
network capacity reliability is an important criterion
for system performance evaluation.

There are methods for determining the reliability
of an urban passenger transportation network, wherein
route selection models are adopted to obtain travel
time reliability and the reserve capacity models are
employed to determine the network capacity reliabil-
ity. In these methods, the travel time and capacity
reliabilities are computed by investigating the changes
in arc capacities; interruptions incurred by such crises
as a quake, storm, ood, etc.; and the thresholds
determined for demand and travel time.

Network reliability is a reection of the uncer-
tainty associated with the main indices for analyzing a
network. Various research works have expressed these
uncertainties with di�erent models and distributions,
as discussed in Section 2 hereunder. Such models are
expected to simulate the actual network as closely as
possible. A bulk of studies have been carried out
on the estimation of the reliability of urban trans-

portation networks. Among others, some studies have
attempted to estimate the distribution of links across
transportation systems by arranging the collected data
into statistical distributions. These studies, at the
next step, generalize the distribution to the whole
network using statistical relations considering several
assumptions. Improving the accuracy of reliability esti-
mation, these assumptions include correlation between
the neighboring links, uncertainty in demand for travel,
and uncertainty in the ows over di�erent links.

The above assumptions have been made in previ-
ous studies. However, acknowledging the importance
of increasing the accuracy of modeling the travel time,
route reliability, and hence the transportation network
in general, the present research further makes the
following assumptions in addressing a similar problem:

- All links comprising a route are correlated;
- Demands for travel are uncertain;
- Flows across the links are uncertain; and
- Passengers may opt for a di�erent route for the same

origin-destination pair in an uncertain way.

The above assumptions are expected to increase
the urban transportation network modeling accuracy
and reliability.

This paper is organized into �ve sections. Sec-
tion 2 reviews the existing literature on the methods
for calculating travel time reliability in urban trans-
portation networks in order to identify the existing
research gap. In Section 3, modeling and calculation of
travel time over a route and Travel Time Distribution
(TTD) between origin-destination pairs are discussed.
In Section 4, a numerical example regarding travel time
reliability across a sample urban network is presented.
Finally, Section 5 presents conclusions and suggestions
for future research.

2. Literature review

Calculation of travel time reliability depends on the
calculation of travel time to which numerous factors
contribute. The choice of these factors depends on
the considered �eld of study, ease of measurement
and computations, simplicity of understanding by
user/operator, relation to decision-making, and the
capability of representing the users' attitudes toward
the risk. Researchers suggest that these factors shall
reect the biased and asymmetric nature of the travel
time observations [2]. Many of the studies concerning
the TTD estimation have used actual observations (see,
e.g., [3{10]). As an instance, in his study, Wardrop
[9] stipulated that travel time would follow a non-
uniform distribution. In the past, di�erent studies
used di�erent distributions (e.g., Weibull, gamma,
lognormal, and Burr distributions) in order to �t the
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travel time data. Most existing studies on the TTD
have put signi�cant e�orts into identifying the best
�tting model. The �tted distributions can be classi�ed
as either single-mode [11{18] or other distributions
(multi-mode distribution and truncated distribution)
[19{21]. Herman and Lam [4] suggested gamma or log-
normal distribution for TTD. Richardson and Taylor
[6] used the observations and data available to them
to propose log-normal distribution for representing the
travel time. Polus [5] concluded that the gamma
distribution was better than normal or log-normal
distribution as far as the representation of travel time
was concerned and Al-Deek and Emam [3] proposed
Weibull distribution for travel time estimation. Wu
and Geistefeldt [10] employed shifted gamma distribu-
tion to describe total travel time behavior. Taylor [7,8]
and Chen and Fan [22] used Burr's distribution in order
to estimate travel time assuming independence of the
links and compared the results to those of log-normal
and gamma distributions. In their study on travel
time estimation inspired by the study reported in [2],
Ma et al. [23] used the so-called Markov chain while
considering the correlation of neighboring links. Van
Lint et al. [24] demonstrated TTD in four di�erent
forms based on tra�c conditions (free ow, tra�c
initiation, congestion, and tra�c dissolution). Pu [25]
concluded that these four forms of TTD resembled log-
normal distribution. Susilawati et al. [26] proposed
Burr's distribution type XII for variations of travel
time across urban driveways. On the basis of TTDs,
a large number of criteria have been proposed by
various researchers (see, for example, [24,27{32]). With
the TTD, reliability criteria can be de�ned mutually.
Other researchers studied the relationship between
average travel time per unit distance and standard
deviation of travel time (see, for example, [30,33{35])
and optimal routes across a potential network (see, for
example, [2,36]). Kim and Mahmassani [37] proposed a
mixed gamma distribution for modeling the variations
of travel time across a road network. They found that
the mixed gamma distribution was the best choice for
travel time estimation, with di�erent dimensions of
changes in relation to daily variations and vehicle type.

Wu and Geistefeldt [38] presented a mathematical
model for dealing with the standard deviation of total
travel time over a freeway. In general, TTD, free ow
through links, and distribution of delays in narrow
segments can be described using a normal, Erlang,
or log-gamma distribution (or any other possible dis-
tribution). Parameters of these distributions can be
estimated by measurement or simulation. The variance
of total travel time through a route can be calculated
by summing up the variances of the individual links
comprising the route provided that the travel time
and delays at each link are statistically independent.
However, in reality, such independence is impossible,

at least between successive links. In this case, provided
the correlation coe�cients between successive links are
known, one can estimate the variance of total travel
time over a route. The coe�cients can be either
measured or simulated. If the correlation coe�cients
are known, the standard deviation can be evaluated
accordingly.

Wu and Geistefeldt [10] proposed Erlang or
shifted gamma distribution for describing the travel
time. The Erlang distribution is indeed a special
case of the gamma distribution. Because of particular
properties of the gamma distribution, the variance
of the entire route is equal to the sum of variances
of individual links provided the links are statistically
independent. Total travel time also follows a gamma
distribution. In order to calculate a lower threshold for
the travel time, a shifted gamma distribution is used.

Many of the performed studies have mainly used
normal and log-normal distributions [39,40]. In the
meantime, it is worth noting that, even though the
assumption of normality o�ers many analytic and
computational advantages, it is further associated
with such unreasonable restrictions as symmetry and
non-zero probability for negative travel times. In a
log-normal (two-parameter) distribution, the sub-zero
range results in unreasonable free ow velocities [2].

As is evident and emphasized by researchers,
measurement and analysis of travel time uctuations
are complicated as they are functions of numerous
parameters including the congestion, ow, accidents,
speci�cations of facilities, time intervals per day, road
properties, and free-ow travel time [5,7,12]. In
particular, some studies have stipulated that average
and standard deviation of travel time are related to
one another (see, e.g., [41{45]). One of the other
approaches followed to systematically estimate travel
time over a route as a random variable is to adopt a
model in which travel time is estimated as a function of
variable parameters such as random capacity, potential
demand, and random route selection. Such a model
has been discussed in [46{50], without considering the
correlation of links over a route, and more recently in
[51], where random capacity, potential demand, and
travel time are assumed for one road narrowing.

Considering previous studies done in this �eld (as
reviewed herein), the present research examines several
issues in order to get closer to the real conditions;
given the fact that, in real conditions, in addition
to the associated uncertainty with the demand for
travel, there are uncertainties in the ows passing
through di�erent links (which can be described us-
ing suitable distributions) and that all of the links
comprising a given route are actually dependent on
one another in real conditions, among others. The
research works reported in [2,10] are closer to the
present work. In [2], the researchers considered log-
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normal TTD, without considering the correlation of
travel time across all links comprising a given route,
to investigate the travel time reliability for di�erent
routes. In [10], not only the correlation assumption
was not taken into consideration for all links across
a given route, but also travel times were assumed to
follow a shifted gamma distribution. Moreover, in both
of the research works, distribution of demand among
di�erent routes connecting the same origin-destination
pair was performed in such a way that the demand was
allocated to a route for which travel time reliability
was to be calculated, while in reality, the demand
between any particular pair of origin-destination might
be allocated to some or even all routes connecting
the pair. In the present paper, we aim at calculating
the reliability by considering the uncertainty associated
with the demand for transportation between an origin-
destination pair and the ow passing through links. As
a result, a reliability can be calculated for each route
connecting the origin-destination pair considering the
threshold set by the deicing-maker, with the ultimate
goal of calculating the travel time through each route at
a particular level of reliability. Other issues elaborated
in the present research include associations among the
links comprising a route, log-normality of the ow
passing through links, and random route selection by
passengers, which are further detailed in the next
section.

3. Travel time reliability modeling

3.1. Calculation of travel time
Any urban transportation network is made up of a
number of nodes connected via arcs (links). Consider-
ing the nature of transportation, each set of passengers
selects an origin-destination pair to undertake a trip
across a speci�c network. Depending on the network
type, there may be various routes connecting the same
pair of origin and destination nodes as their starting
and ending points, respectively. Throughout a trip,
at least one link is passed. For instance, in Figure 1,
there are four routes connecting the origin-destination
pair (1 { 6). Should a passenger opt for the route
marked by the bold line, they have to pass through
three links, namely (1 { 2), (2 { 5), and (5 { 6).
Therefore, to determine the reliability of a route, TTD
across the route shall be known. In addition, in order

Figure 1. A network composed of 6 nodes and 8 links.

to determine TTD across a route, one should determine
the TTD for each link over the route.

For each link, the travel time is composed of two
parts: (a) free-ow travel time and (b) travel time
delay. The former refers to the link travel time when
the link hosts only one vehicle so that the vehicle can
ow from the starting node toward the ending node of
the link at the maximum allowed speed. This travel
time depends on the vehicle speed and the link length
and can be calculated via Eq. (1):

Free T ime =
Link:lenght � 60
Link:velocity

: (1)

Therefore, since the maximum allowed speed via
a link and the link length are supposed to be constant,
the free-ow travel time is also considered as a constant
value. The travel time delay develops due to tra�c
load over the links, route narrowing, speed bumps, acci-
dents, etc. In di�erent references, the travel time delay
has been supposed to follow di�erent distributions such
as normal, log-normal, exponential, gamma, and Burr's
distributions, depending on the research objectives.

3.1.1. Link travel time modeling
Considering the study reported in [2], Shifted Log-
Normal (SLN) distribution better suits various types
of transportation facilities and exhibits a performance
no worse than other distributions mentioned in the
previous section. Therefore, in the present paper, SLN
distribution was used to model the link travel times
(per unit length) for di�erent types of facilities. The
following modeling structure is presented for travel
time per unit length (ti) for the ith link.

Considering the characteristics of the log-normal
distribution, it turns into a normal distribution should
one take a natural logarithm from that. Accordingly,
we have:
ti = i + exp(�i + �izi); (2)

where i refers to the free-ow link travel time and
exp(�i + �izi) denotes the travel time delay. In this
latter expression, zi is a standard normal random vari-
able (i.e. zi � N(0; 1)). Therefore, the random variable
li = exp(�i + �izi) has a log-normal distribution and
the random variable ti follows an SLN distribution with
its parameters denoted as �i, �i, and i. Mean and
variance of the random variable ti are calculated as
follows:
E [ti] = Ti = i + exp(�i + 0:5�2

i ); (3)

V ar [ti] = Vi = exp(2�i + �2
i )[exp(�2

i )� 1]: (4)

Thus, the mean travel time delay is given by:

Meandi = E[ti]� i: (5)

Considering what was mentioned above, as ran-
dom variables, the travel time and travel time delay
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follow log-normal and SLN distributions, respectively
(i.e., ti � SLN(�i; �2

i ; i)).
The coe�cient of variation of the travel time delay

is evaluated as follows:

CVi =
�i
�i

=
p

exp(2�i + �2
i ):[exp(�2

i ) + 1]
exp(�i + 0:5�2

i )

=
q

exp(�2
i )� 1: (6)

The link TTD is modeled according to the func-
tion presented by the Federal Highway Administration
(FHWA) [52], which is recognized as a valid model in
this �eld. The developed model is presented in the
following:

Ti = i:

 
1 + �:

�
Vi
Ci

��!
= i + i:�:

�
Vi
Ci

��
; (7)

where the coe�cients � and � can be either presumably
set to 0.15 and 4, respectively, or determined using real
data. Vi is the ow rate through the ith link and Ci is
the capacity of the ith link [14]. The ow through the
ith link is equal to the sum of ows through all routes
(fr), including the ith link (p 2 Pi), as expressed by
Eq. (8):X
p2Pi

fp = vi: (8)

The ow passing through a link is a random
variable that depends on the demand for travel. Con-
sidering the non-negative nature and asymmetry of the
log-normal function and the research work performed
by Li et al. [51], log-normal distribution was herein
considered for the travel demand. In the present
research, the demand was assumed to be uniformly
random-distributed among all routes connecting each
origin-destination pair. As a result, the ow passing
through each route would also exhibit a log-normal
distribution. Each link might be involved in several
routes (Eq. (8)) and given that the sum of several
log-normal distributions will also follow a log-normal
distribution, the ow passing through each link with
log-normal distribution would be in the form of Vi �
LN(�vi ; �2

vi). In the present research, the parameters
of this distribution are determined using Monte Carlo
simulation. On this basis, the travel time delay of the
ith link is determined as follows:

V �i � LN ���vi ; �2�2
vi

�)
i:�
C�i

V �i � LN
 

ln

 
i:�
C�i

!
+ ��vi ; �

2�2
vi

!
; (9)

and the parameters of the travel time over the ith link
(ti � SLN(�i; �2

i ; i), as a random variable) are as
follows:

�i = ln

 
i:�
C�i

!
+ ��vi ; (10)

�2
i = �2

di = �2�2
vi
: (11)

3.2. Calculation of travel time reliability
When it comes to obtaining the probability distribution
of travel time over a route connecting a particular
origin-destination pair, since the route is made up of
more than one link, the obtained distribution is equal
to the sum of probability distributions of the links
comprising the route. As far as the link travel time,
as a random variable, follows the SLN distribution,
the cumulative probability function of the route travel
time (which corresponds to the sum of the probability
distributions for the links) does not have a closed
form. Therefore, the travel time over the route p
is estimated by the log-normal distribution (Fenton-
Wilkinson's approach) [53] with the parameters �p, �p,
and p, so that its average and standard deviation are
given via the following relationships:

Meanp = p + exp(�p + 0:5�2
p) =

X
i2p

i

+
X
i2p

exp(�i + 0:5�2
i ); (12)

V arp = exp(2�p + �2
p)[exp(�2

p)� 1]

=
X
i2p

exp(2�i + �2
i )[exp(�2

i )� 1]

+
X

i2p;j2p
�ij
�

exp(2�i + �2
i )[exp(�2

i )� 1]
	0:5

�
exp(2�j + �2

j )[exp(�2
j )� 1]

	0:5: (13)

In the above relationships, �ij is the correlation
coe�cient between travel times of the ith and jth
links over the route p. Accordingly, the reliability of
the travel time over the route p is calculated by the
estimated route TTD (tp � SLN(�p; �2

p; p)).
As was mentioned in Section 1, route travel time

reliability refers to the probability that the travel
time over the route (tp) is equal to or smaller than
a predetermined threshold (T0). The threshold T0
indicates the expected travel time plus some extra time
considered to ensure on-time accomplishment of the
travel. Therefore:

Rp = P [tp < T0]: (14)

For a route X (which is represented by a vector
composed of the comprising links), considering the law
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Figure 2. The step-by-step procedure followed to calculate the travel time reliability.

of large numbers, the above probability is calculated
using a standard normal distribution, as follows:

Rp(X) = �

 
T0 �Meanpp

V arp

!
: (15)

Furthermore, once the reliability becomes known,
one can calculate the total travel time for each route
via the following relationship:

TTp = ZR �pV arp +Meanp; (16)

where ZR is the inverse of the standard normal function
for the reliability R (e.g., 80% or 95%) and TTp is total
travel time through the route p at the reliability R.

Figure 2 shows the step-by-step procedure fol-
lowed to calculate the travel time reliability.

4. Numerical example

In this section, a part of an urban transportation
system is investigated and reliabilities of the routes
connecting given pairs of origin and destination are
examined. This numerical example was coded using
MATLAB R2017a on a PC powered by an Intel CoreTM

i5 2410 processor computing at 2.30 GHz.
Made up of 12 nodes and 21 links (G (12, 21)), the

considered network is demonstrated in Figure 3. The
lengths of the links are presented in Table 1.

The considered origin-destination pairs and their
details are presented in Table 2. It was assumed that
the demand for travel through the origin-destination
pair followed a random log-normal distribution.

Figure 3. The urban test network.

Based on the above-provided information, the
free-ow travel time for each link is given in Table 1
(calculated from Eq. (1)).

Considering what was mentioned in Subsection
3.1.1, the ow through the links follows a log-normal
distribution. According to Ref. [2] and given that the
passengers did not know details of the available routes,
the passengers were assumed to select their routes on
a random basis. As explained in Subsection 3.1.1, ex-
isting demand was uniformly random-distributed over
the available routes, so that the ow through individual
links also followed a log-normal distribution. In the
present research, it is desired to determine the routes of
higher reliability using the initial network information.

Based on the discussions delivered in Subsec-
tion 3.1.1, the parameters of the log-normal distri-
bution were obtained using Monte Carlo simulation.
Accordingly, performing the route selection process by
passengers for 200 iterations, average and variance of
the ow via each link (which also follow a log-normal
distribution) are further given in Table 1. Moreover,
upon performing the iterations, the matrix of the
correlation coe�cients between each and any link was
determined.

Available routes connecting the origin-destination
pairs are demonstrated in Table 3. There are 8, 7,
8, and 4 routes for the origin-destination pairs (1 {
11), (2 { 12), (1 { 12), and (2 { 11), respectively.
The average and variance of the travel time for each
route were calculated using the relationships presented
in Section 3.2 and the results are listed in Table 3.

In order to determine the travel time reliability
using Eq. (15), a threshold time was considered for each
origin-destination pair (9, 33, 7.5, and 43, respectively)
and the results are reported in Table 3.

Moreover, knowing the reliability, one can deter-
mine total travel time over each route using Eq. (16).
The corresponding results to the reliabilities of 80%.
90%, 95%, and 99% are presented in Table 3.

4.1. Comparing the results to previous
research works

Among the outstanding research works in this scope
(as was mentioned in Section 2), one can refer to
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Table 1. Characteristics of the considered links.

Link
name

Link
length

Link
capacity

Link allowed
speed

Free-ow
travel time

Average ow
through the

link

Standard
deviation of

the ow
over the link

1{3 1 150 80 0.75 49.31 28.19

4{3 0.5 100 50 0.6 149.50 61.19

1{4 1 200 50 1.2 186.20 45.72

2{4 2 150 50 2.4 294.53 72.60

1{5 1.5 100 50 1.8 247.73 69.38

2{5 2.5 270 80 1.875 355.29 72.70

1{6 3 160 80 2.25 186.67 53.74

4{7 1 120 50 1.2 255.88 64.22

5{7 1 150 50 1.2 316.98 121.17

3{8 3 200 80 2.25 198.81 67.12

6{8 2 80 50 2.4 50.28 28.27

6{9 2 140 50 2.4 84.62 32.52

10{9 1.5 170 50 1.8 628.67 109.66

5{10 2 250 80 1.5 286.05 69.82

7{10 2.5 200 50 3 572.85 120.56

6{11 4 150 80 3 51.78 29.48

8{11 2.5 250 80 1.875 249.08 75.30

9{11 2 130 50 2.4 449.25 79.89

4{12 4.5 150 50 5.4 75.36 34.81

9{12 2 110 50 2.4 264.04 64.47

10{12 3 120 80 2.25 230.23 55.20

Table 2. Characteristics of the existing origin-destination pairs.

Origin-destination
pair

Average
demand

Variance of
demand

Expected time
for traveling
from origin

to destination

1{11 400 4 9

2{12 300 3 33

1{12 270 2 7.5

2{11 350 3.5 43

the studies reported by Srinivasan et al. [2] and Wu
and Geistefeldt [10]. The former discussed travel time
reliability by assuming log-normality of the travel time
without considering dependence relationships among
all links and the latter performed the same by assuming
that the travel time followed a shifted gamma distribu-
tion with independent links. In this section, the results
of this research are compared to those of the mentioned

studies at 95% con�dence level. The obtained values
for total travel times are plotted in Figures 4 through 7.

The �rst thing to infer from the curves in the
�gures is that, at a given level of reliability, the routes
for which total travel time is minimal in the three
studies are not signi�cantly di�erent. Therefore, the
results of this research are consistent with those of [2]
and [10]. In the second place, comparing our study with
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Table 3. Results of calculations for �nding characteristics of the available routes connecting the origin-destination pairs.

Origin-
destination

pair

Available
routes

Average
total

travel time

Variance of
total travel

time

Travel
time

reliability
(%)

80%
reliable

travel time
(min)

90%
reliable

travel time
(min)

95%
reliable

travel time
(min)

99%
reliable

travel time
(min)

1{11

1-6-11 6.29 5.70 87.15 8.30 9.35 10.22 11.85

1-3-8-11 5.98 6.05 89.01 8.05 9.13 10.03 11.70

1-6-8-11 8.29 23.39 55.81 12.36 14.49 16.25 19.55

1-6-9-11 70.05 4922.98 19.21 129.11 159.97 185.46 233.28

1-4-3-8-11 8.35 41.52 53.99 13.78 16.61 18.95 23.34

1-5-10-9-11 146.38 13800.21 12.11 245.24 296.92 339.60 419.66

1-4-7-10-9-11 176.77 17265.28 10.08 287.36 345.17 392.90 482.45

1-5-7-10-9-11 195.95 23910.21 11.33 326.09 394.11 450.29 555.67

2{12

2-4-12 15.59 184.44 90.01 27.02 32.99 37.93 47.18

2-5-10-12 13.64 122.76 95.97 22.97 27.84 31.87 39.42

2-4-7-10-12 67.52 3450.27 27.84 116.95 142.79 164.13 204.17

2-5-7-10-12 63.22 4967.65 33.41 122.53 153.54 179.15 227.18

2-5-10-9-12 86.56 5945.51 24.36 151.46 185.38 213.39 265.94

2-4-7-10-9-12 140.44 10706.33 14.96 227.52 273.04 310.63 381.15

2-5-7-10-9-12 136.13 13260.55 18.52 233.05 283.71 325.54 404.02

1{12

1-4-12 6.96 1.28 68.43 7.91 8.41 8.82 9.59

1-5-10-12 28.49 1310.43 28.10 58.95 74.88 88.03 112.70

1-6-9-12 25.08 880.10 27.67 50.05 63.10 73.88 94.10

1-4-7-10-12 58.89 3313.77 18.60 107.33 132.66 153.57 192.80

1-5-7-10-12 78.06 7027.88 20.00 148.61 185.50 215.95 273.08

1-5-10-9-12 101.41 7854.24 14.47 175.99 214.98 247.18 307.58

1-6-11 6.29 5.70 87.15 8.30 9.35 10.22 11.85

1-3-8-11 5.98 6.05 89.01 8.05 9.13 10.03 11.70

2{11

1-6-8-11 8.29 23.39 55.81 12.36 14.49 16.25 19.55

1-6-9-11 70.05 4922.98 19.21 129.11 159.97 185.46 233.28

1-4-3-8-11 8.35 41.52 53.99 13.78 16.61 18.95 23.34

1-5-10-9-11 146.38 13800.21 12.11 245.24 296.92 339.60 419.66

that reported in [2], reliability of all routes connecting
the origin-destination pairs is smaller than or equal to
the total travel time over each and any route connecting
the corresponding origin-destination pair at a given
level of reliability. Moreover, the total travel times
in the present research are equal to or greater than
those in [2] as we considered the correlation among all
of the links comprising a route connecting each origin-
destination pair, and the longer the route or the higher
the number of the links over a route, the longer the

total travel time di�erence (travel time delay) because
of the correlation. Regarding the comparison between
the present research and that reported in [10], since
skewness and kurtosis of a log-normal distribution are
higher than those of a gamma distribution with the
same mean and standard deviation, at a given level
of con�dence, the travel times obtained in the present
research and reported in [2] are commonly greater than
or equal to those reported in [10], especially in the case
of longer routes.
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Figure 4. Comparison of total travel times for the routes connecting the [1{11] origin-destination pair at 95% con�dence
level.

Figure 5. Comparison of total travel times for the routes connecting the [1{12] origin-destination pair at 95% con�dence
level.

5. Conclusion

Several previous works have investigated the estimation
of travel time and travel time reliability over links and
routes and hence, across an urban transportation net-
work. In all cases, assumptions were made to resemble
the real world condition as closely as possible. In an
urban transportation network, �nding a probability
distribution that can accurately estimate the travel
time and its reliability has always been a crucial task.
Our results in the present study showed the capability
of the Shifted Log-Normal (SLN) distribution for mod-
eling the travel time and travel time reliability over a
link or route based on several assumptions, including
the correlation among all links comprising a route,
uncertain demand for travel, uncertain ow over links,
and random route selection by passengers.

In order to estimate the parameters of a route
composed of several links, one may begin with calcu-
lating the parameters for each link followed by adopting
the mentioned relationships given in the present paper.
Using the travel time parameters, one can calculate the
reliability for a route or network.

Application of the proposed method for evaluat-
ing the travel time reliability was demonstrated on a
part of a transportation network composed of 21 links
and 12 nodes, making up four origin-destination pairs.
The results showed that, for the origin-destination pair
(1 { 11), the route 1 { 3 { 8 { 11 provided a travel time
of 10.03 min at a reliability of 95%. Following another
approach, for the origin-destination pair (2 { 11), one
might arrive at the destination through the route 2 { 4
{ 3 { 8 { 11 within 43 min at a reliability of 95.17%.

In the present paper, considering correlations
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Figure 6. Comparison of total travel times for the routes connecting the [2{11] origin-destination pair at 95% con�dence
level.

Figure 7. Comparison of total travel times for the routes connecting the [2{12] origin-destination pair at 95% con�dence
level.

among the links, we obtained closer-to-reality modeling
results. This can help passengers select routes of
higher reliability and is of signi�cant applicability to
urban transportation management in order to enhance
the route capacities. The following topics are recom-
mended for future research works:

1. Application and calculation of route capacity relia-
bility and investigation of its relationship to travel
time reliability;

2. Increasing and optimizing link capacities to min-
imize the associated costs and maximize route
reliability;

3. Determination of a route selection algorithm for
passengers to replace the random route selection
by them;

4. Using the results of this article in modeling ur-
ban transportation networks by means of bi-level
programming models and solving the models via
meta-heuristic algorithms like genetic algorithm,
backtracking search algorithm, and particle swarm
optimization and then, comparing the results to

those of the present study. Considering solution
approaches, interested readers may refer to [54{56];

5. Considering the e�ects of di�erent uncertainties in
the model by handling fuzzy optimization (see, e.g.,
[57{59]).

References

1. Chen, A., Zhou, Z., Chootinan, P., et al. \Transport
network design problem under uncertainty: a review
and new developments", Transport Reviews, 31(6), pp.
743{768 (2011).

2. Srinivasan, K.K., Prakash, A.A., and Seshadri, R.
\Finding most reliable paths on networks with corre-
lated and shifted log-normal travel times", Transporta-
tion Research: Part B: Methodological, 66, pp. 110{128
(2014).

3. Al-Deek, H. and Emam, E.B. \New methodology
for estimating reliability in transportation networks
with degraded link capacities", Journal of Intelligent
Transportation Systems, 10(3), pp. 117{129 (2006).

4. Herman, R. and Lam, T. \Trip time characteristics



1752 A.H. Barahimi et al./Scientia Iranica, Transactions E: Industrial Engineering 29 (2022) 1742{1754

of journeys to and from work", Transportation and
Tra�c Theory, 6, pp. 57{86 (1974).

5. Polus, A. \A study of travel time and reliability on
arterial routes", Transportation, 8(2), pp. 141{151
(1979).

6. Richardson, A.J. and Taylor, M.A.P. \Travel time
variability on commuter journeys", High Speed Ground
Transportation Journal, 12(1), pp. 77{99 (1978).

7. Taylor, M.A.P. \Modelling travel time reliability with
the Burr distribution", Procedia-Social and Behavioral
Sciences, 54, pp. 75{83 (2012).

8. Taylor, M.A.P. \Fosgerau's travel time reliability ratio
and the Burr distribution", Transportation Research
Part B: Methodological, 97, pp. 50{63 (2017).

9. Wardrop, J. \Some theoretical aspects of road tra�c
research", Reprinted in H. Mohring Eds., The Eco-
nomics of Transoport I, pp. 299{352 (1952).

10. Wu, N. and Geistefeldt, J. \Modeling travel time for
reliability analysis in a freeway network", Conference:
TRB 2016, At Washington (2016).

11. Chen, P., Tong, R., Lu, G., et al. \Exploring travel
time distribution and variability patterns using probe
vehicle data: case study in Beijing", Journal of Ad-
vanced Transportation, 2018, pp. 1{19 (2018).

12. Eliasson, J. \The relationship between travel time vari-
ability and road congestion", 11th World Conference
on Transport Research (2007).

13. Emam, E.B. and Al-Deek, H. \Using real-life dual-loop
detector data to develop new methodology for esti-
mating freeway travel time reliability", Transportation
Research Record, 1959(1), pp. 140{150 (2006).

14. Guessous, Y., Aron, M., Cohen, S., et al. \Estimating
travel time distribution under di�erent tra�c condi-
tions", Transportation Research Procedia, 3, pp. 339{
348 (2014).

15. Kieu, L.-M., Bhaskar, A., and Chung, E. \Pub-
lic transport travel-time variability de�nitions and
monitoring", Journal of Transportation Engineering,
141(1), p. 04014068 (2015).

16. Lu, C. and Dong, J. \Estimating freeway travel time
and its reliability using radar sensor data", Trans-
portmetrica B: Transport Dynamics, 6(2), pp. 97{114
(2018).

17. Park, S., Rakha, H., and Guo, F. \Calibration issues
for multistate model of travel time reliability", Trans-
portation Research Record, 2188(1), pp. 74{84 (2010).

18. Rakha, H., El-Shawarby, I., and Arafeh, M. \Trip
travel-time reliability: issues and proposed solutions",
Journal of Intelligent Transportation Systems, 14(4),
pp. 232{250 (2010).

19. Cao, P., Miwa, T., and Morikawa, T. \Modeling
distribution of travel time in signalized road section
using truncated distribution", Procedia-Social and Be-
havioral Sciences, 138(0), pp. 137{147 (2014).

20. Chen, P., Yin, K., and Sun, J. \Application of �nite
mixture of regression model with varying mixing prob-
abilities to estimation of urban arterial travel times",
Transportation Research Record, 2442(1), pp. 96{105
(2014).

21. Guo, F., Rakha, H., and Park, S. \Multistate model
for travel time reliability", Transportation Research
Record, 2188(1), pp. 46{54 (2010).

22. Chen, Z. and Fan, W.D. \Analyzing travel time
distribution based on di�erent travel time reliability
patterns using probe vehicle data", International Jour-
nal of Transportation Science and Technology, 9(1),
pp. 64{75 (2020).

23. Ma, Z., Koutsopoulos, H., Ferreira, L., et al. \Estima-
tion of trip travel time distribution using a generalized
Markov chain approach", Transportation Research:
Part C: Emerging Technologies, 74, pp. 1{21 (2017).

24. Van Lint, J.W.C., Van Zuylen, H.J., and Tu, H.
\Travel time unreliability on freeways: Why measures
based on variance tell only half the story", Transporta-
tion Research: Part A: Policy and Practice, 42(1), pp.
258{277 (2008).

25. Pu, W. \Analytic relationships between travel time
reliability measures", Transportation Research Record,
2254(1), pp. 122{130 (2011).

26. Susilawati, S., Taylor, M.A.P., and Somenahalli,
S.V.C. \Distributions of travel time variability on
urban roads", Journal of Advanced Transportation,
47(8), pp. 720{736 (2013).

27. Asakura, Y. and Kashiwadani, M. \Road network
reliability caused by daily uctuation of tra�c ow",
PTRC Summer Annual Meeting (1991).

28. Bates, J., Polak, J., Jones, P., et al. \The valuation
of reliability for personal travel", Transportation Re-
search Part E: Logistics and Transportation Review,
37(2{3), pp. 191{229 (2001).

29. Booz, A. and Hamilton, I. \California transportation
plan: transportation system performance measures",
California Department of Transportation (1998).

30. Fosgerau, M. and Karlstr�om, A. \The value of reliabil-
ity", Transportation Research: Part B: Methodological,
44(1), pp. 38{49 (2010).

31. Lomax, T. and Margiotta, R. \Selecting travel reliabil-
ity measures", Texas A&M university, pp. 1{47 (2003).
static.tti.tamu.edu > documents > TTI-2003-3.

32. Tu, H. \Monitoring travel time reliability on freeways",
Netherlands TRAIL Research School (2008).

33. Kim, J. and Mahmassani, H.S. \A �nite mixture model
of vehicle-to-vehicle and day-to-day variability of traf-
�c network travel times", Transportation Research:
Part C: Emerging Technologies, 46, pp. 83{97 (2014).

34. Kim, J., Mahmassani, H.S., Vovsha, P., et al.
\Scenario-based approach to analysis of travel time
reliability with tra�c simulation models", Transporta-
tion Research Record, 2391(1), pp. 56{68 (2013).



A.H. Barahimi et al./Scientia Iranica, Transactions E: Industrial Engineering 29 (2022) 1742{1754 1753

35. Stogios, Y.C., Mahmassani, H.S., Kim, J., et al.
\Incorporating reliability performance measures in
operations and planning modeling tools", SHRP 2
Reliability Project L04, pp. 1{214 (2013).

36. Xing, T. and Zhou, X. \Finding the most reliable path
with and without link travel time correlation: A La-
grangian substitution based approach", Transportation
Research: Part B: Methodological, 45(10), pp. 1660{
1679 (2011).

37. Kim, J. and Mahmassani, H.S. \Compound Gamma
representation for modeling travel time variability in
a tra�c network", Transportation Research: Part B:
Methodological, 80, pp. 40{63 (2015).

38. Wu, N. and Geistefeldt, J. \Standard deviation of
travel time in a freeway network-A mathematical
quantifying tool for reliability analysis", in CICTP
2014: Safe, Smart, and Sustainable Multimodal Trans-
portation Systems, pp. 3292{3303 (2014).

39. Arroyo, S. and Kornhauser, A.L. \Modeling travel
time distributions on a road network", 11th World
Conference on Transport Research (2007).

40. Li, R. \Examining travel time variability using AVI
data", Conference of Australian Institutes of Transport
Research (CAITR) (2004).

41. Franklin, J.P. \Modeling reliability as expected late-
ness: A schedule-based approach for user bene�t
analysis", Association for European Transport and
Contributors (2009).

42. Mahmassani, H.S. and Zhou, X. \Transportation sys-
tem intelligence: Performance measurement and real-
time tra�c estimation and prediction in a day-to-day
learning framework", in Advances in Control, Com-
munication Networks, and Transportation Systems,
Springer, pp. 305{328 (2005).

43. Peer, S., Koopmans, C.C., and Verhoef, E.T. \Predic-
tion of travel time variability for cost-bene�t analysis",
Transportation Research: Part A: Policy and Practice,
46(1), pp. 79{90 (2012).

44. Richardson, A.J. \Travel time variability on an urban
freeway", Conference of Australian Institutes of Trans-
port Research (CAITR) (2003).

45. Van Lint, J.W.C. and van Zuylen, H.J. \Monitoring
and predicting freeway travel time reliability: Using
width and skew of day-to-day travel time distribution",
Transportation Research Record, 1917(1), pp. 54{62
(2005).

46. Jia, A., Zhou, X., Li, M., et al. \Incorporating stochas-
tic road capacity into day-to-day tra�c simulation and
traveler learning framework: Model development and
case study", Transportation Research Record, 2254(1),
pp. 112{121 (2011).

47. Li, M. and Faghri, A. \Applying problem-oriented and
project-based learning in a transportation engineering
course", Journal of Professional Issues in Engineering
Education and Practice, 142(3), p. 04016002 (2016).

48. Li, M., Rouphail, N., Mahmoudi, M., et al. \Multi-
scenario optimization approach for assessing the im-
pacts of advanced tra�c information under realistic
stochastic capacity distributions", Transportation Re-
search: Part C: Emerging Technologies, 77, pp. 113{
133 (2017).

49. Li, M., Zhou, X., and Rouphail, N. \Planning-level
methodology for evaluating traveler information provi-
sion strategies under stochastic capacity conditions",
Transportation Research Board 90th Annual Meeting
(2011).

50. Li, M., Zhou, X., and Rouphail, N.M. \Quantifying
bene�ts of tra�c information provision under stochas-
tic demand and capacity conditions: a multi-day
tra�c equilibrium approach", IEEE: Conference on
Intelligent Transportation Systems (2011).

51. Li, M., Zhou, X., and Rouphail, N.M. \Quantifying
travel time variability at a single bottleneck based
on stochastic capacity and demand distributions",
Journal of Intelligent Transportation Systems, 21(2),
pp. 79{93( 2017).

52. United States. Bureau of Public, Roads, Tra�c As-
signment Manual for Application with a Large, High
Speed Computer, 37, US Department of Commerce,
Bureau of Public Roads, O�ce of Planning, Urban
(1964).

53. Fenton, L. \The sum of log-normal probability distri-
butions in scatter transmission systems", IRE Trans-
actions on Communications Systems, 8(1), pp. 57{67
(1960).

54. Kaboli, S., Al Hinai, A., Al Badi, A.H., et al.
\Prediction of metallic conductor voltage owing to
electromagnetic coupling via a hybrid ANFIS and
backtracking search algorithm", Energies, 12(19), p.
3651 (2019).

55. Hlal, M.I., Vigna, K., Padmanaban, S., et al. \NSGA-
II and MOPSO based optimization for sizing of hy-
brid PV/wind/battery energy storage system", In-
ternational Journal of Power Electronics and Drive
Systems, 10(1), pp. 463{478 (2019).

56. Pourdaryaei, A., Mokhlis, H., Azil, H., et al. \Short-
term electricity price forecasting via hybrid backtrack-
ing search algorithm and ANFIS approach", IEEE
Access, 7, pp. 77674{77691 (2019).

57. Asadi, H., Kaboli, H., Oladazimi, M., et al. \A review
on Li-ion battery charger techniques and optimize
battery charger performance by fuzzy logic", ICICA,
18(201), pp. 89{96 (2011).

58. Kaboli, H., Fallahpour, A., Selvaraj, J., et al. \Fuzzy
logic based encoder-less speed control of PMSM
for hub motor drive", Fuzzy Control Systems: De-
sign, Analysis and Performance Evaluation, pp. 1{53
(2016).



1754 A.H. Barahimi et al./Scientia Iranica, Transactions E: Industrial Engineering 29 (2022) 1742{1754

59. Sagha�nia, A. and Kaboli, S. \Online adaptive con-
tinuous wavelet transform and fuzzy logic based high
precision fault detection of broken rotor bars for IM",
Sci Res, 4(6), pp. 157{168 (2016).

Biographies

Amir Hossein Barahimi is a PhD student of In-
dustrial Engineering in the Faculty of Engineering at
University of Kurdistan, Iran. He received his MSc
degree from K. N. Toosi University of Technology,
Iran. His thesis subject focuses on the reliability
of urban transportation systems. His main areas
of research interests are system reliability and urban
transportation planning.

Alireza Eydi is an Associate Professor of Industrial

Engineering in the Faculty of Engineering at Univer-
sity of Kurdistan, Iran. He received his PhD from
the Department of Industrial Engineering at Tarbiat
Modares University, Iran, in 2009. His main areas of
teaching and research interests include supply chain
and transportation planning and network optimization
problems including routing and location problems on
networks.

Abdollah Aghaei is a Professor in the Industrial
Engineering Department of K. N. Toosi University of
Technology. He received his PhD from the Lough-
borough University, UK. His research interests include
modeling and computer simulation, knowledge man-
agement and technology, project management, and
e-marketing. Professor Aghaie has authored several
books and technical publications in archival journals.




