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Abstract. This paper presents an analytical study of radial-ux slotless limited-angle
torque motors. The modeling is done based on the magnetic equivalent circuit of actuators
and electromagnetic equations are employed to calculate the air-gap ux as well as the
produced torque. This model is then used for designing actuators both in outer-rotor
and inner-rotor structures, considering the design constraints and desired characteristics.
Given that the objectives in the design stage are usually in conict with each other,
an intelligent multi-objective optimization algorithm is required to design the best-�t
actuators. Analytical and simulated results are presented and compared to determine
the accuracy of the model and verify the design equations as well as the design approach.
Given that this type of actuators is the key element in industrial control, the contributions
of this paper are focused on the new analytical �eld solution based on magnetic equivalent
circuit, design, and optimization approach to radial-ux structure and introducing a general
procedure that can be extended to similar structures and actuators.

© 2022 Sharif University of Technology. All rights reserved.

1. Introduction

The Limited-Angle Torque-Motor (LATM) is an elec-
tromagnetic actuator that rotates normally in a limited
angular range less than �180�. The conventional
AC or brushless PM motors are not suitable, while
LATMs have applications in servo ON-OFF valves,
scan mirror systems [1], fuel control, and so on due to
the inherent lack of cogging torque and high precision
positioning. LATMs enjoy such advantages as higher
torque per power ratio, higher reliability, lower cost,
uniform torque pro�le, constant torque to input current
ratio, and fewer mechanical parts [2{4].

Various types of LATMs have been reported in the
literature. In general, two topologies of PM LATMs
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include slotted and slotless armature types. Due to
higher air-gap magnetic ux density, slotted LATMs
have higher torque as well as cogging torque. For this
type, cogging torque and partial magnetic saturation
generate a non-uniform torque pro�le [5]. A toroidally
wound stator LATM with a PM rotor does not have the
cogging torque problem due to the constant reluctance
path and relatively large air gap [2]. Thus, this
con�guration has many applications for its advantages
of accurate positioning capability, low cogging torque,
and high reliability [6{9].

Optimized designs employed to improve the
torque capability and reduce the torque ripple are
reported [5,10,11]. For slotted LATMs, stator shape
optimization, e.g., asymmetrical teeth stator, and for
slottless LATMs, performance optimization by the
design parameters are the main methods that have
been recently investigated.

In the design of electrical machines, numerical
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methods such as Finite Element Analysis (FEA) are
generally used for shape optimization [12] and torque
improvement [13]. Even though the analysis can be
achieved using numerical methods, the analytical solu-
tions can facilitate using an optimal design procedure
[14,15].

In this paper, the analytical solution based on
Magnetic Equivalent Circuit (MEC) has been obtained
for inner and outer rotor slotless LATMs analyses. This
method is widely used in the analysis and design of
electric machines [16,17].

The optimization objectives of LATM include
smaller size and weight as well as higher e�ciency
for speci�c output torque, whereas these objectives
are usually in conict with each other and also con-
straints should be taken into account in the design
procedure. The optimization of LATM needs to
improve several performances simultaneously. Thus,
an arti�cial intelligence method is used to obtain
the Pareto front of the objectives under design con-
straints.

Next, an approved solution in Pareto front is
validated by FEA, where the comparison of analytical
and numerical results veri�es the analytical analyses
and design of the structures.

Therefore, the study contributions and highlights
are as follows:

- The paper focuses on a new analytical �eld solution
based on MEC. The proposed analytical model is
suitable for design of radial-ux LATMs and intro-
duces a general design procedure considering design
constraints;

- Although the proposed model is simpli�ed, it is
appropriate for the overall machine dimensions de-
sign as it reduces the model complexity and calcu-
lations. As shown by the comparison of analytical
and numerical results, the proposed model enjoys

acceptable accuracy and has a good correlation with
exact numerical results;

- The obtained analytical model is used in an arti-
�cial intelligent algorithm to optimize the machine
from the viewpoint of some performance parameters
while considering constraints. Multi-objective GA
optimization for two conicting objectives is used to
determine the set of designs and give full information
on objective values and objective trade-o�s.

2. Machine structure

The inner and outer rotor LATM structures and their
geometrical parameters are shown in Figure 1. The
rotor holds radially magnetized PMs; neighbouring
magnetic poles are magnetized in opposite directions
to form a closed ux path. A toroidally wound winding
and a solid core form the stator, where a range of
PMs are covered; consequently, due to the interaction
of two magnetic �elds of the PM and the winding,
electromagnetic toque is generated. The produced
electromagnetic torque and the rotor direction of rota-
tion are related to the magnitude and direction of the
armature current. Because of the slotless structure,
these actuators have no cogging torque and are thus
suitable for high-precision servo control applications.

According to Figure 1, the inner rotor structure
has a part of windings on the outer side of the
stator that does not contribute to torque generation.
Moreover, the end windings of the outer rotor actuator
would be more than those of the inner rotor structure.
Figure 1 shows the 2-pole design which is similar for
di�erent pole numbers.

3. Analytical modelling

3.1. Magnetic ux and torque equations
Neglecting the core reluctance, the simpli�ed MEC

Figure 1. 2-pole LATMs: (a) Inner rotor and (b) outer rotor.
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Figure 2. Simpli�ed MEC model.

model of half north and south poles of the LATMs is
shown in Figure 2.

By using this model, the air-gap magnetic ux
could be calculated as follows:

� =
Hclm

Rg +Rm
; (1)

where:

Rg =
lg

�0Ag
; Ag = ravg:g�mL;

Rm =
lm

�0�mAm
; Am = ravg:m�mL; (2)

where L is the axial length and:

ravg:g =
rs + lm + rr

2
; inner rotor;

ravg:m = rr +
lm
2

; inner rotor; (3)

ravg:g =
rr � lm + rs

2
; outer rotor;

ravg:m = rr � lm
2

; outer rotor: (4)

By using Eqs. (1)-(4), the air-gap magnetic ux
results are given as follows:

�=
Hclm

lg
�0( rs+lm+rr

2 )�mL
+ lm

�0�m(rr+ lm
2 )�mL

; inner rotor;

�=
Hclm

lg
�0( rr�lm+rs

2 )�mL
+ lm

�0�m(rr� lm2 )�mL

; outer rotor:
(5)

To calculate the produced torque, the armature
current and the average air-gap radius are also re-
quired, as presented in Eq. (6). The current contribu-
tion in torque production could be calculated through
the combined use of copper area and the current
density. The area is obtained by the coil radius and
its arch in front of the PM.

I = (rs � lc
2

)�mlcsf�; Ravg = rs � lc
2

; inner rotor;

I = (rs +
lc
2

)�mlcsf�; Ravg = rs +
lc
2

; outer rotor;
(6)

where sf and � are the slot �ll factor and the current
density, respectively. By using Eqs. (5) and (6), the
electromagnetic torque of the actuators is follows:

Telm = RavgILB = (rs � lc
2

)2�mlcsf� � L

� 1
(rs � lc

2 )
� Hclm

lg
�0( rs+lm+rr

2 )
+ lm

�0�m(rr+ lm
2 )

;

inner rotor; (7)

Telm = RavgILB = (rs +
lc
2

)2�mlcsf� � L�
1

(rs + lc
2 )
� Hclm

lg
�0( rr�lm+rs

2 )
+ lm

�0�m(rr� lm2 )

;

outer rotor; (8)

where B is the air-gap magnetic ux density.

3.2. Dimension constraints
In light of the assumption of the linearity of the
solutions, the average magnetic ux density in the
congested area of the stator and rotor should be limited
to the saturation point. The saturation point depends
on the core material and the average magnetic ux
density could be calculated by the magnetic ux of
Eq. (5) and the cross-sectional area of the rotor and
stator yokes. This criterion produces the following
results:

�
2
� BsatAr = BsatL(rr � rsh) &

�
2
� BsatAs = BsatL(ro � rs) ; inner rotor;

�
2
� BsatAs = BsatL(rs � rsh) &

�
2
� BsatAr = BsatL(ro � rr) ; outer rotor; (9)

where Bsat is the maximum allowable magnetic ux
density.

3.3. Power losses
The only source of losses in LATMs is the copper loss
given that the actuator is fed by direct current and
the rotation is limited. The total power loss can be
calculated in the following:
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Ptotal = p��2(2lzAz + 2lfrontAfront); inner rotor;

Ptotal =
p
2
��2(2lzAz + 2lfrontAfront); outer rotor;

(10)

where p and � are the number of poles and copper
electrical resistivity, respectively, and:

Az = (rs � lc
2 )�clcsf ; Afront=Az

lfront = ro � rs + lc; lz=L+ lc

�
; inner rotor

(11)

and:

Az = (rs +
lc
2

)�clcsf ; Afront = Az

lfront =

s�
�c
4
rs + rsh � rs cos(�)

�2

+ [rs sin(�)]2;

� =
�
2
� �c

4
;
�crs

2
� rs � rsh

if:

lfront=

s�
rs�rsh

2
+rsh�rs cos(�)

�2

+[rs sin(�)]2;

� =
�
2
� �c

4
;
�crs

2
> rs � rsh

lz = L+ lc; (12)

for the outer rotor structure.

4. Multi-objective design optimization

4.1. Optimization objectives and parameters
As the primary design goal is to achieve the desired
torque, the optimization objectives include minimizing
the total volume and total loss of the actuator. More-
over, higher torque density and e�ciency are the most
important output parameters of the designs. Given the
conicting nature of these objectives, we try to obtain
the Pareto front of the objectives.

In the present study, some parameters are held
constant including core and PM parameters and some
geometrical parameters, as reported in Table 1. The
pole number and the working range are set to the
prede�ned values. So, the parameters to be decided
are as follows:

L; ro; lm; lc; �c; rs(rr); rsh: (13)

4.2. GA method
GA is now extensively used for solving electromagnetic
design and optimization problems since the design

Table 1. Constant design parameters.

Parameter Value Parameter Value

Bsat 1.7 T g 1 mm

� 1:7� 10�8 
.m. PM NdFeB

sf 0.6 p 2

� 4� 106 A/m  = �c � �m 60�

with constraints can be considered as a constrained
optimization problem [18]. The ability of GA to simul-
taneously search di�erent solution space regions can
�nd a diverse set of solutions for di�cult problems with
discontinuous, non-convex, and multi-modal solution
spaces [19].

In this study, the multi-objective optimization
problem is to minimize the �tness function de�ned to
include two objectives that are the total volume and
total loss:

y =
�
�ro2L ; Ptotal

�
; (14)

subject to Constraints (9) and:

Telm � Td; (15)

for the optimization parameters presented in the pre-
vious sub-section.

4.3. Optimization results
The analytical modeling and the GA optimization are
done by a MATLAB code according to the owchart
shown in Figure 3. The range of parameters is given as
follows:

0 < L < 1; 0 < ro < 1; 0 < lm < 1; 0 < lc < 1;

0 < rs < 1; 0 < rr < 1; 0 < rsh < 1;

60o < �c < 180o: (16)

Pareto front is a set of non-dominated solutions
that are chosen as optimal if no objectives can be
improved without sacri�cing at least one other objec-
tive. It is conventionally shown graphically and also
known as the Pareto set that can be drawn on the
objective plane. In addition, it gives full information on
objective values and objective trade-o�s, which inform
how the improvement of one objective corresponds to
the deterioration of the second. The obtained Pareto
fronts are shown in Figure 4.

According to Figure 4, decreasing one objective
results in increasing the other, and vice versa. Also, the
inner rotor structure has no valid designs in the range
of 0.4{0.55 lit, but the outer rotor structure provides
lower volume and higher torque density actuators. For
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Figure 3. Multi-objective design optimization owchart.

comparison, Table 2 presents the parameters of two
actuators with the same volume and electromagnetic
torque.

Figure 4 demonstrates the e�ectiveness of the
proposed two-objective optimization based on MEC
model, in which a set of machines is designed in
the feasible range of the objectives. This application
determines the priority of the objective of selecting
one of the designed machines. The proposed ap-
proach can generally be extended to optimization of
more objectives while additional constraints are con-
sidered.

5. FEA validation of design equations

To con�rm the analytical study, inner and outer rotor
structures of Table 2 are analyzed in this section by
FEA. The e�ects of PMs and windings are simulated
separately and are shown in Figure 5.

Figure 6 shows the magnitude of air-gap ux
density resulting from the analytical method and FEA.
The complete actuators are simulated for torque calcu-
lations, as shown in Figure 5(c) and (f). The analytical
method does not calculate the magnetic ux produced
by windings and thus, Figure 6(b) and (d) present only
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Figure 4. Pareto front of the objectives: (a) Outer rotor
structure and (b) inner rotor structure.

Table 2. Comparison of two LATM structures.

Inner rotor Outer rotor

Parameter Value Parameter Value

rsh 28.5 mm rsh 23.2 mm

rr 67.4 mm rr 49 mm

lm 18.1 mm lm 18.8 mm

lc 9.5 mm lc 12.3 mm

�c 158� �c 162�

rs 96 mm rs 81 mm

ro 122 mm ro 101.4 mm

L 11 mm L 18.3 mm

�r2
oL 0.6 lit �r2

oL 0.6 lit

Ptotal 87.1 wat Ptotal 42.8 wat

the FEA results. For this comparison, in FEA, the
magnetic core is assumed to be in�nitely permeable and
the uxes calculated using analytical and numerical
methods have a good correlation except at the poles'
edges where the fringing e�ect has not been considered
in the analytical �eld solution. This correlation is also
due to the negligible ux leakage as can be concluded
from the ux lines of Figure 5.

The torque-angle characteristics are shown in
Figure 7, where the results are coherent, especially in
predicting the torque magnitude. Nevertheless, there
are discrepancies concerning the torque curve where it
is linear in the analytical solution and is nonlinear in
FEA. This could be explained through the comparison

Figure 5. FEA results, inner rotor structure: (a)
Excitation, (b) armature, (c) complete, outer rotor
structure: (d) excitation, (e) armature, and (f) complete.

of ux density calculations at the poles' edges, as
described before in Figure 6.

These �gures and comparisons illustrate that
analytical solutions have acceptable accuracy and this
result veri�es the viability of the analytical method.

6. Conclusion

The LATMs are electromagnetic actuators for di�erent
precise control systems with such advantages as higher
torque and reliability and fewer mechanical parts. In
slotless LATMs, due to uniform air-gap, the torque
pro�le is uniform and the stator structure is simple
and low-cost; hence, designing such actuators for
desired characteristics remains an interesting subject
for researchers.

The analytical study of the slotless and toroidally
wound stator LATMs both in the case of outer rotor
and inner rotor structures has been presented based
on MEC analysis. This new method provides a
competent way for the primary design of the LATMs
including the calculation of geometrical and electro-
magnetic parameters considering design constraints for
the desired characteristics. The simpli�ed MEC model
is appropriate for the overall optimization of machine
dimensions as it reduces the model complexity and
calculations. Nevertheless, for the machine under study
which is slotless and the PMs are surface mounted, the
proposed MEC model results are in good correlation
with exact numerical ones in terms of air-gap magnetic
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Figure 6. Comparison of the analytical and numerical results, inner rotor structure air-gap magnetic ux density by: (a)
PMs, (b) PMs and windings, outer rotor structure air-gap magnetic ux density, (c) PMs, and (d) PMs and windings.

Figure 7. Comparison of the analytical and numerical
results: (a) Inner rotor structure and (b) outer rotor
structure.

ux density and the produced electromagnetic torque.
This �nding may not hold for other structures for which
more detailed MEC may be required.

This analysis method was used to optimize the
actuators for two conicting objectives and to �nd the
Pareto front of the objectives. Also, FEA as a tool for
realizing the electromagnetic structures was employed
to validate the design equations and approach. The
comparison of the results veri�es the ability of the

approach to the optimal design of radial-ux slotless
LATMs and its application to similar structures.

Nomenclature

� Air-gap magnetic ux
B Air-gap magnetic ux density
Bsat Maximum allowable magnetic ux

density
I Armature current
Telm Electromagnetic torque
Td Desired torque
Ptotal Total power loss
Hc PM magnetic coercivity
Rg; Rm Air-gap and PM reluctance
Ar; As Rotor and stator yoke cross-section

area
rs; rr Stator and rotor radius
L Axial length
Ravg Average air-gap radius
p Number of poles
� Copper electrical resistivity
sf Slot �ll factor
� Current density
ro Outer radius
lm PM thickness
lc Coil thickness
�c Coil angle
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�m PM angle
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