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Abstract. Many natural phenomena such as ecosystems, earth climate, animals, living
cells, and human brain are characterized each by their own complex behavior. Therefore,
a new �eld called \systems chemistry" has emerged that aims to capture the complexity
of natural systems within a synthetic chemical framework. To understand the physical
behavior of chemical components in a reaction mechanism (system), the overall (complete)
reaction network and di�erent available reaction paths should be perceived on a deeper level.
To this end, the present study develops a multi-route reaction mechanism for a complex
chemical reaction problem, which is unsolvable through common ways. Further, invariant
manifold approximation is constructed through quasi equilibrium manifold. Numerical
results are shown in the graphical form in MATLAB.
© 2020 Sharif University of Technology. All rights reserved.

1. Introduction

Chemical reactions play a vital role in our daily life and
ecosystem. Industries playing a major role in the devel-
opment of human society are dependent on chemical re-
actions, i.e., chemical industries utilizing many emerg-
ing applications in �ne chemical and pharmaceuticals.
Analysis of these reactions is essential to achieving any
related objectives. Reaction mechanisms vary from
simple to complex depending on their corresponding
nature and structure. Therefore, both experimental
and theoretical investigations represent necessary parts
of the mechanism. Di�erent methods and numerical
techniques have been proposed so far to deal with
complexities of a reaction mechanism [1{6]. There
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exists a non-trivial interaction between mathematics
and mathematical modeling of complex systems [7,8].
In order to develop advanced and pro�cient numerical
methods, such approximate models that are submissive
to numerical analysis should be formulated. Further to
this, computer-oriented methods facilitate qualitative
and quantitative analyses of mathematical models.

The objective of the present research is to
bring together di�erent available modern mathematical
methods and models that are commonly used to rethink
and change complex chemical problems, biological
problems, ideas, and methods and to establish new
applicable ideas within a de�ned domain so as to ensure
greater understanding and achieve progress.

According to Maxwell [9], all intermediate com-
plexes are in immediate equilibrium with free sub-
strates and enzymes, which represent a purely Quasi
Equilibrium (QE) assumption. Boltzmann [10] o�ered
the same idea for the Boltzmann kinetics.

In the modeling of a chemical problem, a kinetic
mathematical model may not respect thermodynamic
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conditions at �rst. In this case, a system can be solved
by deforming the entropy (linearly) with the provided
agreement between the kinetic model and deformed
thermodynamics [11].

Through mathematical modeling, one can trans-
form a higher dimensional, non-linear and multi-route
complex chemical reaction into a low-dimension single-
route reaction mechanism [12{14]. Based on the con-
struction of a reduced dissipative system, the method of
the invariant manifold is applied [15{17] and the invari-
ant grids for a system are constructed. The idea was
�rst presented in [18] and involves the following steps:

� Approximate the initial curves for both reaction
routes through Quasi Equilibrium Manifold (QEM),
Spectral Quasi Equilibrium Manifold (SQEM), or
Intrinsic Low Dimension Manifold (ILDM);

� Re�ne it by the method of invariant grids;
� Compare the trajectories of the solutions of both

routes graphically rather than in the tabulated form;
� Measure the overall reaction, if possible.

2. Research methodology

In order to study chemical reactions, it should be con-
sidered that kinetic measurements are followed by mass
action law; then, in the reversible reaction mechanism,
the presence of equilibrium ceq (detailed, i.e., atomic)
indicates the stability function (Lyapunov) in the form
of free entropy:

G =
nX
i=1

ci[`n(ci=ceq
i )� 1]! min : (1)

By starting from the initial point (equilibrium) and
proceeding to the next grid point cn+1 = cn + �cn,
with the addition of shift vector �cn, the corresponding
grid point on QEM is de�ned using the system in
the form of reduced description � (let's say). To
evaluate the solution behavior of slow chemical species,
the slowest left-side eigenvector cls that corresponds
to the minimum absolute eigenvalue of the Jacobian
matrix J measured at each grid point (through Schur
decomposition method) must be selected. Then, a
particular solution trajectory is constructed.

From Figure 1, it is clear that, there are three
di�erent directions available at each grid point to
proceed to. According to ILDM, we will proceed
further with slow space nS = n � nF . This will allow
us to distinguish between the fast subspace and slow
space on the basis of the eigenspace measured at each
point in the phase space of the system:

max freVci ; i = 1 � � �nF g < K

< min freVci ; i = nF+1 � � �ng; (2)

Figure 1. Projected vector �eld over the tangent space.

and to stop further movement on the fast subspace.
This reduction technique is basically based on the

decoupling of fast-equilibrium chemical progressions
from slower dynamics and promotes the motion on the
dimensional slow invariant manifold.

Solution trajectories can be measured using any
unmeasured system of nF equations for n-variables.
Then, the concentration space is split into a direct sum
of the fast CF (intermediate species) subspace and the
slow CS (terminal species) subspace, i.e., C = CF�CS .

While the fast subspace CF is fast with �xed val-
ues of CS , the fast subsystem relaxes into a stationary
state like C : CF ! Cqss

F (CS) and slow variables
remain unchanged. This assumption will become a
purely quasi-steady-state approximation, and it can be
written in the mathematical form as follows:
J = JS + JF ; (3)

i.e.:
_CF = JF (CF � CS); (4)

when:
CS = const and CF ! Cqss

F (CS); (5)

_CS = JS(CS � Cqss
F (CS)): (6)

In simple words, the initial layer of the system, usually
called initial trajectory, will be measured at �rst. Then,
the slow system will be solved. It is also possible that
additional balances of slow variables arise when a fast
subsystem goes into equilibrium.

2.1. Mathematical model
To derive sensitive equations, a mathematical model
(using SQEM technique [2,6]) is constructed for the
single-route reaction mechanism; then, the multi-route
reaction mechanism is formulated.

2.1.1. A four-step single-route reaction mechanism
Herein, a four-step reaction mechanism is considered
below:

CA
k+

1
GGGGGGBFGGGGGG

k�1
CB ; CB

k+
2

GGGGGGBFGGGGGG

k�2
CC ;

CC
k+

3
GGGGGGBFGGGGGG

k�3
CA; CA + CB

k+
4

GGGGGGBFGGGGGG

k�4
2CC ; (7)

with the initial parameters given below:
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Figure 2. Two-route butane mechanism.

C�A=c�1 =0:1; C�B=c�2 =0:5; C�C =c�3 =0:4: (8)

Assume that the Lyapunov function G takes the fol-
lowing form:

G =
3X
i=1

ci
�
ln
�
ci
c�i

�
� 1
�
: (9)

The kinetic equations of the three-component vector of
the concentration c = [c1; c2; c3] will take the following
form:

c_ =
4X
i=1

riRi; (10)

where ri's are the stoichiometric vectors:

r1 =
��1 1 0

�
; r2 =

�
0 �1 1

�
;

r3 =
�
1 0 �1

�
; r4 =

��1 �1 2
�
: (11)

Moreover, Ri represents reaction rates:

R1 = k+
1 c1 � k�1 c2; R2 = k+

2 c2 � k�2 c3;
R3 = k+

3 c3 � k�3 c2; R4 = k+
4 c1c2 � k�4 c23: (12)

The Jacobian matrix at the equilibrium point is as
follows:

J(c�) =

24�8:0� 101 �7:5� 100 3:6� 101

�3:0� 101 �2:2� 101 4:0� 101

1:1� 102 3:0� 101 �7:6� 101

35 :
(13)

The slowest left-side eigenvector V sl obtained by the
minimum absolute eigenvalue is:

V sl =
��0:8552 0:4303 �0:2889

�
: (14)

The gradient and the second derivative matrix H
(Enthalpy) of Lyapunov function G are:

rG=

24ln c1 � ln c�1
ln c2 � ln c�2
ln c3 � ln c�3

35 ; H=

241=c1 0 0
0 1=c2 0
0 0 1=c3

35 :
(15)

2.1.2. A four-step multi-route reaction mechanism
A four-step mechanism is considered in which methane
reacts with the surface catalysis to form an intermedi-
ate species. At the next step, the intermediate species
is converted into a product. This process requires two
di�erent routes to complete the dehydrogenation pro-
cess. A four-step mechanism is considered with seven
chemical components, C4H10, Z, C4H8Z, H2, C4H8,
C4H6Z, C4H6Z and C4H6, and three independent
elements (C, H and Z (a surface catalyst)).

As shown in Figure 2, there are two reaction
routes, i.e., Nrr = 4� 3 + 1 = 2. The �rst and second
routes lie in the 2D and 3D phase spaces, respectively.

Figure 3 comparatively presents the idea of the
�rst route (lies in R2) and the second route (lies in R3).

Now, the invariant manifold should be measured
for both reaction routes and their results are to be com-
pared in a phase space. First, the �rst route of the reac-
tion mechanism is examined, which gives the product in
the �rst and second steps. For the sake of convenience,
the initial parameters are chosen as follows:

C4H10 = c1 = 0:5; Z = c2 = 0:2;

C4H8Z = c3 = 0:1; H2 = c4 = 0:4;

Figure 3. General representation of double-route reaction
mechanism.
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C4H8 = c5 = 0:2; C4H6 = c6 = 0:1; (16)

d [C4H10]
dt

= k�1 [C4H8Z] [H2]� k+
1 [C4H10] [H2] ;

d[Z]
dt

=k+
2 [C4H8Z]� k+

1 [C4H10] [H2]

+ k�1 [C4H8Z] [H2]� k�2 [C4H8] [H2] ;

d [C4H8Z]
dt

= k+
1 [C4H10] [H2]� k+

2 [C40H8Z]

�k�1 [C4H8Z] [H2] + k�2 [C4H8] [H2] ;

d [H2]
dt

= k+
1 [C4H10] [H2]� k�1 [C4H8Z] [H2] ;

d [C4H8]
dt

= k+
2 [C4H8Z]� k�2 [C4H8] [H2] ; (17)

where k+
1 = 1, k+

2 = 2, and k+
3 = 1, k+

4 = 0:5 (for the
second route).

The �rst slowest eigenvector, which is delivered
from the Jacobean matrix of System (17), is evaluated
at the equilibrium point as follows:

vsl=
�
0:3407 0:0141 �0:0282 �0:42558 �0:8376

�
:

(18)

3. Model reduction method and analysis of
results

In the case where SQEM is taken as an initial ap-
proximation, an n-dimensional slowest left-side eigen-
vector, which provides information about the reduced
descripted variable �, is required. System (17) takes
the following form:

nX
i=1

htj ; �ii �i = � (tj ;rG(c)) ; 8 j = 1;

nX
i=1

�2
i = "; " = 0:005; (19)

where �i is the basis of a molecular matrix. The matrix
E will take the following form:

E =
�
�si
M

�
; (20)

with the vector t spanning ker(E).
Thus, by starting from the equilibrium points and

proceeding to the next nodal point (left and right)
with shift vector cn+1 = cn + �cn, the following initial
curves can be obtained for single-route and multi-route
reaction mechanisms.

The objective here is to observe the behavior
of the reduced chemical species in single- and
multi-route reaction mechanisms. In this regard, a
brief description of the single-route four-step reaction
mechanism is given.

3.1. Single-route reaction mechanism
For the right and left nodal points, c ~Bn+1>c ~Bn (Fig-
ure 4) and c ~Bn+1 < c ~Bn (Figure 5) are considered,
respectively, while Figure 6 combines both of the left
and right branches.

The solution behavior of reduced species close to
the equilibrium point is shown in Figure 7, while SQEM
initial approximation with their solution trajectories is
shown in Figure 8.

3.2. Multi-route mechanism
The behavior of reduced species in the �rst and second
routes is highlighted in Figures 9 and 10. The solution
trajectories of both reaction routes (in R2, R3 spaces)
are reported in Figures 11 and 12, respectively. The

Figure 4. Right branch of the initial approximation
starting from equilibrium point.

Figure 5. Initial approximation in the backward
direction (left branch) from the equilibrium point.
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Figure 6. Initial approximation (both left and right
directions).

Figure 7. The individual trajectories in phase plane
[A C] for four-step reaction mechanism.

Figure 8. Initial approximation of four-step mechanism
and solution trajectories.

Figure 9. Initial approximation of the �rst reaction route
(Route-1).

Figure 10. Initial approximation of the second reaction
route obtained by Spectral Quasi Equilibrium Manifold
(SQEM) technique (Route-2).

Figure 11. Solution trajectories on phase plane [C4H10,
H2] for the �rst route of multi-route mechanism, and
initial approximation along with solution trajectories.
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Figure 12. Solution trajectories and initial
approximation in the 3D space [C4H10, H2, Z] for the
second route of multi-route mechanism.

Figure 13. Comparison of reaction routes in terms of
initial approximations.

process is completed as soon as complex nodes are
obtained.

3.3. Reaction route comparison with respect to
Slow Invariant Manifold (SIM)

At this stage, the initial approximation (SIM) obtained
through both of reaction routes is compared. While
the �rst route was on a plane, the second route was
in space. As shown in Figure 13, the solution curves
(R2, R3) were obtained at the equilibrium points and
were compared in terms of their solution trajectories,
as evident in Figure 14.

The numerical values of the reduced species of
both reaction routes are described in Table 1.

4. Conclusion

The following outcomes were achieved in this study:

� Adoption of di�erent available completion routes
(cyclic paths, Figure 2) in any complex chemical
reactions allows removing the sti�ness of a complex

Table 1. Initially approximated node points of the 1st
and 2nd routes of reaction mechanism.

Reaction
routes

First reaction
route

Second reaction
route

Serial no. C4H10 H2 C4H10 H2 Z

1 0.3375 0.5625 0.3883 0.1621 0.1871
2 0.3777 0.5223 0.4159 0.2210 0.1886
3 0.4183 0.1817 0.4438 0.2806 0.1916
4 0.4590 0.4410 0.4717 0.3403 0.1948
5 0.5 0.4 0.5 0.4 0.2
6 0.5410 0.3590 0.5283 0.4597 0.2052
7 0.5825 0.3175 0.5570 0.5192 0.2130
8 0.6244 0.2756 0.5860 0.5787 0.2230
9 0.6671 0.2329 0.6158 0.6379 0.2376
10 0.7104 0.1896 0.0946 0.0916 0.0940

Figure 14. Comparison of reaction routes in terms of
slow invariant manifold and behavior of chemical species
close to their equilibrium point.

chemical problem. Otherwise, due to di�erent tran-
sition periods, sti�ness may remain in the prevailing
equations of the system;

� Comparison of di�erent available methods allows
distinguishing the best one;

� Graphical representation of the results clears the
idea of Slow Invariant Manifold (SIM).
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