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Abstract. The present study analyzes the optimal price and quality decisions of a retailer
for its di�erent stores in a heterogeneous market. The consumers are also assumed to
be heterogeneous in terms of their willingness to pay for quality who are non-uniformly
distributed in the market. This type of heterogeneity which is identi�ed based on income
disparity can have important implications for a retailer's optimal policy. The main objective
of this study is to determine how the distribution of di�erent types of consumers in the
market and how their travel costs a�ect the optimal setting of price and quality levels among
di�erent stores of a retailer. According to the �ndings of this study, the geographical
disparity of willingness to pay plays a signi�cant role in di�erentiation and targeting
strategy of a retailer. Furthermore, a comparative analysis revealed that the widely adopted
assumption of uniform distribution of consumers in the literature would lead to non-optimal
decisions in which the distribution of consumers is non-uniform in a real-world situation.

© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

Pricing and quality decisions are two strategic tools
for retailers to di�erentiate themselves in a competitive
market environment or to satisfy the needs of heteroge-
neous consumers. Today, retailers in di�erent sectors
such as food, grocery, merchandise or apparel adapt
their stores' format to market conditions and charac-
teristics. For example, some traditional supermarkets
such as Kroger are operating with multiple price and
quality levels. Kroger Inc. covers multiple brands of
stores such as Fresh Fare, Kroger, and Food4Less that
are operating as high-end stores, traditional supermar-
ket, and price-impact warehouse store, respectively [1].
Other retailers di�erentiate their stores by introducing
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an o�-price format. For instance, in the high fashion
specialty sector, Nordstrom and Saks Fifth Avenue
have introduced Nordstrom Rack and Saks OFF 5th
as their discount stores [2]. However, apart from the
large discounts that these outlet-type formats o�er, the
quality of these products may slightly di�er from the
ones in full-price stores. Generally, the products o�ered
in discount stores have lower quality than full-price
stores and they are procured from di�erent suppliers
[3,4]. Apparel manufacturers usually di�erentiate their
retail and outlet stores through price, variety, and
quality level. Retailers also try to match their price
strategy with the neighborhood they are operating in.
For example, some drugstore chains like Walgreens
often charge di�erent prices for the same products in
stores located in di�erent places [5]. There is also
evidence that sometimes Target stores charge dissimilar
prices in di�erent locations [6].

Based on the abovementioned examples, it can
be concluded that retailers can di�erentiate their
stores at di�erent levels of quality and price. This
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strategy results from either competition pressure or
demographic characteristics of the market. Therefore,
one of the most important challenges a retailer (or a
�rm) must encounter is how to determine the image
of its stores operating in new markets; in other words,
what price and quality levels are better matched with
the consumers' needs and characteristics? Under what
conditions should the retailer open identical stores in
di�erent neighborhoods and when should the retailer
operate in di�erent store formats? These questions
gain strategic signi�cance for retailers since, as Gauri
et al. [7] stated, the competition of some retail sectors
is so �erce that considering an appropriate strategy can
ensure either long-term success or failure for a store.

This study takes into account a monopolistic
retailer who tends to set up stores in two adjacent
neighborhoods and determine the price and quality
levels of its stores in order to maximize the overall
pro�t. Consumers in the neighborhoods are heteroge-
neous in terms of not only their ideal location but also
their valuations for quality. As commonly observed
in the literature, consumers' willingness to pay can
be measured by income level [8], which is one of
the publicly available demographic data sets in any
neighborhood. More speci�cally, consumers can be
divided into two segments based on their valuations
for quality (or price sensitivity). While the high-
end segment cares more about the quality, the low-
end segment is more price sensitive. In this respect,
both uniform and non-uniform distributions of each
consumer's type in the market are considered. In
addition, it is shown how this heterogeneity in income
and location may a�ect the products' quality and
pricing decisions in each store. The proposed model
in this study might justify some of the store di�erences
across neighborhoods.

This study provides an analytical framework to
highlight the role of income disparity in the retailer's
decision. Given that income level is indicative of the
willingness to pay for quality, the analysis of its impact
on the optimal decision of a retailer is so critical. Sev-
eral studies have acknowledged that income inequality
has been rising in the economy [9,10]. Other studies
have also found a gradual spatial shift of lower-income
families from the central to suburb residential areas
in several US cities, thus resulting in neighborhood
income polarization [11,12]. Reardon and Bischo�
[13] reported that the percentage of American families
living in middle-class neighborhoods fell from 65%
in 1970 to 44% in 2009, and this split continued to
accelerate which led to residential isolation between
high- and low-income families. Gulati and Ray [9]
also remarked that this sizable spatial di�erence in the
income level caused a new challenge for educational
institutions and healthcare facilities owing to their need
for considering both location and income mix of people

upon entering a neighborhood and setting the price and
quality levels for their products and services.

Accordingly, the main objective of this paper
was to provide an analytic framework to answer the
following research questions: 1) How does a retailer's
decision on price and quality levels depend on the
distance of the stores or equivalently the travel cost
in the market? 2) What is the e�ect of non-uniform
distribution of consumers' type on the quality and
price levels? To this end, heterogeneous consumers
with di�erent degrees of willingness to pay for quality
and travel costs are taken into account. In addition,
Hotelling's modeling framework [14] is employed which
is fundamentally de�ned for showing the horizontal
di�erentiation in a market. Moreover, the impact of
geographical income inequality in the market was eval-
uated by comparing the retailer's decision in the cases
of assuming uniform and non-uniform distribution of
consumers' types throughout the market. Since the
income heterogeneity of consumers is an undeniable
fact at least in big cities, the results of this research can
help retailers to understand and consider neighborhood
heterogeneity in setting up the policies of their stores
in the market.

The rest of this paper is organized as follows.
Section 2 relates our study to the previous literature.
Section 3 introduces our model and basic assumptions.
Section 4 provides the analytical results for the model
under both uniform and non-uniform distribution of
consumers. Section 5 provides numerical results and
insights for the retailer's decision. Section 6 concludes
the study and o�ers some ideas for future research. All
proofs are included in the Appendix.

2. Related literature

The retailing and operations management literature
deals with pricing strategies in di�erent retail channels
(e.g., [15]) or store formats (e.g., [7]) under consumer's
various characteristics. The present study analyzes the
impact of considering setting up physical stores for
average quality of products along with the price level
decision in order to capture the heterogeneous market
tastes in an e�cient way. It has been established in the
retail marketing literature that di�erentiation among
retailers can be implemented by setting a distinct
format for the stores such as product ranges, atmo-
spherics, and price format [7]. Quality-di�erentiated
store formats or channels have been recently explored
in several studies. For example, Soysal and Krishna-
murthi [16] empirically evaluated the impact of the
adoption of a retailer's factory outlet channel on the
customers' spending in the traditional retail stores.
They found that the retailer could induce customer
segmentation through self-selection when the channels
were di�erentiated at price and quality levels. In
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another empirical study, Ngwe [17] found that when a
retailer captured consumers' di�erences through both
regular and outlet stores, it consequently increased its
pro�t through consumers' self-selection. Among the
few analytical researches in this �eld, Li et al. [18]
investigated the strategy of a manufacturer in open-
ing an outlet channel with the consideration of the
impact of outlet sales on the manufacturer's brand
awareness. In this study, a model that could capture
the demographic characteristics and their impact on
a retailers' store-level decision was proposed. Previ-
ous research has established a number of empirical
links among the demographic variables such as income
levels on the consumer's store choice [19,20]. The
environmental characteristics in terms of demographics
and competition provide incentives for the retailers to
operate under di�erent store formats and commercial
names [20{22]. However, the previous literature has
not analytically considered non-uniform heterogeneity
in the consumers' willingness to pay (as a result of
income disparity) at the price and quality levels of a
retailer in the horizontal di�erentiation models.

To capture the demographic di�erences across
neighborhoods, the framework of spatial di�erentiation
models was employed. Of note, the proposed approach
di�ers from that of economics studies that directly
model the e�ect of income disparity on the competition
between �rms under homogeneous tastes (e.g., [23]).
More speci�cally, the proposed model in this study
pertains to the stream of literature that considers two-
dimensional consumers' heterogeneity while studying
the �rms' strategic decisions such as quality, price,
or location (e.g., [24{26]). These models consider a
market with consumers residing in di�erent places (or
have di�erent taste preferences) with di�erent degrees
of willingness to pay for quality. More recently, Her-
nandez [27] studied the impact of transportation cost
on the competitive price and quality of products for two
symmetric �rms. Shi et al. [28] took into account two-
dimensional heterogeneity to �nd the optimal quality
in di�erent channel structures and showed that the
type of consumer heterogeneity and its distribution in a
market could play a substantial role in determining how
a channel structure a�ected product quality. Among
these studies, those conducted by Desai [24] and Sedghi
et al. [29] were particularly related to our research.
Desai [24] studied a product-line design problem in
a market of two consumer segments with high and
low valuations for quality. These consumers are also
heterogeneous in their taste preferences. This study is
di�erent from the monopoly model o�ered by Desai [24]
who considered only the vertical di�erentiation for
the products and assumed a uniform distribution of
consumers over the Hotelling line. However, in this
study, a horizontal di�erentiation between the stores
(as they are in di�erent locations) and a non-uniform

income distribution in the market were considered. In
this sense, the proposed model in this study is similar
to that proposed by Sedghi et al. [29] owing to the dif-
ferent distribution of consumers in each segment. This
assumption changes the model analysis substantially
because the two dimensions of market heterogeneity
are not independent. The analysis carried out by
Sedghi et al. [29] is limited to one product, and the
focus is on the optimal price and location; however,
this study analyzes the impact of two-dimensional
heterogeneity on the price and quality levels of two
stores in exogenous locations.

Although two-dimensional models of market het-
erogeneity shed more light on the consumers' character-
istics as well as the nature of product di�erentiation,
they are considerably di�cult to solve [25]. Accord-
ingly, to make these problem more tractable, most of
the spatial models are restricted to one dimension of
heterogeneity or they consider simplifying assumptions
such as full market coverage or uniform distribution
of consumers. Without loss of generality, we assume
that these two stores are located at two extremes of
the linear market and consequently, the horizontal
di�erentiation is assumed to be exogenous in our
model. This assumption allows us to focus on the price
and quality levels of the two stores without enforcing
limiting assumptions on the distributions of consumers.

Another relevant stream of literature considers
the implications of non-uniformity of consumers' dis-
tribution in the spatial models. In the competitive
location models on a line, there are several papers that
relax the uniformity assumption [30{36]. The main
focus of these studies is put on the equilibrium location
in a Hotelling game with the objective of understanding
how the model outcomes change depending on di�erent
distributions of consumers. It turns out that this
assumption can substantially change the equilibrium
location in a competitive setting. Among recent studies
that have challenged the uniform assumptions, those
proposed by Guo and Lai [37], Sedghi et al. [29], and
Shi et al. [28] are more relevant to our study. Guo
and Lai [37] analyzed the location and price of brick-
and-mortar retailers in a market where non-uniformly-
distributed consumers could purchase the product from
an online retailer at the cost of a mismatch (for
example, a mismatch on size or color). In addition,
they considered a homogeneous product in terms of its
quality as well as a market consisting of consumers,
all with the same willingness to pay for that product.
Recently, Benassi et al. [38] proved the existence of a
sub-game perfect equilibrium in pure strategies for an
uncovered duopoly when the consumers' willingness to
pay followed a log-concave distribution. In their model,
only the vertical di�erentiation between forms were
taken into consideration. Sedghi et al. [29] explored
how a �rm would choose its location and price in a
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non-uniform market. Their analysis was conducted
based on a monopoly setting with two types of con-
sumers and a homogeneous product. Shi et al. [28]
selected a given location for a product (or �rm) and
analyzed the implications of non-uniform distribution
of consumers (or taste preferences) in a quality and
price setting. However, to obtain analytical results for
the non-uniform distribution, they considered only one-
dimensional heterogeneity.

3. Model

Consider a retailer that is about to set the strategic
quality and price levels for its stores in two adjacent
neighborhoods. The overall perceived quality of a store
can be measured by a variety and average quality of
products, sales assistants, store environment, and aux-
iliary services. The average price level and frequency of
promotions can project the price image of that store.

To investigate the conditions that a�ect the price
and quality levels of these two stores, a market where
consumers who are both vertically heterogeneous in
terms of their willingness to pay for product quality and
horizontally heterogeneous in terms of their ideal loca-
tion is considered. To follow the standard horizontal
di�erentiation literature [14], consider a retailer that
wants to open two stores i 2 f1; 2g in a market with a
continuum of consumers distributed along a horizontal
[0,1] line. The mass of consumers in the market is
normalized to one. Consumers visit any of these two
stores if they gain positive utility after considering the
quality, price, and cost of travel. We assume that the
location of stores is determined in advance and without
loss of generality, assume that stores 1 and 2 are located
at x = 0 and x = 1, respectively. This assumption is
widely used in the Hotelling framework (e.g., [39{41])
to provide geographical or horizontal di�erentiation
between the �rms and products. The retailer should
decide on the price and quality levels of both stores.
Let pi and qi denote the price and quality levels at
store i(i = 1; 2).

Consumers in the market are assumed to be
heterogeneous in two types of high-valuation con-
sumers (known as H-type) and low-valuation con-
sumers (known as L-type). The H-type consumers
exhibiting a higher degree of willingness to pay for
quality constitute 
 percent of the market, and the
remaining (1 � 
) percent are L-type consumers with
a lower quality valuation. A consumer of type j(j =
L;H) derives a utility of �jq from shopping at a store
with quality level q. In this study, the model of vertical
di�erentiation was proposed based on the fact that
low-income families were more sensitive to price and
promotions [8]. This segmentation scheme which is
based on the demographic data can be applied by
marketing managers. Moreover, one of the patterns

of segmentation in the literature is opportunity cost
of time. It is common in the literature to regard
the income level as a proxy for this measure and
assign a higher opportunity cost of time to consumers
with higher income (see [42]). Therefore, given the
concept of opportunity cost of time as well as the
framework presented in [24,41], we can assume that
the transportation (travel) cost of segment H is greater
than or equal to the travel cost of L-type consumers,
i.e., tH � tL.

According to the above framework, a consumer of
type j located at x takes the value of the net utility
U1(�j ; x) = �jq1� tjx� p1 for buying from store 1 and
takes the value of the net utility U2(�j ; x) = �jq2 �
tj(1�x)�p2 for buying from store 2. We normalize the
consumer's net utility derived from an online retailer to
zero.

In this study, �rst, a benchmark case of uniform
distribution of consumers in the market was provided.
This case determines the retailer's choice when the
population and income level of the two neighborhoods
are the same. Then, this widely adopted assumption
in the literature was challenged using a non-uniform
distribution for each consumer's segment. The non-
uniform assumption helps model the heterogeneity in
the consumers' willingness to pay across the neighbor-
hoods.

The objective of the retailer is to maximize its
overall pro�t from these two stores. The cost of
providing quality level q is assumed to be quadratic,
c(q) = 1

2q
2 (e.g., see [24,25]). Therefore, the pro�t of

the retailer is � =
P
i=1;2(pi�c(qi))(DiH +DiL) where

Dij is the demand of consumers of type j(j = L;H)
for store i(i = 1; 2). Let rij = maxf �jqi�pitj ; 0g be the
coverage radius of store i for the consumers of type j.
In other words, the customer of type j is willing to
travel at most the distance rij to shop at store i.

The following analysis emphasizes the case where
the H-type consumers are the more pro�table con-
sumers for the retailer to serve. This is the reason why
in the proposed model we set the reservation utility [see
43] of both segments was set to zero. Therefore, the
external options for both types of consumers become
similar which makes the H-type consumers more willing
to buy from the retailer. The analysis for the relative
attractiveness of L-type consumers can also be done in
an analogous way.

4. Optimal price and quality levels

In this section, the joint optimization of price and qual-
ity levels is analytically taken into consideration when
the retailer runs two stores in a heterogeneous market.

Depending on the relative values of unit travel
costs (also known as transportation costs) and marginal
valuations for qualities (�j;j = L;H), the retailer may
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Figure 1. Partial market coverage.

not �nd it optimal to serve all the consumers in a given
segment. Therefore, there are three possibilities for the
retailer in serving the consumers in a given segment:
full coverage (F); partial coverage (P), and no coverage
(N). Based on these possibilities, the following cases
appear:

� Case FF- The retailer fully covers both segments;

� Case FP- The retailer fully covers H-type segment,
but it only partially covers the L-type segment;

� Case FN- The retailer fully covers H-type segment,
but it does not serve any of the L-type segment;

� Case PF- The retailer fully covers L-type segment,
but it only partially covers H-type segment;

� Case PP- The retailer partially covers both seg-
ments;

� Case PN- The retailer partially covers H-type
segment, but it does not serve any of the L-type
segment.

Given that the H-type consumers are the most
attractive consumers to serve, we omit the cases where
the retailer does not serve the H-type consumers.

Figure 1 shows an example of the partial coverage
of both segments (Case PP). Note that in this case,
there are some consumers in the middle of the market
that purchase from none of these stores.

Since the market is characterized by two-
dimensional heterogeneity, its parameters can greatly
a�ect the retailer's decision. In this regard, the
necessity of these cases to obtain an optimal solution is
highlighted. First, the partial coverage of the market
was analyzed to obtain some analytical results and
insights. Then, the full market coverage was taken
into account to numerically show the impact of travel
cost on the optimal price and quality decisions. To
be speci�c, we are interested to see how the retailer's
decision changes under the non-uniform distribution of
consumers' income.

4.1. Partial market coverage
First assume that depending on the market conditions,
only Cases PP or PN are in order. These cases are
valid when the transportation costs are relatively high

and the retailer may not �nd it optimal to serve all
the consumers in any segment. To ensure that the
travel cost is high enough to support only partial
coverage of the market, it is required to check the
condition r1j + r2j � 1 . This condition is equivalent
to tj � �j(q1 +q2)�(p1 +p2). Hence, the optimal price
and quality levels of the stores, as well as the exact
conditions that ensure r1j+r2j � 1 can be obtained. In
the following assumption, a condition that guarantees
the partial coverage of the market is assumed.

Assumption 1. When the travel costs in the market
are so high that satisfy the following condition, the
retailer has no incentive to fully serve any segment of
the market:

tj � 2�j�H � �L2; j = L;H: (1)

To see more details of deriving this condition, refer to
Appendix A. The optimal price and quality decisions
for each store under two di�erent neighborhood con-
ditions is analyzed in this section. To this end, �rst,
consider the case of identical neighborhoods with two
segments and uniform distribution of consumers in the
market. In the second case, consider a non-uniform
distribution of consumers which illustrates the role of
income disparity across the two neighborhoods.

4.1.1. Uniform distribution
Assume that travel cost is so high that the two stores
cannot fully cover any market segment in the optimal
setting. In addition, suppose that consumers of each
type are uniformly distributed in the market, implying
that the two neighborhoods are identical in terms
of consumers' income level. The retailer needs to
decide on the price and quality levels for each store
to maximize its total pro�t. This decision depends
on the market conditions and it determines whether
both segments are served (Case PP) or just the high-
valuation segment is targeted (Case PN). It is of
signi�cance to determine whether the optimal decision
implies vertical di�erentiation between the stores or
only the horizontal di�erentiation can lead to an
optimal decision. According to these conditions under
the optimal solution, these two stores fail in complete
coverage of the market; therefore, these two stores
have no common coverage area and can act as local
monopolies. Consequently, in case the distributions of
types of consumers are uniform in the market, the price
and quality levels of both stores should be identical
under an optimal solution.

Of note, high horizontal di�erentiation between
the two stores prevents cannibalization, and the uni-
form distribution of consumers urges the retailer to set
up identical stores, indicating that under the uniform
distribution, the existence of di�erent income levels
does not encourage the retailer to vertically di�eren-
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Table 1. Optimal decision of the retailer under high travel costs where s = (
tL((1�
)tH+
tL)3)1=4�
tL
(1�
)tH

.

Condition Quality Price Segment Pro�t

�L � s�H �H 3
4q

2 H 
�H4

8tH

�L > s�H 
tL�H+(1�
)tH�L

tL+(1�
)tH

3
4q

2 H,L (
tL�H+(1�
)tH�L)4

8(
tL+(1�
)tH )3tLtH

tiate its stores. However, these identical stores can
either target only one type of consumers or serve both
types. In the following lemma, a condition is identi�ed
that encourages the retailer to serve both consumer
segments.

Lemma 1. When the consumers in each segment are
uniformly distributed in the market, and the travel cost
is high, the retailer targets both segments if and only if:

�L > �H(
(
tL((1� 
)tH + 
tL)3)1=4 � 
tL

(1� 
)tH
):

Lemma 1 indicates that when the willingness to
pay of the L-type consumers is relatively low, the
retailer prefers to set its price and quality to target only
the high-valuation segment. For the retailer to have
an incentive to target both segments, the willingness
to pay for the low-valuation segment should be higher
than the threshold. Determination of this threshold
requires complete knowledge of the two segments (i.e.,
willingness to pay, travel costs, and market size). Once
this information is available, the retailer can analyze
the market and set the target segments.

According to Lemma 1, if �L is lower than the
threshold, the retailer targets only the H-type con-
sumers. It further leads to the following optimization
problem (since the two stores are identical, the sub-
script i is dropped from the model):

max
p;q

�1 =
�
p� q2

2

�
2

�
�Hq � p
tH

�
: (2)

The optimal solution is given by the �rst-order condi-
tions as q� = �H and p� = 3

4�
2
H (the second derivative

test for this solution is provided in Appendix C).
Analogously, when the retailer targets both types

of consumers, the optimization problem of a store
located at x = 0 is as follows:

max
p;q

�2 =
�
p� q2

2

��


��Hq � p

tH

�
+(1� 
)(

�Lq � p
tL

)
�
; (3)

which results in q� = 
tL�H+(1�
)tH�L

tL+(1�
)tH and p� = 3

4q
2

(the second derivative test for this solution is provided
in Appendix C).

Based on a summary of the above solutions,
Table 1 presents the optimal decision of the retailer
and associated pro�ts. When the retailer targets both
types of consumers, it decreases the quality and price
levels of its stores. The optimal quality under targeting
both market segments is:

q� =

tL�H + (1� 
)tH�L

tL + (1� 
)tH

= ��H + (1� �)�L;

where:

� =

tL


tL + (1� 
)tH
:

This quality level is a convex combination of �L and
�H ; therefore, it is less than �H (the quality level when
targeting the H-type consumers only).

4.1.2. Non-uniform distribution
Now, consider a non-uniform distribution for the
consumers of each segment in order to model two
neighborhoods with di�erent populations and income
levels. In addition, assume that consumers of type
j(j = H;L) are distributed on the line according to
the density function fj(:). The distributions considered
in this section are analogous to those in the study of
Sedghi et al. [29] that provide a framework for modeling
polarized markets. To show the di�erences in the
neighborhoods, we assume that the consumers on the
right side of the market have higher average income
than those on the left side. To be more speci�c, the
following assumption on the distribution of consumers
should be taken into consideration.

Assumption 2. The distribution of consumers holds
the following conditions:

1. fH(x) is linearly increasing in x, while fL(x) is
linearly decreasing in x,

2. fL(x) � fH(x); 8x � 1
2 ;

3. fL(x) � fH(x); 8x � 1
2 :

This assumption is in line with the neighborhood
di�erences, indicating that in case the number of
consumers in both segments is equal, it is more likely
for a consumer on the left side of the market to be in the
L-type, and vice versa. Enabling us to make analyti-
cal comparisons, this assumption can also contribute
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to analyzing polarized neighborhoods, that is, the
types of consumers di�er in these two neighborhoods.
Moreover, Sedghi et al. [29] found that consideration
of linear distribution was a good approximation for
modeling these types of heterogeneities.

For ease of exposition, the optimal decisions
of the retailer under the uniform and non-uniform
distributions of consumers are denoted by superscripts
U and N , respectively. The optimization problem that
the retailer faces is as follows:

max
p1;q1;p2;q2

�N =
�
p1 � q2

1
2

��


Z r1H

0
fH(x)dx

+(1� 
)
Z r1L

0
fL(x)dx

�
+
�
p2 � q2

2
2

�
�


Z 1

1�r2H
fH(x)dx+ (1� 
)Z 1

1�r2L
fL(x)dx

�
: (4)

This section assumes a high transportation cost; there-
fore, the two stores can be considered as local mo-
nopolies. In the above optimization problem, one can
separate �N into two distinct functions for stores 1 and
2. To obtain the optimal quality and price levels for
store 1, the �rst-order conditions are as follows:

@�N

@p1
= 
FH(r1H) + (1� 
)FL(r1L)�

�
p1 � q2

1
2

�
�


tH
fH(r1H) +

1� 

tL

fL(r1L)
�

= 0; (5)

@�N

@q1
= �q(
FH(r1H)+(1�
)FL(r1L))+

�
p1 � q2

1
2

�
�

�H
tH

fH(r1H) +
(1� 
)�L

tL
fL(r1L)

�
= 0:

(6)

Eq. (6) results in:

q1 =
�
p1 � q2

1
2

� 
�H
tH fH(r1H) + (1�
)�L

tL fL(r1L)

FH(r1H) + (1� 
)FL(r1L)

: (7)

From Eq. (5), we derive:

p1 � q2
1
2

=

FH(r1H) + (1� 
)FL(r1L)


tH fH(r1H) + 1�


tL fL(r1L)
:

The left-hand side can be replaced for p1� q2
1
2 in Eq. (6)

to get:

qN1 =

�H
tH fH(r1H) + (1�
)�L

tL fL(r1L)


tH fH(r1H) + 1�


tL fL(r1L)
: (8)

pN1 is also given by replacing qN1 in Eq. (5):

pN1 =
q2
N
2

+

FH(r1H) + (1� 
)FL(r1L)


tH fH(r1H) + 1�


tL fL(r1L)
: (9)

As observed in Eqs. (8) and (9), it is not straightfor-
ward to obtain the closed-form solution for the optimal
price and quality. However, the optimal solution is a
root to these equations. Since these equations were
derived under a condition where the market coverage
for any segment was less than half, some insights were
obtained and elaborated in the following propositions.

Analogously, the optimal price and quality levels
for store 2 take the following form:

qN2 =

�H
tH fH(1� r2H) + (1�
)�L

tL fL(1� r2L)


tH fH(1� r2H) + 1�


tL fL(1� r2L)
; (10)

pN2 =
q2
N
2

+

FH(1� r2H) + (1� 
)FL(1� r2L)


tH fH(1� r2H) + 1�


tL fL(1� r2L)
:
(11)

As observed above, the optimization problem
resulted in di�erent quality and price levels in both
stores. This di�erence cannot be justi�ed by the
inequality at the income levels alone. In fact, the
non-uniform distribution of incomes (as a represen-
tative of willingness to pay) over the neighborhoods
plays the main role in obtaining di�erent price and
quality levels in the optimal solution. This kind of
heterogeneity encourages the retailer to operate at two
di�erent quality levels. This �nding partly explains the
vertical di�erentiation that the stores of a retailer have
in practice. For example, Kroger's Food4Less store
o�ers di�erent price and quality levels from the other
Kroger's store, Fresh Fare. The apparel manufactures
also set di�erent price and quality levels for their outlet
stores and those in the midtown.

It is interesting to see how the qualities di�er
from the case of uniform distribution. The following
proposition shows the comparison between the quality
levels.

Proposition 1. Under high travel costs, the optimal
quality level of stores when the consumers are uni-
formly distributed are identical, and there is a convex
combination of di�erentiated quality levels of the two
stores under non-uniform distribution of consumers,
i.e., qN1 � qU � qN2 :

According to this proposition, the non-uniform
distribution of the two market segments leads to lower
quality level for store 1, but higher quality level for
store 2. Strict inequality holds when the conditions
of the market encourage the retailer to target both
segments. The conditions for the retailer to partially
serve L-type consumers (Case PP) or not to target this
segment (Case PN) is expressed in the following lemma.
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Lemma 2. There exists a threshold for �L such that
in case �L is less than that threshold the retailer targets
only the H-type consumers.

This lemma is similar to Lemma 1 in the uniform
case. When the willingness to pay for low-valuation
segment is higher than a threshold, the retailer will set
up stores to target both types of consumers, with the
quality and price levels derived from Eqs. (8) to (11).

Proposition 2. Under the policy of targeting just the
high-valuation segment, it is optimal to o�er the same
quality level in both stores but charge a higher price at
store 2 than that at store 1, i.e., qN1 = qN2 = �H and
pN1 < pN2 .

This proposition helps understand one of the
reasons why retailers may charge di�erent prices for
the same product in di�erent areas. For example,
Walgreens drugstores sometimes o�er di�erent prices
in di�erent neighborhoods. Although this diversity in
price could result from several reasons such as compe-
tition or rent costs in those areas, as Proposition 2
suggests, the non-uniformity of the distribution of
consumers' willingness to pay can also encourage the
retailers to o�er heterogeneous price levels in stores
across di�erent neighborhoods.

4.2. Full market coverage
This section investigates the case of low transportation
(travel) cost in the market. This allows the retailer
to fully cover one or both segments in the optimal
setting. To write the optimization problem that the
retailer faces under full market coverage, the location
of a consumer of type j(j = L;H) who is indi�erent
about buying from either stores is determined:

�jq1 � tjxj � p1 = �jq2 � tj(1� xj)� p2

) xj =
1
2
� �j(q2 � q1)� (p2 � p1)

2tj
: (12)

Figure 2 shows an example of the full coverage of the
H-type consumers (Case FP) and position of xH in the
market.

The optimization problem of the retailer to obtain
the optimal policy on both quality and price for the

Figure 2. An example of optimal coverage under uniform
distribution of consumers.

Cases FP and FN is given in the following where
the retailer fully covers only the high-end segment.
The optimization problems for Cases FF and PF are
presented in Appendix C.

max
p1;q1;p2;q2

� = (p1 � c(q1))
�


Z xH

0
fH(x)dx

+(1� 
)
Z r1L

0
fL(x)dx

�
+ (p2 � c(q2))�



Z 1

xH
fH(x)dx+ (1� 
)

Z 1

1�r2L
fL(x)dx

�
;

(13)

s.t:

xH =
1
2
� �H(q2 � q1)� (p2 � p1)

2tH
; (14)

riL = max
�

0;
�Lqi � pi

tL

�
; i = 1; 2; (15)

�Hq1 � tHxH � p1 � 0; (16)

pi; qi � 0; i = 1; 2: (17)

In the Objective function (Eq. (13)), if the market
follows a uniform distribution of income levels, we have
fj(x) = 1; (j = L;H). Constraint (14) shows the
position of the indi�erent consumer. Constraint (15)
is the de�nition of coverage radius and it ensures that
the coverage is non-negative. These two constraints
clarify the optimization problem, and they can be
replaced in the objective function. Constraint (16)
states that the net utility of the H-type consumer who
is indi�erent about buying from either store should
be nonnegative. In fact, this constraint ensures that
the high-end segment is fully covered. The analysis
of the optimal solution depends on the values of riL
in Constraint (15) which shows the targeting policy of
the retailer in each of the stores. Since the parametric
analysis of these cases provides little insights for the
optimal solution, we numerically analyze the optimal
decision of the retailer in the next section.

5. Numerical results

This section provides several insights into the optimal
price and quality levels that the retailer sets for its
stores. We are especially interested in the impact of
travel cost on the retailer's decision. To be speci�c,
these questions are posed: How does the strategy of the
retailer di�er in the case of high and low transportation
costs? How does the distribution of consumers a�ect
this strategy?

To answer these questions, the optimal solution
of all cases that can emerge at di�erent levels of travel
cost should be taken into account. To simultaneously
show the e�ect of travel costs of both segments on the
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retailer's decision, assume that the travel cost in each
segment is proportional to the marginal willingness to
pay for quality in that segment. In other words, we
assume that tj = k�j (j = L;H). This assumption
allows altering the travel cost for both segments pro-
portionally while preserving the tH � tL assumption.
We call k the travel cost factor and show the e�ect of
this factor on the retailer's decisions. In the following
analysis, we set �H = 1, �L = 0:7, and 
 = 0:5.

5.1. Optimal price levels
5.1.1. Uniform distribution of consumers
First, assume that the consumers of each types are
uniformly distributed in the neighborhoods. Figure 3
illustrates how the optimal price of the retailer changes
with respect to the travel cost factor. Note that the
retailer uses di�erent pricing strategies depending on
the level of travel cost in the market. In addition, since
relatively high valuation for quality was assigned to
L-type consumers in this numerical study, according
to Lemma 1, Case PN did not emerge in the optimal
strategy of the retailer.

According to Figure 3, there are four strategies
that the retailer may choose. The discontinuity on the
price curves results from adopting a di�erent strategy
according to the range of travel cost factors. The nu-
merical results are interesting because given that con-
sumers are uniformly distributed in the neighborhoods,
one might conclude that the retailer has an incentive
to set up identical stores in the market. However,
according to Figure 3, this is not the case for all travel
cost levels. There are some ranges of the travel costs
in which the retailer prefers to di�erentiate between
its stores even in the case of uniform distribution of
di�erent types of consumers. One of the examples of
such a setting and its optimal coverage is illustrated in
Figure 2. In this case, the retailer applies di�erent
targeting strategies for its two stores. However, as
Figure 3 shows, high and low travel costs will encourage
the retailer to set up identical stores and follow a
similar targeting strategy in the stores.

Figure 3. Optimal price levels for the two stores of the
retailer with respect to travel costs under uniform
distribution of consumers.

In case the travel cost is low (k < 0:45), the
retailer fully serves all the H-type consumers and sets
high prices in the market (Case FN). In contrast to the
case of competition between retailers where the low
travel cost results in a Bertrand competition and re-
duces the prices, as the pricing in the two stores is regu-
lated by a single retailer here, the low travel cost results
in high identical prices for the two stores. With these
high prices, the retailer targets only H-type consumers.

When the travel cost is moderate in the market
(0:45 � k � 0:63), the retailer changes its strategy
to serve both types of consumers (Case FP). However,
whether the retailer di�erentiates between its stores or
just sets up identical stores, it might charge di�erent
prices. As observed in Figure 3, Case FP has two
di�erent parts. When 0:45 � k � 0:53, the retailer
fully covers all the H-type consumers, but di�erentiates
between its two stores. In that case, store 1 serves both
types of consumers, but store 2 targets only the high-
end segment. This situation is depicted in Figure 2.
However, when 0:53 < k � 0:63, the retailer targets
both consumers with identical stores. Therefore, it
reduces the price of store 2 to serve the low-end
consumers as well. In the case of identical stores, the
retail price is increasing in the market mainly because
the quality levels of the stores are also increasing.

Finally, when the travel cost is high enough
(k > 0:63), the retailer partially serves both types
of consumers. The analytic results for this case are
presented in Section 4.1.1. As the analysis in that
section suggests, the retailer opens up two identical
stores with high travel costs.

5.1.2. Non-uniform distribution of consumers
Now, assume that the consumers of each type are
non-uniformly distributed in the market. In addition,
assume that fH(x) = 2x and fL(x) = 2 � 2x.
While satisfying Assumption 2, these distributions also
approximately represent the income disparity observed
in large cities. Figure 4 illustrates the optimal pricing
strategy of the retailer.

Figure 4. Optimal price levels for the two stores of the
retailer with respect to travel costs under non-uniform
distribution of consumers.
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Note that in contrast to the uniform case, the
retailer di�erentiates between the stores, but the level
of di�erentiation depends on the travel cost in the
market.

When the travel cost is very low (k < 0:27), the
retailer targets only H-type consumers (Case FN) with
slightly di�erent prices. Moderate levels of travel cost
(0:27 � k � 0:55) make the retailer apply a higher
level of di�erentiation between its stores and target
both types of consumers (Case FP). In this case, while
store 1 targets both types of consumers, store 2 serves
only H-type consumers. Moreover, the price level of
store 1 is increasing with respect to the travel cost
factor. This happens because the quality level also
increases in the travel cost factor for that store.

When the travel cost is relatively high (k � 0:55),
each store can operate only in a limited local market.
Since the retailer cannot fully serve H-type consumers,
it reduces its price in store 2 to increase the coverage
radius for the high-end segment.

5.2. Comparison between uniform and
non-uniform markets

To see the e�ect of consumers' types distribution on the
optimal decision of the retailer, we compare the optimal
prices in Figures 3 and 4. Several insights emerge.
In case of uniform distribution, the travel cost factor
needs to be higher than non-uniform distribution case
in order to encourage the retailer to target the low-end
segment as well. Therefore, it can be concluded that
the income disparity in the neighborhoods is more in
favor of low-end segment in terms of having access to
the stores. However, as Figure 5(a) shows, the quality
that the L-type consumers receive is low. Moreover, in
the non-uniform market, store 1 generally o�ers lower
quality levels than the uniform setting, except for a
small range of travel costs (0:53 < k < 0:6). As shown
in Proposition 1, for high transportation costs, the
inequality qN1 < qU1 = qU2 < qN2 holds at the quality
levels. This disparity also encourages the retailer to
provide higher quality levels on the right side of the
market (Figure 5(b)). Another interesting observation

is that low travel cost would result in the same quality
level and targeting strategy under uniform and non-
uniform distributions of consumer types. Therefore,
when the unit travel cost across the market is lower
than the threshold, uniform distribution can be a
valid assumption even under disparity in consumers'
willingness to pay. However, for higher travel cost
in the market, uniform assumption is employed to
simplify the analysis, thus leading to the retailer's non-
e�cient decisions.

The maximum pro�t that the retailer earns in uni-
form and non-uniform markets is presented in Figure 6.
When the travel cost is relatively low, the retailer's
pro�ts are similar in the two settings; however, when
the travel cost gets relatively high, the retailer can gain
greater pro�t by di�erentiating the stores. The income
disparity in the market provides the retailer with
more opportunities for store di�erentiation without
facing the threat of cannibalization between its stores.
However, the quality di�erentiation is not always an
available option for retailers. Small retailers that
usually operate under one-brand name and format do
not have such a kind of 
exibility to change the quality
level of their stores due to the reputation they want to
set in the market. In that case, they need to consider
their stores' location in homogeneous neighborhoods.

Figure 6. Maximum pro�t of the retailer in uniform and
non-uniform markets.

Figure 5. Optimal quality level with respect to travel cost factor under uniform and non-uniform distributions of
consumer's types.



N. Sedghi and H. Shavandi/Scientia Iranica, Transactions E: Industrial Engineering 28 (2021) 3617{3633 3627

Table 2. Optimal price levels for the retailer's stores under uniform and non-uniform distributions of consumer types.


 = 0:3 
 = 0:5 
 = 0:7
�L pN1 pN2 pU1 pN1 pN2 pU1 pU2 pN1 pN2 pU1
0.2 0.70 0.80 0.75 0.70 0.80 0.75 0.75 0.70 0.80 0.75
0.3 0.70 0.80 0.75 0.70 0.80 0.75 0.75 0.70 0.80 0.75
0.4 0.70 0.80 0.75 0.70 0.80 0.75 0.75 0.70 0.80 0.75
0.5 0.22 0.81 0.75 0.70 0.80 0.75 0.75 0.70 0.80 0.75
0.6 0.30 0.82 0.75 0.34 0.82 0.75 0.75 0.70 0.80 0.75
0.7 0.41 0.82 0.40 0.45 0.82 0.49 0.79 0.51 0.82 0.75
0.8 0.53 0.80 0.52 0.56 0.81 0.57 0.57 0.60 0.81 0.65

Table 3. Optimal quality levels for the retailer's stores under uniform and non-uniform distributions of consumer types.


 = 0:3 
 = 0:5 
 = 0:7
�L qN1 qN2 qU1 qN1 qN2 qU1 qU2 qN1 qN2 qU1
0.2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.5 0.53 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.6 0.62 1.00 1.00 0.66 1.00 1.00 1.00 1.00 1.00 1.00
0.7 0.73 1.00 0.70 0.76 1.00 0.78 1.00 0.82 1.00 1.00
0.8 0.84 1.00 0.80 0.87 1.00 0.82 0.82 0.91 1.00 0.90

However, larger companies or retailers that operate
under di�erent names (like Kroger Inc.) can choose
among di�erent formats and store characteristics when
locating in di�erent neighborhoods to increase their
market share.

The numerical results were extended by exhibiting
the impact of variations in �L (marginal valuation
of L-type consumers) and 
 (percentage of H-type
population in the market) on the price and quality
levels of stores for both uniform and non-uniform
distributions of types of consumers. In this regard,
we set �H = 1, tL = 0:35, and tH = 0:5. Of note,
these levels of travel costs can be obtained by setting
k = 0:5 in the numerical results of Section 5 and they
lie in the range to encourage the retailer to fully serve
the H-types in the market. Therefore, both FN and FP
strategies were detected in the following results. They
were then compared in both uniform and non-uniform
cases. The optimal prices for di�erent levels of �L and

 are presented in Table 2. The proposed range for �L
is set to make a distinction between these two classes
meaningful. Since the price level in the uniform case
is identical for both stores, only one price is shown in
Table 2 when 
 = 0:3 and 
 = 0:7. For 
 = 0:5,
the retailer sets di�erent price levels in its stores and
this is consistent with the price given in Figure 3 for
k = 0:5. As observed in Table 2, at low levels of �L,
the retailer follows FN strategy because it does not
serve any consumer in the L-segment. When �L is

greater than the threshold level, the retailer changes its
strategy to FP and sets a low price in store 1 to serve
the L-type consumers too. This threshold increases
by 
 in the market, indicating that an increase in the
population of L-type consumers gives an incentive to
the retailer to serve this segment. Table 2 con�rms the
results from Figures 3 and 4 and shows that in some
markets, the price di�erentiation between the stores
of a retailer is quite di�erent in uniform and non-
uniform cases. Ignoring the distribution of consumer
types (or equivalently the income distribution in the
neighborhood) may result in the pro�t loss for the
retailer.

Table 3 shows the quality level of these stores at
di�erent levels of �L and 
. The results indicate that
in the non-uniform case, the retailer always sets the
highest quality level for store 2. However, the quality
level in store 1 depends on the threshold level for �L
that provides the retailer with an incentive to serve
the L-segment. For di�erent levels of 
, we have qN1 �
qU � qN2 .

Table 4 shows the maximum pro�t of the retailer
in the uniform and non-uniform markets. Since the
non-uniform distribution of incomes geographically
separates the H-type from L-type segments, it weakens
the cannibalization e�ect. Therefore, the higher pro�t
for the retailer under the nonuniform distribution of
incomes can be justi�ed by the retailer's ability to
di�erentiate its stores and expand its market without
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Table 4. Optimal pro�t of the retailer under uniform and non-uniform distributions of consumer types.


 = 0:3 
 = 0:5 
 = 0:7
�L �U �N �U �N �U �N

0.2 0.075 0.079 0.125 0.132 0.175 0.185
0.3 0.075 0.079 0.125 0.132 0.175 0.185
0.4 0.075 0.079 0.125 0.132 0.175 0.185
0.5 0.075 0.080 0.125 0.132 0.175 0.185
0.6 0.075 0.098 0.125 0.137 0.175 0.185
0.7 0.102 0.124 0.130 0.160 0.175 0.198
0.8 0.156 0.158 0.174 0.187 0.201 0.217

cannibalization threat. According to Table 4, nonuni-
form distribution in heterogeneous markets provides
potential pro�t for the retailers that are able to op-
erate under di�erent brand names and target di�erent
segments in the market.

6. Conclusion

The present study investigated the problem of setting
price and quality levels for the stores of a retailer in
two adjacent neighborhoods. Consumers in the market
were di�erent in terms of their willingness to pay for
quality as well as their location. Consumers were
segmented in two types based on their valuations for
quality (or price sensitivity). The high-end segment
cared more about the quality, while the low-end seg-
ment was more price sensitive. Both uniform and
non-uniform distributions of each consumer segment
in the market were taken into consideration. It was
also shown how this spatial heterogeneity in willingness
to pay, resulting from geographic income disparity,
could a�ect the retailer's decision. In this study, the
Hotelling's modeling framework was employed to derive
the demands of the stores in the spatial market.

The analysis in this study revealed that the
distance of the stores (or equivalently the travel cost)
played a key role in the retailer's decision on price
and quality levels o�ered in its stores. High travel
costs gave the retailer an incentive to di�erentiate
the stores when the two types of consumers were
non-uniformly distributed in the market. The spatial
income disparity that has been recently ampli�ed in
big cities gave the retailers the incentive to di�er-
entiate between their stores in terms of price and
quality levels. Therefore, non-uniform distribution of
incomes in neighborhoods could change the optimal
strategy in targeting a consumer segment that should
be considered by retailers upon entry in a new market.
This study also pointed out that failure to account
for neighborhoods heterogeneity would lead to non-
e�cient decisions on the quality and price levels among
the stores.

The competition between two retailers in such
markets can be an interesting subject for future re-
search to examine how the strategies of the retailers
at the quality and price levels vary under competition
with two types of customers with non-uniform distri-
bution in the market. This study assumed exogenous
locations for the stores. Another avenue for research
is the joint optimization of location, price, and quality
levels of stores in a heterogeneous, non-uniform market.
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Appendix A

Derivation of condition in Assumption 1

To derive the conditions for travel costs to ensure
partial market coverage, both uniform and non-uniform
distributions for consumers' types in the market were
considered. Partial coverage implies that the total
coverage by the two stores is less than the whole market
size for each consumer segment, i.e., r1j+r2j < 1. Since
the stores in the uniform distribution are identical, this
condition reduces to rj < 1=2, i.e., tj � 2(�jq � p).
Since q � �H and p � 3

4�
2
L (refer to Table 1):

(�jq � p) < 2(�j�H � 3
4
�2
L): (A.1)

Therefore, in the uniform case tj � 2(�j�H � 3
4�

2
L)

ensures that the market is partially covered. For the
non-uniform distribution, partial market coverage is
equivalent to r1j + r2j < 1, which results in �j(qN1 +
qN2 )�(pN1 +pN2 ) < tj . On the other hand, Proposition 2
implies that qN1 � qN2 and pN1 � pN2 . Therefore we have
the following condition:

�j(qN1 + qN2 )� (pN1 + pN2 ) � 2(�jqN2 � pN1 ): (A.2)

Eqs. (9) and (10) were used to con�rm that qN1 � �H
and pN1 � �2

L=2. Based on Eq. (10) we have:

qN2 =

�H
tH fH(1� r2H) + (1�
)�L

tL fL(1� r2L)


tH fH(1� r2H) + 1�


tL fL(1� r2L)

<

�H
tH fH(1� r2H) + (1�
)�H

tL fL(1� r2L)


tH fH(1� r2H) + 1�


tL fL(1� r2L)

= �H : (A.3)

To show that pN1 > �2
L=2, we should �rst prove that

qN1 > �L.

qN1 =

�H
tH fH(r1H) + (1�
)�L

tL fL(r1L)


tH fH(r1H) + 1�


tL fL(r1L)

>

�L
tH fH(r1H) + (1�
)�L

tL fL(r1L)


tH fH(r1H) + 1�


tL fL(r1L)
= �L: (A.4)

Base on Eq. (9) we have:

pN1 =
q2
N
2

+

FH(r1H) + (1� 
)FL(r1L)


tH fH(r1H) + 1�


tL fL(r1L)

>
q2
N
2
>
�2
L
2
: (A.5)

Inequalities (A.3) and (A.4) are employed to show that
the right side of Inequality (A.2), which provides a
lower bound for the travel costs (i.e., tj � 2�j�H �
�2
L), results in the partial market coverage under non-

uniform case. To use the same travel cost threshold
for the uniform and non-uniform distributions, consider
tj � 2�j�H � �2

L as the condition that ensures partial
market coverage under uniform and non-uniform dis-
tributions of consumers' types.

Appendix B

Proofs

Proof of lemma 1. We �rst obtain the retailer's
optimal pro�t when it targets only H-type consumers
(Case PN). Then, we compare it with the optimal pro�t
under partial coverage of both segments (Case PP) to
specify the threshold value for �L. In Case PN, as
proposed in Section 4.1.1, the retailer's optimization
problem is:

max
p;q

�1 = 2

�
p� q2

2

��
�Hq � p
tH

�
; (B.1)

which yields the optimal quality and price levels of q =
�H ; p = 3

4�
2
H .

When the retailer targets two segments (Case
PP), and the travel costs are high the retailer symmet-
ric store con�guration with the following optimization
can be measured by:

max
p;q

�2 = 2
�
p� q2

2

��


�
�Hq � p
tH

�
+(1� 
)(

�Lq � p
tL

)
�
; (B.2)

which results in q = 
tL�H+(1�
)tH�L

tL+(1�
)tH and p = 3

4q
2.

We then obtain the optimal pro�ts under Cases
PN and PP:

��1 =

�H4

8tH
; (B.3)

��2 =
(
tL�H + (1� 
)tH�L)4

8(
tL + (1� 
)tH)3tLtH
: (B.4)

Comparing Eqs. (B.3) and (B.4), we get ��1 � ��2 if and
only if:

�L � �H(
(
tL((1� 
)tH + 
tL)3)1=4 � 
tL

(1� 
)tH
):�
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Proof of Proposition 1. We �rst show that qN1 �
qU . Note that qU can be written as qU = ��H + (1 �
�)�L. Based on Eq. (8), we regard qN1 as a convex
combination of �H and �L. More speci�cally, qN1 =
�1�H + (1� �1)�L where:

�1 =


tH fH(r1H)



tH fH(r1H) + 1�


tL fL(r1L)
:

If �1 � � then qN1 � qU .

�1 � �()


tH fH(r1H)



tH fH(r1H) + 1�


tL fL(r1L)

�


tH



tH + 1�


tL

() fH(r1H) � fL(r1L): (B.5)

In case the travel costs are high enough, each store of
the retailer can only serve less than half of the market,
thus resulting in r1L < 1

2 and r1H < 1
2 . According to

Assumption 2, fH(r1H) � fL(r1L) based on which the
argument in Inequality (B.5) results in qN1 � qU .

The same proof can apply to qU2 � qN . In
an analogous way, we can write qN2 as a convex
combination of �L and �H , i.e., qN2 = �2�H+(1��2)�L
where:

�2 =

�H
tH fH(1� r2H)



tH fH(1� r2H) + 1�


tL fL(1� r2L)
:

In this case we show that �2 � �.

�2 � �()


tH fH(1� r2H)



tH fH(1� r2H) + 1�


tL fL(1� r2L)

�


tH



tH + 1�


tL

() fH(1� r2H) � fL(1� r2L):
(B.6)

According to Assumption 2, if r2L � r2H � 1
2 ,

fH(1 � r2H) � fL(1 � r2L). Since we assumed that
the market is partially covered, the coverage radius for
the upscale store should be lower than half. Therefore,
r2L � r2H � 1

2 which completes the proof.�

Proof of Lemma 2. Let us denote the pro�t of
the retailer under Cases PN and PP by �N1 (�L) and
�N2 (�L), respectively. To prove that a threshold �NL
exists so that �N1 (�L) � �N2 (�L); 8�L � �NL we use
the Bolzano's theorem. Under Case PN, we have:

max
p1;q1;p2;q2

�N1 = (p1 � c(q1))
�


Z r1H

0
fH(x)dx

�
+(p2�c(q2))

�


Z 1

1�r2H
fH(x)dx

�
:
(B.7)

Under Case PP, we have:

max
p1;q1;p2;q2

�N2 = (p1 � c(q1))
�


Z r1H

0
fH(x)dx

+(1� 
)
�Z r1L

0
fL(x)dx

��
+ (p2 � c(q2))

(

Z 1

1�r2H
fH(x)dx+ (1� 
)�Z 1

1�r2L
fL(x)dx)

�
: (B.8)

Note that �N1 is independent of �L because we assumed
that in Case PN, the retailer targets H-type consumers.
However, since �N2 denotes the pro�t under serving
both segments, it depends on the value of �L. We show
that �N2 is increasing in �L. By using the Envelope
Theorem, we have:

@�N2
@�L
j(pN1 ;pN2 ;qN1 ;qN2 ) = (pN1 � c(qN1 ))

(1� 
)
tL

fL(r1L)

+(pN2 � c(qN1 ))
(1� 
)
tL

fL(r2L) > 0: (B.9)

The above derivative is positive since pN1 � c(qN1 )
and pN2 � c(qN2 ) are positive in the optimal setting.
Therefore, we showed that @�N2

@�L > @�N1
@�L = 0. Moreover,

we know that �N1 (0) > �N2 (0) and �N1 (�H) < �N2 (�H).
In this setting, Bolzano's theorem implies that there
exists a �NL 2 (0; �H) such that �N2 (�NL ) = �N1 . Since
@�N2
@�L > 0, then for �L > �NL we have �N2 (�NL ) > �N1 .
Therefore, for �L > �NL the retailer can increase its
pro�t by targeting both segments.�

Proof of Proposition 2. Based on Lemma 2, when
�L is less than the threshold level �NL the retailer targets
only the H-type consumers. Under Case PN, we know
that the market is only partially covered, thus the
demand of the stores does not overlap. In this case,
the decision of each store can be made independently
of the other store. The pro�t function of the retailer
is:

�N =
�
p1 � q2

1
2

�


Z r1H

0
fH(x)dx

+
�
p2 � q2

2
2

�


Z 1

1�r2H
fH(x)dx: (B.10)

The derivation of the optimal solution is analo-
gous to the general case presented in Section 4.1.2.

@�N

@p1
= 
FH(r1H)�

�
p1 � q2

1
2

�


tH
fH(r1H) = 0:

(B.11)

@�N

@q1
= �q
FH(r1H) +

�
p1 � q2

1
2

�

�H
tH

fH(r1H) = 0:
(B.12)
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which results in:

qN1 = �H ; pN1 =
�2
H
2

+
tHFH(r1H)
fH(r1H)

: (B.13)

Solving the �rst-order conditions for store 2 is also
similar:

qN2 = �H ; pN2 =
�2
H
2

+
tH �FH(1� r2H)
fH(1� r2H)

: (B.14)

Based on Eqs. (B.13) and (B.14), it can be concluded
that qN1 = qN2 = �H . To compare the prices, assume
that fH(x) is increasing in x, thus we have FH(x) �
xfH(x) and �FH(x) � xfH(x), which results in:

FH(r1H)
fH(r1H)

� r1H ;
�FH(1� r1H)
fH(1� r2H)

� r2H : (B.15)

Now, suppose that pN1 � pN2 which leads to r1H � r2H .
According to Inequality (B.15), we have:

pN1 =
�2
H
2

+
tHFH(r1H)
fH(r1H)

� �2
H
2

+ �Hr1H

� �2
H
2

+ �Hr2H � �2
H
2

+
tH �FH(1� r2H)
fH(1� r2H)

= pN2 ;

which results in a contradiction. Therefore, pN1 < pN2 .�

Appendix C

Second partial derivative test

To check the optimality of the solutions obtained in
Section 4.1.1, Hessian matrix for function �1(p; q) is
used in the following:

H(p; q) =

 
@2�1
@p2

@2�1
@p@q

@2�1
@q2

@2�1
@q@p

!
)

H(p�; q�) =

 � 2

tH

2
�H
tH

2
�H
tH � 9
�2

H
4tH

!
: (C.1)

The determinant of H(p�; q�) is 
2�2
H

2t2H
which is posi-

tive. Since @2�1
@p2 is negative, the solution (p�; q�) =

( 3
4�

2
H ; �H) is a local maximum.

Hessian matrix for the �2 at the point:

(p�; q�) = (
3
4

(

tL�H + (1� 
)tH�L

tL + (1� 
)tH

)2;


tL�H + (1� 
)tH�L

tL + (1� 
)tH

)

is shown in Eq. (C.2):

H(p�; q�) = � 2

tH � 2(1�
)

tL
2
�HtL+2(1�
)�LtH

tLtH
2
�HtL+2(1�
)�LtH

tLtH � 9(
�HtL+(1�
)�LtH)2

4tHtL(
tL+(1�
)tH)

!
:

(C.2)

The determinant of Matrix (C.2) is:

jH(p�; q�)j = (
�HtL + (1� 
)�LtH)2

2(tLtH)2 : (C.3)

Since Eq. (C.3) is positive and @2�1
@p2 is negative, the

solution (p�; q�) is a local maximum.

Appendix D

Optimization problem under full market
coverage of low-end segment

This section proposes the mathematical model for
analyzing Cases F1 and F4 that also represents the
retailer's full market coverage of L-type consumers.
Based on Eq. (12), the location of an L-type consumer
who is indi�erent about buying from either store can
be determined. Therefore, the optimization problem
for Case F1 is:

max
p1;q1;p2;q2

� = (p1 � c(q1))
�


Z xH

0
fH(x)dx

+(1� 
)
Z xL

0
fL(x)dx

�
+ (p2 � c(q2))�



Z 1

xH
fH(x)dx+ (1� 
)

Z 1

xL
fL(x)dx

�
;

(D.1)

s.t:

xj =
1
2
� �j(q2 � q1)� (p2 � p1)

2tj
; j = L;H;

(D.2)

�jq1 � tjxj � p1 � 0; j = L;H; (D.3)

pi; qi � 0; i = 1; 2: (D.4)

The optimization problem under Case F4 (full coverage
of the low-end segment and partial coverage of the high-
end segment) is as follows:

max
p1;q1;p2;q2

� = (p1 � c(q1))
�


Z r1H

0
fH(x)dx

+(1� 
)
Z xL

0
fL(x)dx

�
+ (p2 � c(q2))�



Z 1

1�r2H
fH(x)dx+(1�
)

Z 1

xL
fL(x)dx

�
;

(D.5)

s.t:
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xL =
1
2
� �L(q2 � q1)� (p2 � p1)

2tL
; (D.6)

riH = max
�

0;
�Hqi � pi

tH

�
; i = 1; 2; (D.7)

�Lq1 � tLxL � p1 � 0; (D.8)

pi; qi � 0; i = 1; 2: (D.9)

Biographies

Na�seh Sedghi is currently a PhD Candidate at
Sharif University of Technology, Tehran, Iran. She re-

ceived her BS and MS degrees in Industrial Engineering
from Sharif University of Technology in 2005 and 2008,
respectively. Her research lies at the intersection of op-
erations management, marketing, and economics with
the focus on product di�erentiation and heterogeneous
markets.

Hassan Shavandi is currently an Associate Professor
at Sharif University of Technology, Tehran, Iran. He
received his PhD in Industrial Engineering from Sharif
University of Technology in 2005. His research is
mainly in the area of pricing and revenue management
and applied operations research.




