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Abstract. Locational Marginal Pricing (LMP) is arguably the most e�ective and
commonly employed mechanism to provide the most reliable economic signal for market
participants. Meanwhile, nodal prices depend on active power losses and transmission
congestion which may be a�ected by harmonics pollution. In the conventional method,
power system and loads are assumed linear and nodal prices are obtained by results
of Optimal Power Flow (OPF) at the power frequency. Harmonics lead to skin e�ect
and greater loss. Further, harmonic owing in branches in a power network occupies
transmission capacity. For providing more accurate signals to market participants and
achieving more accurate nodal prices, harmonic e�ects on LMP are investigated and a
framework is developed for LMP calculation in a harmonic polluted power system. In this
framework, skin e�ect, losses, and congestion that can be arisen from harmonic pollution
are modeled in OPF and are considered in LMP calculation. The proposed concept
is implemented with 9-bus and 30-bus test systems, while nodal price changes are also
indicated.

© 2022 Sharif University of Technology. All rights reserved.

1. Introduction

Locational Marginal Pricing (LMP) is one of the most
commonly used tools employed in the electricity market
to determine nodal prices and provide economic signals
for market participants. LMP is de�ned as the cost
of supplying the next load increment at that bus.
Many of the well-known running power markets such as
PJM, NYISO, ISO-NE, CAISO, ERCOT, MISO, and
NEMCO have utilized LMP in their systems [1,2].
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Optimal Power Flow (OPF) results are sensitive
to the constraints of the branch ow and the way the
transmission losses are spotted in calculations [3].

Accurate values of each component of the price
are required to achieve the desired purpose of LMP
signals, i.e., e�cient dispatch and fruitful incentives.
Accordingly, consideration of the variations in the
system parameters for assessing changes in LMPs is
bene�cial to the bidding strategies of producers and
consumers [4].

A market framework for the practical implemen-
tation of lossy Financial Transmission Rights (FTRs)
was proposed in [5]. The lossy FTRs can be settled
directly according to LMPs without requiring any LMP
decomposition.

The lossy FTR mechanism was improved and
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upgraded through the introduction of lossy option
FTRs in [6].

In [7], a mathematical model was provided for
adding cost components of loss and power factor to
the transmission pricing.

In [8], current pricing was proposed as a method
to achieve nodal prices without marginal losses for
DC grids. The nodal prices without marginal losses
were derived by linearizing the quadratic OPF problem
only through �xing the voltage, instead of using Taylor
approximation.

Authors in [9] discussed the pricing of marginal
transmission network losses in the LMP. In this paper,
the traditional loss model was studied and a new model
was proposed. The proposed model achieved more
defendable and predictable market-clearing results by
introducing loss distribution factors to explicitly bal-
ance the consumed losses in the lossless DC power
system model.

In [4], a new model was presented to evaluate
harmonic losses in OPF and nodal pricing. The
presence of harmonic losses in the OPF problem was
expressed as particular resistive elements added to the
line impedance in this model. Also, the reactance
variations were assumed to be a multiplication of the
harmonic order. Skin e�ect and resistance changes
were not considered in the referenced study.

A new LMP policy for the distribution system
was presented in [10] with signi�cant penetration of
Distributed Generation (DG). Despite acknowledging
that signi�cant losses play an essential role in the
LMP calculation, the e�ect of losses due to network
imbalances and harmonic was considered.

The dynamic tari� concept was introduced in [11]
and based on the Distribution Locational Marginal
Pricing (DLMP) for solving congestion problems, ob-
tained by controlling the price values at di�erent
nodes. This analysis was extended in [12] to con-
sider intertemporal characteristics of the exible load.
A new quadratic programming-based approach was
presented in [13] to address the multiple solutions of
the decentralized aggregator optimization algorithm
utilized in [12].

A simple methodology was described in [14] based
on the analysis performed by the Hydro One in-house
Computer Program (PROCOSE) to calculate Trans-
mission Congestion Cost (TCC) for a given period
of time in dollars per unit time and LMP in dollars
per Megawatt-hour (MWh) at any selected bus in the
transmission system. Sensitivity studies for determin-
ing the e�ect of changes in the system parameters and
operating conditions on the LMPs can be carried out
using this methodology.

A congestion management approach taking the
demand elasticity into account was proposed in [15].
Meanwhile, the issue of harmonic losses is always dis-

puted in a deregulated power system. The rapid devel-
opment of the industries and energy supply technology
improvements are the main contributing factors of the
harmonic distortion [16]. Many industrial consumers
employing electronic devices such as reactive power
compensation devices and UPSs are the signi�cant fac-
tors of harmonic distortion in the distribution network
[17]. For example, Korea will develop the infrastructure
battery charging for electric vehicles that can increase
harmonic pollution [18]. Utility companies usually
install mitigation equipment to maintain the quality
of power supply. The cost of this installed equipment
must be recovered from the consumers who have caused
the power quality problem, i.e., harmonic distortion
[19].

In [20], a market-based framework was proposed
for central management of harmonic compensation
actions in Micro Grids (MGs). To this end, a distortion
power expected payment function (DEFP) was pro-
posed for each Active Power Filter (APF) representing
various imposed costs for participation in the Harmonic
Power Market (HPM).

With the development of power electronics tech-
nology, nonlinear loads acting as harmonic current
sources are increasing in power distribution systems
[21{25]. Harmonics cause reactance variations, skin
e�ect, heightened resistance of lines, and increased
line losses. Further, harmonics occupy the capacity
of the lines, which can cause changes in the power
market signals to inaccurate signals. Thus, these e�ects
should be considered in pricing, which were remained
neglected in the above-mentioned papers. In [4], only
harmonic loss and reactance variations were considered
in LMP, but skin e�ect and capacity occupation were
not included. The main focus of our work is incorporate
these e�ects in nodal pricing. To this end, these items
are modeled in a way that can be used in pricing
without altering the basic OPF equations.

The outline of this paper is as follows: In Section
2, the required formulations for LMP, OPF, and skin
e�ect are presented. The proposed algorithm for nodal
price calculation by considering harmonic is discussed
in Section 3, which is followed by two case studies in
Section 4. Section 5 concludes the paper.

2. Formulation

2.1. Locational Marginal Pricing (LMP)
The theoretical price of electricity at each node on the
network is a calculated shadow price; it is assumed that
the next increment of electric energy at a speci�c bus
and the hypothetical incremental cost to the system
that would result from the optimized dispatch of
available units establish the hypothetical production
cost of the hypothetical incremental demand.

LMP is the summation of the marginal cost
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of generation, congestion cost, and cost of marginal
losses [26]:

�n = �ref + �cong + �loss: (1)

Thus, LMP is a function of line congestion and
losses. As mentioned above, intensi�ed losses and line
capacity occupation are the e�ects of harmonics.

The LMPs can be computed by either AC Op-
timal Power Flow (ACOPF) or DC Optimal Power
Flow (DCOPF). The ACOPF model is more accurate
than the DCOPF model, but is prone to divergence.
Although the ACOPF form is complex, it has been
implemented by NYISO (New York International Sys-
tem Organization) and CAISO (California Independent
System Operator) [27{29].

2.2. Optimal Power Flow (OPF)
The combination of an objective function and the
power ow equations results in OPF. Most OPF vari-
ants are based on the classical formulation of Carpentie
[30] and Dommel and Tinney [31]. The classical formu-
lation is an extension of the classic economic dispatch.
The economic dispatch problem can be thought of as
maximizing the economic welfare of a power network
or minimizing the total cost of electricity generation
while meeting the system constraints.

The ultimate purpose is to optimize the total cost
of generation, with the classical form of the formulation
being as follows:

min
X
n2G

Cn(PGn ); (2)

s.t.:

Pn (V; �) = PGn � PLn 8n 2 N; (3)

Qn (V; �) = QGn �QLn 8n 2 N; (4)

PG;min
n � PGn � PG;max

n 8n 2 G; (5)

QG;min
n � QGn � QG;max

n 8n 2 G; (6)

V min
n � Vn � V max

n 8n 2 N; (7)

�min
n � �n � �max

n 8n 2 N; (8)

jLFkj � LFmax
k 8k 2 B: (9)

The generation cost function of the nth bus is illus-
trated as follows [32]:

Cn(PGn ) = an + bnPGn + cn(PGn )2$/h: (10)

2.3. Power system harmonic model
The method used in this paper is harmonic injections
replacement by current sources with the frequency of
the harmonic load [4].

Line impedance in the hth harmonic is expressed
as follows:

Zh = R+ jhX: (11)

All loads in the system are represented by resis-
tance parallel to inductors or capacitors given by the
following equation:

Gn =
Pn
V 2
n
; (12)

Yn = �Qn
V 2
n
: (13)

Basic load ow equations can be used to calculate
the harmonic voltages of the buses:

Ih = Yh �Vh: (14)

2.4. Skin e�ect
The skin e�ect causes the e�ective resistance of the
conductor to increase at higher frequencies where the
skin depth is smaller, thus reducing the e�ective cross-
section of the conductor. The skin e�ect results
from opposing eddy currents induced by the varying
magnetic �eld resulting from the alternating current.

The skin e�ect in a circular conductor was an-
alyzed by Ramo and Whinnery [33]. The skin e�ect
dominates the resistance by increasing frequency. Also,
the skin e�ect on the resistance of a circular conductor
is expressed as follows [34]:

�R =
Rac
Rdc

=
mr
2

"
ber(mr):bei0(mr)�bei(mr):ber0(mr)

(ber0(mr))2+(bei0(mr))2

#
:
(15)

ber(mr), bei(mr), ber0(mr), bei0(mr) are de�ned
as follows:

ber(mr) = 1� (mr)4

22 � 42 +
(mr)8

22 � 42 � 62 � 82 � � � � ;
(16)

bei(mr) =
(mr)4

22 � (mr)6

22 � 42 � 62 � � � � ; (17)

ber0(mr) =
d

d (mr)
ber(mr); (18)

bei0(mr) =
d

d (mr)
bei(mr); (19)

where m is as below:

m =
p
!�r�0�: (20)

� is the conductivity of the conductor and is calculated
as follows:
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Table 1. Corrections for skin e�ect in overhead lines [35].

Company Voltage (kV) Harmonic order Resistance

NGC 400, 275 (based on 0.4 sq.in. steel-
core al. conductors)

h � 4:21 R1

�
1 + 3:45h2

192+2:77h2

�
132 4:21 < h � 7:76 R1 (0:806 + 0:105h)

h > 7:76 R1

�
0:267 + 0:485

p
h
�

R1

�
1 + 0:6465h2

192+0:518h2

�
EDF 400, 225 h � 4 R1

�
1 + 3:45h2

192+2:77h2

�
4 < h < 8 R1

�
0:864� 0:024

p
h+ 0:105h

�
h > 8 R1

�
0:267 + 0:485

p
h
�

150, 90 R1

�
1 + 0:646h2

192+0:518h2

�
R1 is resistance of conductor at power frequency.

� =
1
�
: (21)

As an alternative to the above analysis, power
companies often use approximations to the skin e�ect
employing correction factors. Typical current correc-
tions utilized by the NGC (UK) and EDF (France) are
reported in Table 1 [35].

3. Proposed algorithm

Energy pricing has been performed by OPF at the
power frequency. Hence, harmonic e�ects are ignored
in the pricing. Harmonics e�ects, including skin e�ect,
resistance, and reactance elevation as well as occupa-
tion of the capacity of the lines should be embedded in
OPF calculation and pricing.

3.1. Lines' capacity occupation
The occupation of transmission capacity is modeled
with a decrease in the transmission capacity via har-
monic power ow. The division of the transmission
capacity of the lines into fundamental power ow and
harmonic power ow is given in Figure 1.

Thus, the transmission capacity of the line for
nodal pricing in the presence of harmonics can be
written as follows:

LFmax;new
k = LFmax

k � LFk;h: (22)

Figure 1. Line's transmission capacity division to
fundamental power ow and harmonic power ow.

Harmonic power owing can be written as follows:

LFk;h =
X
h=1

LFhk : (23)

3.2. Harmonic losses
Harmonic losses are modeled as additional resistance
which is in series with the actual resistance.

Losses caused by total actual and additional
resistances in each line in non-harmonic pollution are
equal to the losses arising from the actual resistance
under the harmonic pollution conditions. Thus, when
OPF is performed at the power frequency, harmonic
e�ects have been considered in the calculation:X
h=1

Rk;hI2
k;h = (Rk;1 +R0k)I2

1 ; (24)

X
h=1

Rk;hI2
k;h = Rnewk I2

1 ; (25)

Rnewk =

P
h=1

Rk;hI2
k;h

I2
k;1

; (26)

where Rk;h is the kth line resistance at the hth
harmonic skin e�ect obtained from Table 1.

Harmonic power ow facilitates calculating the
harmonic current owing on the kth line from bus i
to bus j:

Ik;h =
Vi;h � Vj;h

Zk;h
: (27)

3.3. Reactance changing
Harmonic reactance (Xh) in the hth harmonic is Xh =
hX. Thus, reactances are increased by the harmonic
order. Note that the equivalent reactance is calculated
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similar to calculating the equivalent resistance in the
presence of harmonic.

The e�ect of all harmonics on the kth line reac-
tance between bus i and j can be calculated as follows:

Zk =
Vi � Vj
Ik

; (28)

where Ik, Vi, and Vj represent the kth line current as
well as ith and jth bus voltages, respectively, and can
be calculated as follows:

Ik =
sX
h=1

I2
k;h; (29)

Vi =
sX
h=1

V 2
i;h: (30)

Then, the equivalent reactance of the kth line can
be calculated as:

Xnew
k =

q
Z2
k �Rnewk

2: (31)

Figure 2 indicates the owchart of calculating nodal
prices while considering the harmonic e�ects.

4. Case study

4.1. 9-bus system
A 9-bus system was given in [36]. The characteristics of
this system are shown in Tables 2 and 3, where R, X,
and B are the resistance, reactance, and susceptance,
respectively.

The marginal costs of generators are given by the
polynomial model as follows:

MC1 = 0:11P 2 + 5P + 150 $=MWh; (32)

MC2 = 0:085P 2 + 1:2P + 600 $=MWh; (33)

MC3 = 0:1225P 2 + P + 335 $=MWh: (34)

Five cases have been considered for investigating
the harmonic e�ect on local marginal pricing. These
cases including harmonic injections are listed in Ta-
ble 4.

Nodal prices by considering harmonic e�ects and
LMP deviations are shown in Table 5. LMP deviations
are also presented in Figure 3. As can be seen, these
deviations have signi�cant values that can result in the
generation of inaccurate signals for power markets such
as FTR. As can be seen in Table 6, these deviations
have occurred while the THD index of currents and
voltages have been less than 2.3% and 1.3%, respec-
tively, and below the limits set by the traditional IEEE-
519 standard [37].

Figure 2. Flowchart of calculating nodal prices by
considering harmonic e�ects.

4.2. 30-bus system
The 30-bus system given in [38] was tested by harmonic
injections, as outlined in Table 7. The deviation of
LMPs due to harmonic e�ects is illustrated in Figure 4.

As can be seen in Figure 4, the harmonics result in
nodal price variations. Nodal prices on both demand
and generation side are a�ected by harmonics. LMP
deviations at some busses such as 8, 25, 26, and 28 have
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Table 2. Characteristics of lines for the 9-bus system.

Line From bus To bus R (p.u.) X (p.u.) B (p.u.) MVA rating

1 1 4 0.02 0.0576 0 85

2 4 5 0.017 0.092 0.158 140

3 5 6 0.039 0.17 0.358 80

4 3 6 0.025 0.0586 0 120

5 6 7 0.0119 0.1008 0.209 150

6 7 8 0.0085 0.072 0.149 50

7 8 2 0.018 0.0625 0 180

8 8 9 0.032 0.161 0.306 95

9 9 4 0.01 0.085 0.176 100

Table 3. Characteristics of busses for the 9-bus system.

Bus Type PD (MW) QD (MVAr) V (p.u.)
1 ref 0 0 1
2 PV 0 0 1
3 PV 0 0 1
4 PQ 0 0 {
5 PQ 90 30 {
6 PQ 0 0 {
7 PQ 100 35 {
8 PQ 0 0 {
9 PQ 125 50 {

Table 4. Harmonic injections in four cases for the 9-bus system (%).

Case Case 1 Case 2 Case 3 Case 4 Case 5

Harmonic order 3 3 3 5 3 5 7 3 5 7 11

Bus

1 0 0 0 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0 0 0

3 0 0 0 0 0 0 0 0 0 0 0

4 0.5 1 1 0 1 0.5 0 2 0.5 0.5 0

5 0.4 0.8 0 0.5 2 0.8 0.2 1 0.8 0 0.8

6 0.8 0.8 2 0.5 1.5 0 1 2 1.5 0 0.2

7 0.6 1 1.5 0.8 1.5 1 0 0 2 1 0

8 0.8 0.6 0.8 0 1 0.8 0.5 0.5 1.5 0.2 1

9 0 1 1 0.8 0 1 1 1.5 1 0.8 0

been signi�cant, because of severe congestion occurring
at the lines ending at these busses. These signi�cant
deviations increase the FTR and the gap between total
generation revenue and total consumption cost. It is
suggested that consideration of the harmonic e�ects in
pricing and power market enhances the transmission
share value.

The contribution of harmonic e�ects is normally
neglected in other OPF calculation methods, while
Figure 4 shows that its e�ects on the calculations may
be considerable.

5. Conclusion

This paper aimed to investigate the harmonic e�ects
on nodal prices. The resistance, reactance, and
transmission capacities for each line were replaced for
calculating Locational Marginal Pricing (LMP) with
harmonics.

The results of simulations revealed the e�ects of
harmonics on LMPs and changes in the nodal price
values on the generation and demand side of the power
market, while harmonics were below the standard level.
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Table 5. New nodal prices by considering harmonic e�ects.

Bus 1 2 3 4 5 6 7 8 9

LMP ($/MWh) 23.6121 22.0659 29.9089 28.1364 30.0252 31.57 21 33.7358 22.9207 26.9443

Case 1 LMP' ($/MWh) 23.5640 22.1211 29.8733 28.6808 29.7986 31.4865 34.0925 22.9647 26.8707
Deviation ($/MWh) {0.0481 0.0552 {0.0356 0.5443 {0.2266 {0.0855 0.3568 0.0440 {0.0736

Case 2 LMP' ($/MWh) 23.5642 22.1171 29.8789 28.6813 29.8034 31.4928 34.1010 22.9604 26.8689
Deviation ($/MWh) {0.0479 0.0513 {0.0299 0.5449 {0.2218 {0.0793 0.3653 0.0398 {0.0754

Case 3 LMP' ($/MWh) 23.5642 22.1083 29.8921 28.6828 29.8167 31.5074 34.1216 22.9509 26.8647
Deviation ($/MWh) {0.0479 0.0424 {0.0167 0.5464 {0.2085 {0.0646 0.3858 0.0302 {0.0795

Case 4 LMP' ($/MWh) 23.5651 22.1099 29.8888 28.6701 29.8072 31.5037 34.1168 22.9527 26.8602
Deviation ($/MWh) {0.0470 0.0441 {0.0201 0.5337 {0.2180 {0.0684 0.3810 0.0320 {0.0841

Case 5 LMP' ($/MWh) 23.5648 22.0877 29.9220 28.6833 29.8396 31.5405 34.1627 22.9288 26.8564
Deviation ($/MWh) {0.0472 0.0219 0.0132 0.5469 {0.1856 {0.0316 0.4270 0.0081 {0.0878

Table 6. THD index of currents and voltages.

Case Case 1 Case 2 Case 3 Case 4 Case 5
THD THD(i) THD(v) THD(i) THD(v) THD(i) THD(v) THD(i) THD(v) THD(i) THD(v)

Bus

1 0.000 0.369 0.000 0.805 0.000 0.999 0.000 1.260 0.000 1.265
2 0.000 0.303 0.000 0.800 0.000 0.888 0.000 1.127 0.000 1.456
3 0.000 0.278 0.000 0.807 0.000 0.882 0.000 1.104 0.000 1.276
4 0.500 0.376 1.000 0.820 1.000 1.017 1.118 1.284 2.121 1.289
5 0.400 0.350 0.800 0.885 0.500 1.195 2.163 1.243 1.510 1.587
6 0.800 0.284 0.800 0.826 2.062 0.903 1.803 1.130 2.508 1.306
7 0.600 0.294 1.000 0.832 1.700 0.905 1.803 1.156 2.236 1.644
8 0.800 0.307 0.600 0.812 0.800 0.901 1.375 1.144 1.881 1.478
9 0.000 0.419 1.000 0.798 1.281 0.933 1.414 1.771 1.972 1.445

Figure 3. LMP deviation in the 9-bus system.

These deviations led to Financial Transmission Right
(FTR) alterations. The elevation of the total cost was
another e�ect of harmonics on the power systems.

Energy pricing was performed using optimal

Figure 4. LMP deviation in the 30-bus system.

power ow at power frequency, while harmonic e�ects
were ignored in pricing. Numerical results exhibited
the di�erence between Optimal Power Flow (OPF)
results with and without consideration of harmonics.
Consequently, capturing harmonics in the pricing pro-
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Table 7. Harmonic injections for the 30-bus system (%).

Bus 3rd harmonic 5th harmonic 7th harmonic 11th harmonic

1 0 0 0 0
2 0 0 0 0
3 1 0 0 0
4 1.5 2 0 0
5 1 0 0 0
6 0 0 0 0
7 0 0 2 0
8 0 1 0 0
9 0 1.5 0 1.7
10 0 0 0 0
11 0 0 1.5 0
12 2 0 0 0
13 0 0 0 0
14 0 1.7 0 1.2
15 0 0 0 0
16 0.8 0 0 0
17 1 0 1.5 0
18 0 0 0 1
19 0 0.8 0 0
20 0 0 0 0
21 0 0 0 0
22 0 0 2 0
23 1.7 0 0 1.5
24 0 0 0 0
25 0 2 0 0
26 0 0 0 0
27 0 0 1 0
28 2 0 0 2
29 0 1 0 0
30 0 0 0 0

cess helps the power market send and receive more
accurate signals and enhance the accuracy of power
market signals, which can culminate in better decision-
making.

Nomenclature

�ref The price at the slack bus
�cong Marginal congestion price
�loss Marginal congestion price
N Set of buses
B Set of branches
G Controllable generators located at a

subset G � N of the system buses
Cn(PGn ) nth bus generation cost function

PGn Injected active power at bus n

QGn Injected reactive power at bus n
Vn The nth bus voltage
�n The nth bus voltage angle
LFk The kth line ow
LFmax

k The kth line congestion
an; bn; cn Fuel cost coe�cients

PGn Injected active power at bus n
H Harmonic order
R Line resistance at power frequency
X Line reactance at power frequency
Gn Conductivity of load at the nth bus
Yn Admittance of load at the nth bus
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Ih Harmonic current vector for the hth
harmonic

Vh Harmonic voltage vector for the hth
harmonic

Yh Network admittance matrix for the hth
harmonic

Rdc Resistance of conductor when current
distribution is uniform

Rac Resistance of conductor when current
distribution is alternating sinusoidal

ber(:) Real part of the Bessel function of the
�rst kind and zero order

bei(:) Imaginary part of the Bessel function
of the �rst kind and zero order

ber0(:) Derivative of ber( . )
bei0(:) Derivative of bei( . )
r Conductor radius
� The conductivity of the conductor
� The resistivity of the conductor
LFmax;new

k Equivalent kth line transmission
capacity in the presence of harmonic

LFmax
k kth line transmission capacity at power

frequency
LFk;h Harmonic power owing in kth line

LFhk hth harmonic power owing in the kth
line

Rk;h kth line resistance at the hth harmonic
a�ected skin e�ect

Rkn;1 kth line resistance at power frequency

R0k Additional resistance series with actual
resistance for the kth line

Rnewk Equivalent resistance in presence of
harmonic for the kth line

Ik;h kth line current at the hth harmonic
frequency

Ik;1 kth line current at power frequency
Zk;h kth line impedance at the hth harmonic

frequency
Vi;h ith bus voltage at the hth harmonic

frequency
Zk kth line impedance
Ik kth line current
Vi ith bus voltages
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