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Abstract. Sheet piles are of general water-retaining structures. The rate of discharge
ow beneath sheet plies is an important parameter in the design of these structures. In this
study, Gene Expression Programming (GEP) as an arti�cial intelligence method is used for
developing a model to predict the discharge ow rate. The input parameters include the
sheet pile height, upstream head, and hydraulic conductivity anisotropy ratio. In order to
achieve better performance, the ow rate is normalized and selected as an output of the
model. A database including 1000 cases created from the Scaled Boundary Finite Element
Method (SBFEM) for the seepage beneath sheet plies is employed to develop the model.
The GEP-based model predictions are shown in reasonable agreement with the simulated
data, which indicates the e�ciency of the developed model. The results of the sensitivity
analysis indicate that the upstream head is the most inuential parameter in the discharge
ow rate beneath the sheet piles. Furthermore, the outputs of the parametric analysis
show the reasonable performance of the model in the prediction of normalized discharge
ow rate.

© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

Desirable safety of water-retaining structures has al-
ways been among the most primary concerns in civil
engineering. The discharge ow rate on the down-
stream side of a water-retaining structure as a seepage
output quantity plays a fundamental role in the safe
design of the structure. The stability of the water-
retaining structures can be endangered by high values
of the discharge ow. Sheet pile is has vital structures
installed in a ow region or under the foundation of
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a dam to reduce the values of downstream discharge
ow rate. The discharge ow rate is calculated using
seepage analysis. Similar to most of the problems in
geotechnical engineering, the seepage beneath sheet
pile follows a speci�c di�erential equation. Various
methods have been employed by researchers to solve
the seepage governing equation and therefore, compute
the ow rate discharge. Among the contributions, the
analytical and numerical methods have been performed
more broadly.

He [1] suggested a variational iteration method
with fractional derivatives as an analytical method to
solve the nonlinear seepage ow into porous media. Jie
et al. [2] handled a �nite di�erence method based on
boundary-�tted coordinate transformation to analyze
the steady-state seepage with a free surface of the
isotropic and homogeneous embanked dam. Fukuchi [3]
employed a so-called boundary polynomial interpo-
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lation �nite di�erence method to analyze the two-
and three-dimensional seepage problems. Bresciani
et al. [4] suggested two practical approaches that
rely on �nite volume method to �nd viable solutions
to groundwater ow problems through earth dams.
The methods enjoy the most bene�cial advantages of
adaptive and �xed mesh methods, combined. Ouria
et al. [5] employed a coupled �nite element method to
model the transient seepage ow beneath a concrete
dam. Kazemzadeh-Parsi and Daneshmand [6] exerted
a smoothed �xed grid �nite element method to ana-
lyze three-dimensional uncon�ned seepage of complex
geometries in heterogeneous and anisotropic porous
media. Ra�ezadeh and Ataie-Ashtiani [7] developed
a coded computer program based on the boundary
element method to analyze three-dimensional con�ned
seepage problems under dams. Jie et al. [8] simulated
the uncon�ned seepage problems using natural element
method. The node locations were arbitrary in this
meshless method and, therefore, the seepage problems
with a free surface could be properly analyzed. Zhang
et al. [9] exercised a method based on mesh-free
technique to analyze the free surface seepage problem
as a moving boundary problem. The moving Kriging
interpolation was used to create shape functions.

The analytical techniques have the potential to
provide an exact solution, while these methods cannot
straightly apply to the problems of complicated ge-
ometries and complex boundary conditions. However,
numerical methods provide approximate analyses that
enjoy high accuracy in dealing with more sophisticated
problems. The �nite di�erence, �nite volume, and
�nite element approaches are considered as mesh-
based methods required to discretize the whole problem
domains. The importance of this disadvantage becomes
more evident when one encounters a domain consisting
of singular points and sharp corners.

More recently, a newfound semi-analytical
method is called Scaled Boundary Finite Element
Method (SBFEM), which has been contrived by Song
and Wolf [10] to transcend the limits of the mentioned
approaches. The SBFEM is properly capable to solve
di�erent types of di�erential equations. The SBFEM
merges important merits of the �nite element and the
boundary element methods. Bazyar and Graili [11]
analyzed the con�ned seepage problems beneath the
dams and the sheet piles in steady-state conditions in
anisotropic media using SBFEM. In another part of
this study, uncon�ned ow problems with the unknown
free surface through the dam body were investigated.
Bazyar and Talebi [12] extended the SBFEM to analyze
the transient seepage problems in bounded and un-
con�ned domains. The proposed method was capable
of solving the heterogeneous and anisotropic porous
media with convenience. Johari and Heydari [13]
carried out reliability analysis of seepage in several

numerical problems through stochastic SBFEM. Su et
al. [14] utilized drainage substructure and nodal virtual
ux method to simulate drainage holes and analyze
complex seepage �elds.

Based on the advantages of the SBFEM, it seems
to be a practical method for analyzing the seepage
beneath sheet plies and determining the discharge
ow rate. Despite the e�ciency of the SBFEM in
obtaining the discharge ow rate, a separate analysis
is required to compute the discharge ow rate in every
single condition. Furthermore, the user must be fully
acquainted with the analysis procedure to analyze
the seepage problem beneath the sheet piles and,
subsequently, determine the discharge ow rate. For
these reasons, prediction models have been developed
to directly associate the quantities, e.g., discharge
ow rate, to e�ective parameters, hence obviating
unnecessary need for any analytical, numerical, or
laboratory methods to calculate the discharge ow
rate. Therefore, data-driven approaches, regression
methods, arti�cial intelligence, and other soft com-
puting techniques have recently drawn much attention
to generating prediction equations. Arti�cial Neu-
ral Networks (ANN) [15,16], Adaptive Neuro-Fuzzy
Inference System (ANFIS) [17,18], Ant Colony Op-
timization (ACO) [19], Evolutionary Polynomial Re-
gression (EPR) [20], Genetic Algorithm (GA) [21{23],
Genetic Programming (GP) [24{27], Genetic-Based
Neural Network (GBNN) [28,29], and Gene Expression
Programming (GEP) [30{32] can be mentioned as
the most conventional soft computing and heretofore
outstanding contributions in various civil engineering
problems.

Despite several types of research on predicting
the discharge ow rate beneath the sheet pile, limited
powerful numerical models such as the SBFEM have
been used for creating a database of GEP modeling.
In this research, using the advantages of SBFEM, the
database was created and veri�ed by the results of
the FEM analysis. The database of discharge ow
rate includes 1000 data for di�erent values of input
parameters such as sheet pile's height, upstream water
level, and hydraulic conductivity anisotropy ratio of the
material. Performance analysis was applied to �nd the
optimum parameters of the GEP model. Some di�erent
models based on various functions were obtained and
then, by comparing the relative errors of di�erent mod-
els, one of these models was selected as the proposed
one. Furthermore, the most e�ective input parameter
of the proposed model was determined.

2. Steady-state two-dimensional seepage

The seepage ow beneath water-retaining structures
constructs nonlinear streamlines for which Darcy's law
cannot be used directly. The steady-state seepage
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ow through porous media can be represented as
follows [33]:

r � [[k]rh] = 0; (1)

where r represents the di�erential operator; [k] and h
are the tensor of hydraulic conductivity and hydraulic
head, respectively.

Flow rate, exit gradient, and safety factor against
piping are important quantities that can be obtained
by analyzing the seepage ow problems.

3. The Scaled Boundary Finite-Element
Method (SBFEM)

The method is semianalytical and only needs dis-
cretization of the boundary of the problem. Unlike
the conventional Finite Element Method (FEM) which
limits the type of discretization to simplex shapes,
the SBFEM allows discretization with arbitrary sided
polygons subjected to a scaling center. This geometric
requirement can always be satis�ed by dividing the do-
main into subdomains [34]. To describe the domain of
the problem, the Cartesian coordinates are transformed
into SBFEM radial and circumferential coordinates
�, �. By using this method, the points located in
adjacency to sharp corners or singular points can be
modeled directly with high accuracy. This feature
can be utilized to model seepage beneath the sheet
piles by considering the center of subdomain generation
beneath the water-retaining structures. According to
the Galerkin's weighted residual method, the SBFEM
equation in terms of head function can be obtained as
follows [35]:
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jJ j is the determinant of the Jacobian matrix on the
boundary and can be expressed as follows:

jJ j = x(�)
@y(�)
@�

� y(�)
@x(�)
@�

: (8)

The Cauchy-Euler equation in Eq. (2) leads to a linear
eigenvalue problem as [36]:" �
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The sti�ness matrix is determined as follows:

[K] = [�21] [�11]�1 : (10)

The nodal heads on the boundary are determined using
the nodal head-ow rate relation, which is formulated
as follows:

fQg = [K]fhg: (11)

The nodal ow rates are obtained using Eq. (11) and
determined nodal heads. The total ow rate can
be computed by calculating the sum of downstream
boundary nodal ow rates. In order to achieve better
evaluation, the ow rate is calculated in the dimension-
less form as follows:

QNor. =
Q

�k�h
; (12)

where QNor. is a non-dimensional ow rate, �k is the
mean of conductivity, and �h is the di�erence between
the values of the head at upstream and downstream of
the dam.

4. Gene Expression Programming (GEP)

GEP, a fully-edged computer program to meet the
best-�tted models, is an evolved arti�cial intelligence
method and a recent GP development. GEP has
integrated the features of both GP and GA techniques
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along with introducing their unique advantages. Sim-
ilar to GA, GEP engenders programs of the codi�ed
linear individuals (chromosomes) with a �xed length.
The chromosomes are divaricated into nonlinear struc-
tures with varied sizes and shapes like the parse trees
of GP [37].

The procedure commences with random genera-
tion of chromosomes from a preliminary population.
Every single chromosome comprises variables (termi-
nal) and di�erent mathematical functions (e.g., +,
�, etc.). The chromosome expresses and converts
into computer programs. The generated programs are
implemented, the performance of which is evaluated
according to their desirable �tness function. Programs
with the best performance are selected. The next step
consists of a reproduction of new chromosomes through
the best-performing individual programs using genetic
operators including replication, mutation, inversion,
gene transposition, and recombination. If the cessation
conditions are met, the process can be terminated at
this step; otherwise, the process has to be repeated
until the termination criterion is met.

The chromosome comprises one or more genes.
Each gene possesses two types of information. The
�rst type represents the information used for creating
the overall GEP model, which is stored in the head
of the genes. The second type is the tail information
and contains only terminals. Genes can be connected
by linear functions. A presentation of a sample
chromosome is depicted in Figure 1. The chromosomes
are read from the left to the right direction and then,
top to bottom.

5. Model developing methodology

Since no database for sheet piles has been presented
in literature so far, the �rst step in this research is to
provide a database for developing models using GEP.
For this reason, the SBFEM as a robust semi-analytical
method was employed. As mentioned before, one of
the important advantages of this method is modeling

Figure 1. A sample chromosome.

the singular points directly with high accuracy. This
feature can be utilized to model seepage beneath the
sheet piles as a singular point. Figure 2 shows the
geometry and the boundary condition of the problem
domain, which is divided into non-uniform subdomains.
The sheet pile is considered in the middle of the
modeling. A 20.0 m by 40.0 m horizontal saturated
soil is modeled as the domain of the problem. The
domain is discretized into 450 triangle subdomains.
Each side of the subdomains is discretized by two
nodded linear elements. The scaling centers related to
corresponding subdomains are located exactly at the
geometry center. In terms of boundary conditions, the
base as well as left and right sides of the soil layer are
fully impermeable.

5.1. Veri�cation of the SBFEM model
In this section, a general example of seepage ow
beneath a sheet pile is presented to assess the e�ciency
of the SBFEM model. The preciseness and versatility
of the model are clari�ed based on the comparison
between the results of SBFEM with those of FEM. For
this purpose, another coded program based on FEM is
provided by the authors to verify the model's accuracy.
The domain discretization for both models is shown
in Figures 3 and 4. The domain is discretized into
450 subdomains and 3200 elements for SBFEM and
FEM, respectively. The contour of potential lines for
the results of SBFEM and FEM is demonstrated in
Figure 5. The �ndings indicate great compatibility
between the outcomes of SBFEM and FEM.

Moreover, for veri�cation, 10 simple ow rates of
the database related to di�erent scenarios are expressed
in Table 1. The results indicate great compatibil-
ity between the results of the dataset and those of
FEM.

5.2. Database
In this section, a general sheet pile is considered to
prepare a dataset of 1000 possible scenarios under
various boundary conditions. The geometry of the
sheet pile is portrayed in Figure 2. Three independent

Figure 2. The geometry of the model.
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Table 1. Ten simple values of the dataset.

Upstream
head
(H)

Sheet pile's
height
(D)

Hydraulic conductivity
anisotropy ratio

(K)

Normalized ow
rate (QNor.)
(SBFEM)

Normalized ow
rate (QNor.)

(FEM)

1 0.5 0.4 8.50E-06 8.52E-06

1 9.5 0.2 1.48E-06 1.49E-06

2 1.0 1.0 2.43E-05 2.44E-05

2 4.0 0.8 1.33E-05 1.34E-05

3 3.5 0.8 2.11E-05 2.12E-05

3 8.5 0.4 8.28E-06 8.29E-06

4 10.0 0.4 9.86E-06 9.88E-06

4 4.5 0.6 2.09E-05 2.11E-05

5 2.75 0.6 3.22E-05 3.24E-05

5 10.0 0.8 2.01E-05 2.03E-05

autonomous parameters that have the most inuence
on the seepage results are selected as the input termi-
nals. They include sheet pile's height, upstream water

Figure 3. Domain discretization of Scaled Boundary
Finite Element Method (SBFEM).

Figure 4. Domain discretization of Finite Element
Method (FEM).

level, and hydraulic conductivity anisotropy ratio of
deposit materials. The output terminal is considered a
normalized ow rate QNor.. Table 2 states the range of
parameters for the input and output terminals in this
research.

For the sake of brevity, a summary of the process
is expressed here. One thousand separate analyses
are conducted using SBFEM to cover all patterns for
di�erent values of the mentioned parameters. To this
end, a computer program based on SBFEM was coded

Figure 5. Contour of potential lines.

Table 2. Adopted range of parameters for developing
Gene Expression Programming (GEP) model.

Parameters Range

Input parameters

Sheet pile's height (D) 0.25{10 m

Upstream level (H) 1{5 m

Hydraulic conductivity

anisotropy ratio (ky=kx) (K)
0.2{1

Output parameter

Normalized ow rate QNor. 1.42E-6{8.54E-5
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in MATLAB by the authors. In each scenario, the
boundary of the domain is discretized into 450 subdo-
mains. Applying speci�c boundary conditions in every
single scenario and following the SBFEM procedure
produced a solution to the seepage problem beneath
the sheet pile. Finally, by using the proposed SBFEM
model, the normalized ow rate was computed. In
order to insert each component of the database at the
interval of [0,1], each component is normalized by the
max-min technique.

6. Performance analysis

In GEP, values for the model parameters such as num-
bers of chromosomes and genes and the gene's head size
have a signi�cant inuence on the �tness of the output
model. To �nd an optimum value for each of the model
parameters, one thousand generations were carried out
and the values of one of the model parameters varied,
whereas the values of the other parameters were kept
constant. For each generation, Mean Squared Errors
(MSE) in both training and testing sets were recorded
so that the values that would give the least MSE could
be identi�ed. Typical results of performance analysis
for developing a normalized ow rate model are shown
in Figures 6, 7, and 8. Figure 6 shows that the
model had the best performance when the number of
chromosomes was 30. This value corresponds to the
least MSE in the training sets. Figure 7 presents the
e�ect of some genes. It can be seen that the GEP model
performs best when the gene number is 3. Figure 8
demonstrates the inuence of gene's head size on the
performance of the model. The optimum relationship
for the normalized ow rate was developed based on
GEP parameters, as given in Table 3.

Figure 6. E�ect of the number of chromosomes on the
performance of the Gene Expression Programming (GEP)
model.

Figure 7. E�ect of gene number on the performance of
the Gene Expression Programming (GEP) model.

Figure 8. E�ect of head size on the performance of the
Gene Expression Programming (GEP) model.

7. Model development by GEP

In this research, GEP software, i.e., GeneXproTools
5.0 [38], was used for conducting symbolic regression
to �nd a relationship for a normalized ow rate. As
a rule, 80{85% of the database was employed to train
the GEM model, while the remaining dataset served to
test the proposed model. In this way, a total of 800
results of the SBFEM analysis were employed to train
the model (80%). Furthermore, the 200 remaining data
were utilized to test the model.

An optimum relationship was achieved by making
alterations to the programs such that minimum error
could be obtained compared with the actual database.
In this process, e�ciency was controlled using the
sum of absolute di�erences between the estimated and
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Table 3. The utilized Gene Expression Programming
(GEP) parameters for the normalized ow rate models.

Parameter Setting
General

Function set
+, �, �, =, p , X2,
X3, 3

p , 5
p , Inv, Not

Number of chromosomes 30
Head size 7
Number of genes 3
Linking function Addition
Enable complexity increase Disable

Fitness function

Fitness function type Root Mean Square
Error (RMSE)

With parsimony pressure Disable

Genetic operators
Mutation rate 0.00138
Inversion rate 0.00546
IS transposition rate 0.00546
RIS transposition rate 0.00546
One-point recombination rate 0.00277
Two-point recombination rate 0.00277
Gene recombination rate 0.00277
Gene transposition rate 0.00277

Numerical constant
Constant per gene 10
Data type Floating-point
Lower bound {10
Upper bound 10

Figure 9. Variation of error measured during training
and testing generations..

actual values of the normalized ow rate. Iterations
stopped when the error value did not decrease ex-
tremely for training and testing data. Figure 9 shows
the variations of the relative absolute error in training

and testing data while developing the best model for
the normalized ow rate. For training data, the error of
the model decreased from 4.12 in the �rst generation
to about 0.38 after 100,000 generations. To test the
data, the error decreased from 3.49 to about 0.38 for
the same number of generations.

GEP constructs Expression Trees (ETs) as the
relation between the inputs and outputs of the model.
As shown in Figure 10, the appropriate ET of the �nal
modeling contains three subtrees, namely ET1, ET2,
and ET3, which are linked to each other by \addition".

The illustrated ETs in Figure 10 are formulated
into Eq. (14) used for predicting all 800 and 200
normalized ow rates of the training and testing sets,
respectively. In addition, Eqs. (15) and (16) are
developed as given in Table 4. However, this equation
is selected as the proposed model in this study due to
the simplicity of Eq. (14) and the corresponding value
of R2 which was higher than that of others.

Figures 11 and 12 compare the predicted and
actual normalized ow rates for training and testing
data. There is a good correlation in these �gures
between the predictions via GEP modeling and the
actual data for both training and testing sets.

In these �gures, the square correlation coe�cient,
R2, is used to compare the results given by:

R2 = 1�
nP
i=1

(Ai � Pi)2

nP
i=1

�
Ai � �Ai

�2 ; (13)

where Ai and Pi are the actual and predicted output
values for the ith output, respectively, �Ai is the average
of the actual outputs, and n is the number of data
points.

8. Sensitivity analysis

A sensitivity analysis was performed to assess the
model response to the variation of input parameters.
To �gure out the inuence of each input parame-
ter on the normalized ow rate, the mean value of
the input parameter increased by approximately 20%,
while the values of the other input parameters were
kept constant. According to Table 5, the normalized
ow rate decreased with an increase in the height of
the sheet pile. Furthermore, this table reveals that
with an increase in the upstream head and hydraulic
conductivity anisotropy ratio, the normalized ow rate
increased. As observed, the upstream head plays a key
role in the normalized ow rate parameter.

9. Parametric analysis

In this section, a parametric analysis was carried out to
verify the proposed GEP model. The main objective of



652 A. Johari et al./Scientia Iranica, Transactions A: Civil Engineering 28 (2021) 645{655

Figure 10. Expression tree of the proposed model.

Table 4. The derived predicted models.

Models Functions R2 Equation
nos.

Proposed model = 15
q

1
K2�1:33 +

q
D + (H+K)2

4:53 �pD + 1 +, �, �, =, Sqrt, X2,
X3, 3

p , 5
p , Inv, Not 97.05 (14)

Model 2 =
� 0:4H+1:48

3:71

�0:25 (D(K �D))� (H+D)D
2:49K +D2 + 10�(0:69+3:26H) +, �, �, =, Sqrt, Exp,

Pow10, Inv, X2 96.71 (15)

Model 3 = log
�

3p
eK

3p0:34

log(10)

�
� D

2:17H + D
e
p
H

+, �, �, =, Sqrt, Exp,
Log, Ln, X2, X3, 3

p 96.63 (16)

Figure 11. Actual versus predicted normalized ow rate
values for training data, R2 = 0:966.

this study was to evaluate the e�ects of each parameter
on the normalized ow rate beneath the sheet pile.
Figures 13{15 show the predicted values for the
normalized ow rate as a function of each parameter,
while the others are kept constant. According to the

Figure 12. Actual versus predicted normalized ow rate
values for testing data, R2 = 0:971.

results from parametric analysis, as expected, the
normalized ow rate beneath the sheet pile increased
by increasing the upstream head and hydraulic
conductivity anisotropy ratio. Upon increasing the
height of the sheet pile, the normalized ow rate

Table 5. The change in normalized ow rate corresponding to change of input parameters.

Parameters Upstream head
(m)

Sheet pile height
(m)

Hydraulic conductivity
anisotropy ratio

Normalized ow rate 52.39% {6.70% 17.88%
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Figure 13. Parametric analysis of output model with
respect to sheet pile's height.

Figure 14. Parametric analysis of output model with
respect to the upstream head.

beneath the sheet pile decreased. Based on the slope
of the curves, it can be concluded that the upstream
head is the most e�ective parameter with respect to
the normalized ow rate beneath the sheet pile.

10. Conclusion

A model based on Gene Expression Programming
(GEP) was proposed to predict the normalized ow
rate beneath the sheet pile. The input model consisted
of upstream head, sheet-pile height, and hydraulic
conductivity anisotropy ratio. Since Scaled Boundary
Finite Element Method (SBFEM) enjoyed a signi�cant
advantage in directly modeling the singular points
with high accuracy, this method was utilized to model
seepage beneath the sheet piles as a singular point. A
database containing the results of 1000 SBFEM models

Figure 15. Parametric analysis of output model with
respect to hydraulic conductivity anisotropy ratio.

was employed to develop the model. The results from
the 800 SBFEM seepage model beneath the sheet pile
were used for training the model to determine the
normalized ow rate for di�erent input parameters.
Further, the model was tested using another database
containing the normalized ow rate of 200 obtained
from the SBFEM model. To �nd the optimum val-
ues for model parameters, performance analysis was
performed. One thousand generations were carried
out to �nd the model parameters. The optimum
relationship was obtained by making alterations to
achieve minimum error; in this process, the error value
did not signi�cantly decrease in the training and testing
data sets after 100000 generations.

The model prediction showed reasonable accuracy
for both training and testing data. A comparison
between the model prediction and actual data showed
a good performance in predicting the normalized ow
rate. The sensitivity analysis indicated that the
upstream head was the most inuential parameter in
the normalized ow rate. Furthermore, a parametric
analysis showed an acceptable trend for the normalized
ow rate with changing the input parameters of the
model. The authors suggest conducting the following
future researches for extension of the topic:

- Developing a prediction model for normalized ow
rate in free-surface ow problems with toe drain;

- Extending the prediction model for seepage problems
under the concrete dam;

- Assessing reliability of the developed model.
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