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Abstract. This paper presents Sub-transmission and Distribution Network Expansion
Planning (S&DNEP) including Distributed Generation (DG) and Distribution Automation
(DA) considering reliability indices. The objective function is to minimize investment,
operation, maintenance, and reliability costs subjected to AC power 
ow, system operation
and generation unit and DG limits, reliability, and distribution automation constraints
(including the constraints of protection devices and volt/VAr control mechanism). The
proposed model is a Mixed Integer Non-Linear Programming (MINLP) model, which is
hard to solve. For this reason, an MINLP problem is transformed into a Mixed Integer
Linear Programming (MILP) model. The validity of the proposed method is investigated
in the two synthetic test networks.

© 2022 Sharif University of Technology. All rights reserved.

1. Introduction

In recent years, the distribution network demand has
been increasing due to population growth and the
advent of new technologies. In this context, the
distribution network cannot meet the increasing load
placed on the system, resulting in voltage drop and
power loss as well as overloading of distribution lines,
as well [1,2]. This phenomenon reduces the reliability
and power quality of the distribution network [3,4].
Therefore, Distribution Network Expansion Planning
(DNEP) is required to consider the load increment
and enhancement of system power quality and reli-
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ability [5,6]. The DNEP challenges are to install a
new post, a distribution line, Distributed Generations
(DGs), and other alternative elements for distribution
networks. Accordingly, in DNEP, all the related costs
should be minimized while enhancing the power quality
and reliability of the system.

Di�erent research studies have explored the prob-
lem of DNEP. Naderi and Sei� [7] presented the optimal
power 
ow model of dynamic DNEP in the presence
of DGs with the objective of minimizing investment,
operation burden, and maintenance costs and em-
ployed Genetic Algorithm (GA) to solve the model.
According to Zou and Prakash [8], the DNEP with
DGs was modeled as a stochastic programming solved
by Particle Swarm Optimization (PSO) algorithm.
The uncertainty associated with loads and DGs was
included in DNEP, considering reliability index and
system operation limits [9]. The DNEP was formulated
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Table 1. Taxonomy of recent works.

Ref.
Expansion planning of Problem based on Considering Solving

methodSub-transmission
network

Distribution
network

Power

ow

Current

ow

Re DG DA

[7] X X X GA

[8] X X X PSO

[9] X X X X PSO

[10] X X X PSO

[11] X X X X X GA

[12] X X X MT-based MILP

[13] X X X MT-based MINLP

[14] X X MT-based MILP

[15] X X X MT-based MILP

[16] X X X TLBO

[17] X X X GA

[18] X X X MT-based MILP

[19] X X X X MT-based MILP
Proposed
method

X X X X X X MT-based MILP

Note: Re: Reliability; DG: Distributed Generation; DA: Distribution Automation; GA: Genetic Algorithm;

PSO: Particle Swarm Optimization algorithm; MT: Mathematic Technical;

TLBO: Teaching Learning-Based Optimization algorithm: MILP: Mixed Integer Linear Programming;

MINLP: Mixed Integer Non-Linear Programming.

as a multi-stage framework from the perspectives of
energy generation company in the form of the MINLP
problem, solved by PSO algorithm [10].

Heidari et al. [11] presented a multi-stage DNEP
with distribution automation devices; in this context,
distribution automation devices facilitate the improve-
ment of smart grid structures. Moreover, this study es-
timated the values of reliability indexes such as SAIDI
and SAIFI and �nally, employed genetic algorithm to
solve the problem, i.e., MINLP problem. As demon-
strated by Munoz-Delgado et al. [12], the optimal
placement of DGs was considered in the case of DENP
problem for minimizing the energy loss, increasing
investment, and reducing operation costs, in which the
non-linear equation of energy loss cost was converted
into a linear equation using conventional piecewise
linearization. AlKaabi et al. [13] presented the active
distribution network planning considering multi-DG
con�gurations. Also, short-term expansion planning
of radial electrical distribution systems was adopted
by Gonecalves et al. [14] and its base model was
given as a Mixed-Integer Liner Programming (MILP)
problem. Moreover, the sub-transmission expansion
planning was o�ered by Karimi and Haghifam in [15].

In [15], the reliability, environmental and higher power
quality were considered in multi-objective problems.
Moreover, the active distribution network expansion
planning considering storage systems was expressed by
Shen et al. and Xing et al. [16,17]. Moreover, the
reliability index was considered by Mu~noz-Delgado et
al. and Shivaie et al. in [18,19] for solving the problem
of distribution network expansion planning. Finally,
Table 1 shows taxonomy of the proposed methodologies
for the problem of sub-transmission and distribution
network expansion planning.

From Table 1, the main research gaps are given
as follows:

{ Many researches have not considered the impacts of
DNEP on the viability of sub-transmission networks.
It is possible that the variation of distribution
network structure gives rise to changes to the sub-
transmission network [20];

{ Studies have not considered equations of reliability
indexes in the proposed problem. In other words,
they solve the proposed problem �rstly and investi-
gate the reliability index;

{ Researchers use evolutionary algorithms for solv-
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ing the proposed problem. However, it is noted
that these methods are based on rule of random
phenomena. Since these methods function based
on the iteration method, the calculation time of
these methods is generally long. In addition, the
evolutionary algorithms perform based on stochastic
search and the global optimality of the solutions
cannot be guaranteed.

To cope with the above issues, this paper presents
the sub-transmission and distribution network expan-
sion planning that considers DGs and Distribution
Automation (DA) from the viewpoint of distribution
companies. It is noted that the DA includes protection
and volt/VAr control devices such as switches and
a capacitor bank as well as other power elements.
Hence, the distribution network is an active network.
Moreover, the reliability indices such as CID, CIF,
SAIDI, and SAIFI are considered as the constraints in
the proposed problem model. The objective function is
to minimize investment, operation, maintenance, and
reliability costs. Also, the AC power 
ow equations,
reliability constraints, system operation and generation
unit limits, DG equations, DA constraints, and radial
structure equations for distribution networks are the
constraints associated with the base problem. This
problem is the MINLP that requires long calculation
time and a locally optimal solution. Hence, this paper
uses an equivalent MILP model. Of note, the reactive
power term is not removed in the MILP model. The
main contributions of this study are summarized as
follows:

{ Sub-transmission and distribution network expan-
sion planning simultaneously;

{ Considering reliability indices as problem con-
straints;

{ Considering optimal placement of DGs and DA
devices;

{ Presenting an MILP model;
{ Contribution related to DA inclusion in DNEP.

The rest of the paper is organized as follows. Section 2
describes the problem model. Section 3 gives numerical
simulations. Section 4 presents the conclusions.

2. Problem model

In this section, the proposed problem model is pre-
sented. In this optimization problem, the investment,
operation, and reliability costs are minimized. Also,
the constraints of the proposed problem are AC power

ow equations, planning constraints, operation limits,
and reliability constraints. The main problem can
be written as in the following from the viewpoint of
distribution companies.

2.1. The main problem model
2.1.1. Objective function
The investment, operation, maintenance, and relia-
bility costs are included in the objective function as
follows:

Minimize Cost =
X
t2
t

invt + opt +mit + ret: (1)

where invt, opt, mit, and ret are calculated by Eqs. (2){
(5), as shown in Box I.

{ Investment Cost (IC): This term is presented in
Eq. (2) including two parts. The �rst part refers
to investment cost of the elements connected to two
buses such as line, station transformer, and protec-
tion device such as switches that are connected to
lines as series. The second part is related to the
investment cost of the elements connected to bus
such as DG and custom power device (capacitor, D-
STTCOM);

{ Operation Cost (OC): In this paper, the conven-
tional power plant and DG meet the demand energy
of loads. Hence, the operation cost that refers to fuel
cost of these elements is written in Eq. (3);

{ Maintenance Cost (MC): This term in Eq. (4)
includes two parts. The �rst part refers to the
maintenance cost of elements that are between two
buses, while the second part is related to those
connected to the bus;

{ Reliability Cost (RC): This term presented in Eq. (5)
consists of the costs of four reliability indices. Costs
of SAIDI and SAIFI are de�ned for power system,
while costs of CID and CIF are de�ned for each
network bus.

2.1.2. The constraints of elements connected between
two buses

In this paper, the lines, station transformer, and pro-
tection device connected to the line as series belong to
this group. Hence, the terms of CA;S and C0m;Am;Sm

are considered for the line with protection device or
station transformer costs. Finally, these constraints are
written as follows:

PLm(n;j);l;t =gm(n;j)(Vn;l;t)
2 � Vn;l;tVj;l;tn

gm(n;j) cos(�n;l;t � �j;l;t)

+bm(n;j) sin(�n;l;t � �j;l;t)
o
xm(n;j);t

8 (n; j); l; t;m = 0; A; S; (6)

QLm(n;j);l;t =� bm(n;j)(Vn;l;t)2 + Vn;l;tVj;l;tn
bm(n;j) cos(�n;l;t � �j;l;t)
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invt =
1

(1 + r)t�1

8><>:
Between two busesz }| {X

(n;j)2
An

xA(n;j);tC
A
(n;j);t +

X
(n;j)2
Sn

xS(n;j);tC
S
(n;j);t +

Connected to busz }| {X
n2
n

dgn;tCDGn;t +
X
n2
n

fn;tCFn;t

9>=>; ; (2)

opt =
8760

(1 + r)t�1

8<:X
l2
l

0@X
i2
g

Copi;l;tPGi;l;t +
X
n2
n

Copn;l;tPDGn;l;t

1A9=; ; (3)

mit =
1

(1 + r)t�1

8><>:
Between two busesz }| {X

(n;j)2
0
n

x0
(n;j);tC

0m
(n;j);t +

X
(n;j)2
An

xA(n;j);tC
Am
(n;j);t +

X
(n;j)2
Sn

xS(n;j);tC
Sm
(n;j);t

+

Connected to busz }| {X
n2
n

dgn;tCDGmn;t +
X
n2
n

fn;tCFmn;t

9>=>; ; (4)

ret =
1

(1 + r)t�1

8>><>>:
KSAIDI (SAIDI max � SAIDI t)xt;SAIDI +KSAIFI(SAIFI max � SAIFI t)xt;SAIDIFI

+
X
n2
n

(KCID(CID max � CID n;t)xn;t;CID +KCIF(CIF max � CIF n;t)xn;t;CIF)

9>>=>>; : (5)

Box I

�gm(n;j) sin(�n;l;t � �j;l;t)
o
xm(n;j);t

8 (n; j); l; t;m = 0; A; S; (7)�
PLm(n;j);l;t

�2
+
�
QLm(n;j);l;t

�2 6
�
SLm;max

(n;j)

�2

8 (n; j); l; t;m = 0; A; S; (8)

x0
(n;j);t + xS(n;j);t � 1 8 (n; j); t; (9)

xm(n;j);t � xm(n;j);t�1 8 (n; j); t;m = A;S: (10)

The active and reactive power 
ows of lines or station
transformer are formulated in Eqs. (6) and (7). The
limit of apparent power of lines or station transformer is
given in Relation (8). As demonstrated by Relation (9),
it is not possible to simultaneously have both existent
and replacement elements at the same time. It is noted
that if x = 1 at t, then it should be one in future years.
This statement is presented in Relation (10), which is
reiterated in the case of A and S indices.

2.1.3. DG constraints
In this paper, it is assumed that each bus includes
DG. Also, it is noted that the selection of DG de-
pends on investment, operation, and maintenance costs
and reliability index. Hence, di�erent variables of
DGs should be considered in investment, operation,

and maintenance costs equations and power balance
equations. Another constraint of DG is given in
Eq. (11) [21]:

(PDGn;l;t)
2 +

�
QDGn;l;t

�2 � dgn;t (SDG max
n )2

8 n; l; t: (11)

This equation presents the limit of apparent power of
DG. Of note, the binary variable of dg determines
whether or not the interested DG can be selected.
In other words, the DG is to be selected if dg = 1;
otherwise, the DG is not selected.

2.1.4. Distribution automation constraints
The distribution automation system includes protec-
tion element and custom power device. The protection
elements are on the lines or station transformer, and
the constraints are given in Relations (6){(10). Selec-
tion of a custom power device depends on investment
and maintenance costs and network and reliability
indices. Hence, the di�erent variables of the custom
power device should be presented in investment and
maintenance costs and power balance equations. An-
other constraint of customer power device is given in
Eq. (12) [22]:

QFn;l;t(6 or =)fn;t
q

(SF max
n )2 � (1� �n)SF max

n )2

8 n; l; t: (12)
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This equation indicates the reactive power limit of the
custom power device. It is noted that the binary
variable of f determines the selection of the custom
power device. In other words, the custom power
device will be selected if f = 1; otherwise, the custom
power device will not be selected. Also, the term
(1 � �n)SF max

n is considered as active power loss of
a custom power device.

2.1.5. Generating units limit
The limit of generation units is determined using
Relation (13):

(PGi;l;t)
2 +

�
QGi;l;t

�2 � (SGmax
i )2 8 i; l; t: (13)

2.1.6. Voltage limit
The voltage limit is obtained through Relation (14):

V min
n � Vn;l;t � V max

n 8 n; l; t: (14)

The maximum value of voltage is considered 1.05 per
unit, and the minimum values of voltage are 0.95
and 0.9 for transmission and distribution networks,
respectively.

2.1.7. Radial distribution network constraints
In general, the distribution network is considered as
radial. In radial distribution networks, the number of
buses is equal to that of lines + one. This statement is
given as follows:X
m=0;A;S

xm(n;j);t = N line
(n;j);t 8 (n; j); t; (15)

y(n;j);t � N line
(n;j);t�nmax

(n;j);ty(n;j);t 8 (n; j); t; (16)X
(n;j)2
n

AD(n;j)y(n;j);t = ND � 1 8 (n; j); t: (17)

In Eq. (15), the number of elements between buses n
and j is calculated. The number of elements is between
one and nmax; hence, y = 1. However, if the number
of elements is equal to zero, y = 0. Finally, the
radial distribution network constraint is presented in
Eq. (17). AD is equal to one if the element between
(n; j) belongs to the distribution network and is equal
to zero if the element between (n; j) belongs to the
transmission network.

The proposed model can be considered as the
model of meshed sub-transmission/distribution net-
work upon removing the radial distribution network
constraints, i.e., Eqs. (15) to (17).

2.1.8. Reliability constraints
The reliability constraints are as follows [23]:

�(n;j);t = �(n;j);h=1;tz(n;j);h=1;t

�
nmax

(n;j);tX
h=2

��(n;j);h;t(z(n;j);h;t � z(n;j);h�1;t)

8 (n; j); h; t; (18)

u(n;j);t =u(n;j);h=1;tz(n;j);h=1;t

�
nmax

(n;j);tX
h=2

�u(n;j);h;t(z(n;j);h;t � z(n;j);h�1;t)

8 (n; j); h; t; (19)

z(n;j);h;t =
hX
p=1

yA(n;j);p;t 8 (n; j); h; t; (20)

yA(n;j);p+1;t � yA(n;j);p;t 8 (n; j); p; t; (21)

yA(n;j);p;t �
tX

�=1

xA(n;j);l;� 8 (n; j); p; t; (22)

CIFn;t = S��(n;j);t 8 n; t; (23)

CIDn;t = S�u(n;j);t 8 n; t; (24)

SAIFIt =

P
n2'n

CIFn;t

total load number
8 t; (25)

SAIDIt =

P
n2'n

CIDn;t

total load number
8 t; (26)8<:CIDn;t � CID max(1� xn;t;CID)

CIDn;t � CID maxxn;t;CID

8 n; t;
(27)8<:CIFn;t � CIF max(1� xn;t;CIF)

CIFn;t � CIF maxxn;t;CIF

8 n; t;
(28)8<:SAIDIt � SAIDI max(1� xt;SAIDI)

SAIDIt � SAIDI maxxt;SAIDI

8 t;
(29)8<:SAIFIt � SAIFI max(1� xt;SAIFI)

SAIFIt � SAIFI maxxt;SAIFI

8 t;
(30)

Eqs. (18) and (19) calculate the failure rate and
equivalent interruption duration time, and Eq. (20)
shows the number of parallel circuits. Finally, the
reliability indices are obtained through Eqs. (23){(26)
and the limitation of reliability indices is expressed in
Eqs. (27){(30). It is noted that the binary variable
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of x is one if the reliability index is greater than its
maximum. For example, if CID is less (more) than
CID max, the cost of CID is (is not) zero. Therefore,
the binary variable of xCID based on Eq. (27) is zero
(one). The CID cost is (is not) removed in Eq. (5) based
on the value of x xCID. Finally, Relations (27){(30)
are used in this paper for obtaining di�erent x values.
Moreover, the elements of matrix S� are equal to one
if line (n; j) impacts on load bus n.

2.1.9. Power balance constraints
These constraints for active and reactive power balance
are presented in Eqs. (31) and (32). Also, the voltage
angle of the reference bus is expressed in Eq. (33):

PDGn;l;t +
X
i2
g

AGi;nPGi;l;t

+
X

m=0;A;S

X
(n;j)2
mn

ALm(n;j)PL
m
(n;j);l;t

= PDn;l;t 8 n; l; t; (31)

QDGn;l;t +QFn;l;t +
X
i2
g

AGi;nQGi;l;t

+
X

m=0;A;S

X
(n;j)2
mn

ALm(n;j)QL
m
(n;j);l;t

= QDn;l;t 8 n; l; t; (32)

�n;l;t = 0 8 n = ref; l; t: (33)

2.2. The MILP model
The optimization problem is Mixed Integer Non-Linear
Programming (MINLP) model. Also, this model is
non-convex due to Eqs. (6) and (7). Hence, it is
predicted that the problem is trapped at a locally
optimal point and also, the calculation speed of this
model is very low. Finally, it is possible that this
problem becomes infeasible for large networks with a
large number of elements, because the proposed prob-
lem is a special instance of a knapsack problem, which
is an NP-hard formulation [24,25]. Therefore, this
study presents the Mixed Integer Linear Programming
(MILP) model, which is equal to the main problem
model in terms of negligible error.

In the main problem model, Eqs. (6){(8), (5),
(11), (13), (18), and (19) are the mixed integer non-
linear. For linearization of Eqs. (6) and (7), the voltage
is considered to be close to 1 per unit, and the voltage
angle di�erence between two buses or across a line is
lower than 6 degrees. Hence, the voltage is expressed
as 1 + �V in which �V is much lower than 1 and
terms of �V 2 and �V � (�i � �j) are close to zero,
hence negligible. Finally, the linear Eqs. (6) and (7)
are given as follows [26,27]:

PLm(n;j);l;t =
n
gm(n;j) (�Vn;l;t ��Vj;l;t)

�bm(n;j) (�n;l;t � �j;l;t)
o
xm(n;j);t

8 (n; j); l; t;m = 0; A; S; (34)

QLm(n;j);l;t = �nbm(n;j) (�Vn;l;t ��Vj;l;t)

+gm(n;j) (�n;l;t � �j;l;t)
o
xm(n;j);t

8 (n; j); l; t;m = 0; A; S: (35)

Eqs. (34) and (35) still remain as mixed integer non-
linear due to multiplication between x and the right-
hand side of the mentioned equations. Based on these
equations, PL, QL 6= 0 if x = 1 and PL, QL = 0 if
x = 0. This statement can be written as follows:
�M(1� xm(n;j);t) � PLm(n;j);l;t

�ngm(n;j)(�Vn;l;t��Vj;l;t)�bm(n;j)(�n;l;t��j;l;t)
o

�M(1� xm(n;j);t)
8 (n; j); l; t;m = 0; A; S; (36)

�M(1� xm(n;j);t) � QLm(n;j);l;t
+
n
bm(n;j)(�Vn;l;t��Vj;l;t)+gm(n;j)(�n;l;t��j;l;t)

o
�M(1� xm(n;j);t)

8 (n; j); l; t;m = 0; A; S; (37)�
PLm(n;j);l;t

�2
+
�
QLm(n;j);l;t

�2�xm(n;j);t
�
SLm;max

(n;j)

�2

8 (n; j); l; t;m = 0; A; S: (38)

Based on Relations (36){(38), x = 1; thus, PL, QL 6=
0. However, PL, QL = 0 if x = 0. Relations (11),
(13), and (38) are circular inequalities. The linear
equations of these constraints based on [28] represent
Relations (39){(41):

PLm(n;j);l;t cos(k��) +QLm(n;j);l;t sin(k��)

�xm(n;j);tSLm;max
(n;j) 8 (n; j); l; t; k;m=0; A; S;

(39)

PDGn;l;t cos(k��) + QDGn;l;t sin(k��)

� dgn;tSDGmax
n 8 n; l; t; k; (40)

PGi;l;t cos(k��) +QGi;l;t sin(k��) � SGmax
i

8 i; l; t; k; (41)
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where �� is the angle deviation and k denotes the
index of linearization segments of the circular equation.
It is noted that �� is equal to 360=nk in which nk is
the number of linearization segments of the circular
equation, hence k = f1; 2; � � � ; nkg. In addition,
Eqs. (5), (18), and (19) include the multiplication
contiguous variable and binary variable. Linearization
of this equation is done through Eq. (42):

a� b = c 8 amin � a � amax;

b = 1; 2; 3; � � � ; n

()

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

b =
nX
i=1

i� xi 8 x 2 f0; 1g

c =
nX
i=1

i� zi 8 zi = a� xi

amin(1� xi) � zi � a � amax(1� xi)
aminx � zi � amaxx

(42)

Finally, the MILP model is demonstrated by Eqs. (43)
and (44):

min Cost =
X
t2
t

invt + opt +mit + ret: (43)

Subject to:

(2)� (4); (9); (10); (12); (14)� (17); (20)� (33);

(36); (37); (39)� (42): (44)

3. Numerical results and discussion

3.1. Case study
The proposed problem model was studied based on
a 6-bus transmission and sub-transmission network
(as depicted in Figure 1) and a 10-bus or two-feeder
radial distribution network (as depicted in Figure 2).
The data of transmission, sub-transmission, and
distribution networks are presented in Tables 2 to 5,
respectively. In these tables, n0 is equal to the number
of equipment items at the beginning of planning. There
is a transmission substation with 230/138 kV trans-
former, which is between rb1 and st3 buses. Also, the
distribution network connects to transmission network
with 138/13.8 kV transformer, which is between st2-
d17 buses.

Figure 1. Transmission and sub-transmission network.

Figure 2. Distribution network.

The energy price for generation unit and DGs is
considered to be 4.2 and 2.5 $/MW year, respectively.
Moreover, the generation units are connected to rb1,
st1, and st6 with capacities of 120, 5, and 60 MVA,
respectively. In addition, this study considers that DG
can be connected to d8 and d4 buses with capacities
of 2.4 and 4.8 MVA and investment costs of 0.04 and
0.08 M$, respectively. Also, it considers that there are
two �xed capacitor banks that can be connected to
d8 and d4 buses with capacities of 1.2 and 2.4 MVAr
and investment costs of 0.02 and 0.04 M$, respectively.
The maximum voltage is equal to 1.05 per unit, while
the minimum voltage for transmission and distribution
networks is 0.95 and 0.9 per unit, respectively.

The value of active load is presented in Table 6.
Also, this paper considers that the power factor is equal
to 0.85, which is the same for all loads. Moreover,
there are three levels for load in one year named low,
medium, and high levels. The load coe�cients at the
three levels are equal to 0.5, 0.75, and 1, respectively.
Moreover, the reliability factors including CID max,
CIF max, SAIDI max, and SAIFI max are equal to 4

Table 2. Transmission equipment's data.

From-to n0 R0

(pu)
X0

(pu)
Smax

(MVA)
nmax CA (M$)

t = 1 t = 2 t = 3 t = 1 t = 2 t = 3

rb1-st3 1 0 0.1 35 2 2 3 6 6.3 6.62
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Table 3. Sub-transmission network data.

From-to n0 R0

(pu)
X0

(pu)
Smax

(MVA)

nmax CA (M$)
Replacement

option
S = 1

Replacement
option
S = 2

t=1 t=2 t=3 t=1 t=2 t=3 Smax

(MVA)
CS

(M$)
Smax

(MVA)
CS

(M$)

st1-2 1 0.04 0.4 10 2 2 3 4 4.2 4.41

st1-4 1 0.06 0.6 8 2 2 3 6 6.3 6.62

st1-5 1 0.02 0.2 10 2 2 3 2 2.1 2.21

st2-3 1 0.01 0.1 10 16 0.6 20 1

st2-4 1 0.04 0.4 10 2 2 3 4 4.2 4.41

st2-6 0 0.01 0.1 10 4 4 5 3 3.15 3.31

st3-5 1 0.05 0.5 10 2 2 3 2 2.1 2.21

st4-6 0 0.01 0.1 10 2 2 3 3 3.15 3.31

Table 4. Sub-transmission/distribution substation equipment data.

From-to n0 R0

(pu)
X0

(pu)
Smax

(MVA)
nmax CA (M$)

t = 1 t = 2 t = 3 t = 1 t = 2 t = 3

st2-d17 1 0 0.2 16 2 2 3 0.6 0.63 0.662

Table 5. Distribution network data.

From To n0 R0

(10�4pu)
X0

(10�4pu)
Smax

(MVA)

nmax CA (M$)
Replacement

option
S = 1

Replacement
option
S = 2

t=1 t=2 t=3 t=1 t=2 t=3 Smax

(MVA)
CS

(M$)
Smax

(MVA)
CS

(M$)

d17 d5 1 21 15 12 2 2 3 0.13 0.137 0.144

d5 d1 1 42 32 6 9.6 0.027 12 0.045

d1 d2 1 42 32 6 2 2 3 0.09 0.095 0.1

d2 d3 1 42 32 6 2 2 3 0.09 0.095 0.1

d3 d4 1 42 32 6 2 2 3 0.09 0.095 0.1

d4 d8 0 42 32 6 2 2 3 0.09 0.095 0.1

d6 d6 1 42 32 6 9.6 0.027 12 0.045

d6 d7 0 42 32 6 2 2 3 0.094 0.099 0.104

d7 d8 0 42 32 6 2 2 3 0.096 0.101 0.106

Table 6. The value of active load in high level load.

Bus Active load (MW) Bus Active load (MW)
t = 1 t = 2 t = 3 t = 1 t = 2 t = 3

rb1 d1 4.8 5.3 5.8
st1 8 8.8 9.7 d2
st2 d3
st3 4 4.4 4.8 d4 4.8 5.3 5.8
st4 16 17.6 19.4 d5 4.8 5.3 5.8
st5 24 26.4 29.1 d6 4.8 5.3 5.8
st6 d7
d17 d8 4.8 5.3 5.8
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hours/year, 4 interruptions/year, 2 hours/year, and 4
interruptions/year, respectively [28].

3.2. Results
The proposed problem is applied to the case study of
a test network using GAMS. 24 software. CPLEX and
BONMIN solvers are employed for MILP and MINLP
models, respectively [29].

In the following, the proposed framework in
this paper will be investigated from di�erent aspects:
computational aspect, economic analysis, reliability,
impacts of distribution automation:

1. Comparison between MINLP and MILP models:
Table 7 expresses the results of the comparison
between MINLP and MILP models. Based on this
table, the calculation error between the two models
for active and reactive powers is equal to about 3%,
and it is equal to about 0.5% for the angle and
amplitude of voltage. Therefore, the calculation
error of di�erent variables between the two models
almost is very low. Also, the calculation time of
MINLP model is very long, because the number
of binary variables is large and the equations are
non-linear and non-convex. Hence, it is predicted
that this model does not reach a feasible solution in
the large network. However, the calculation time is
short for the MILP model. Therefore, the MILP

model is suitable, because it has low calculation
time and error;

2. Investigation of economic results: The results of
this section are given in Tables 8-10. Table 8 shows
that the investment characterizes the investment
cost and number of investment circuits. Accord-
ing to this table, 1 high voltage post (rb1-st3),
1 medium voltage post (st2-d17), 6 transmission
lines, 6 distribution lines, 2 DGs, and 2 capacitors
are added to the test network in the �rst year. It is
noted that the investment cost of each circuit is low
in the �rst year based on Tables 2-5. Hence, the new
circuits are added to the test network in the �rst
year. Moreover, the total investment cost is equal
to 23.396 M$: 22 M$ for transmission network and
1.396 M$ for distribution network.

Table 9 shows the characterization of replace-
ment cost and replacement option. This table

Table 9. Replacement characterization.

Elements Replacement option
S = 1 S = 2

st2-3 0 1
d5-1 1 0
d5-6 0 1

Replacement cost (M$) 0.027 1.045

Table 7. Comparison between MINLP and MILP models.

Cases MINLP MILP Deviation (%)

Total active power generation (MW) 78.1 75.9 2.81
Total reactive power generation (MVAr) 50.76 49.34 2.79
Mean of voltage amplitude (pu) 0.963 0.959 0.415
Mean of voltage angle (pu) {0.092 0.09206 {0.652
Calculation time (s) 3842 971 74.72

Table 8. Investment characterization.

Elements Investment number Elements Investment number
t = 1 t = 2 t = 3 t = 1 t = 2 t = 3

rb1-st3 1 0 0 d2-3 0 0 0
st1-2 0 0 0 d3-4 0 0 0
st1-4 0 0 0 d4-8 0 0 0
st1-5 0 0 0 d6-7 2 0 0
st2-4 0 0 0 d7-8 2 0 0
st2-6 2 0 0 DG4 1 0 0
st3-5 2 0 0 DG8 1 0 0
st4-6 2 0 0 Cap4 1 0 0

st2-d17 1 0 0 Cap8 1 0 0
d17-5 2 0 0 Total 18 0 0
d1-2 0 0 0 Investment cost (M$) 23.396 0 0
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Table 10. Maintenance and operation costs.

Elements Number Capacity
(MVA)

Maintenance rate
($/MVA)

MC
(M$)

OC
(M$)

rb1-st3 2 35 8000 0.56 0
st1-2 1 10 5000 0.05 0
st1-4 1 8 5000 0.04 0
st1-5 1 10 5000 0.05 0
st2-3 1 20 5000 0.10 0
st2-4 1 10 5000 0.05 0
st2-6 2 10 5000 0.10 0
st3-5 3 10 5000 0.15 0
st4-6 2 10 5000 0.10 0
grb1 1 120 9000 1.08 6.07
g1 1 5 4000 0.02 0.33
g6 1 60 7000 0.42 4.41

st2-d17 2 16 5000 0.16 0
d17-5 3 12 2000 0.072 0
d5-1 1 9.6 2000 0.0192 0
d1-2 1 6 2000 0.012 0
d2-3 1 6 2000 0.012 0
d3-4 1 6 2000 0.012 0
d4-8 0 0 2000 0 0
d5-6 1 12 2000 0.024 0
d6-7 2 6 2000 0.024 0
d7-8 2 6 2000 0.024 0
DG4 1 4.8 2500 0.012 0.31
DG8 1 2.4 1200 0.0028 0.16
Cap4 1 2.4 300 0.00072 0
Cap8 1 1.2 200 0.00024 0
Total 35 | | 3.095 11.2

shows 1 transmission line with Option 2 and 2 dis-
tribution lines with options 1 and 2 replaced in the
test network. The replacement cost for distribution
and transmission networks is equal to 0.072 M$ and
1 M$, respectively. In addition, maintenance and
operation costs are given in Table 10. It should be
noted that maintenance cost is equal to:

Maintenance cost of each circuit = (Number

�Capacity�Maintenance rate) of circuit:

Finally, the total maintenance cost is equal to 3.095
M$ such that a high percentage of this cost is for
the transmission network and low percentage of
this cost for the distribution network. Also, the
operation cost of the proposed problem is equal to
11.2 M$: 10.71 M$ and 0.49 M$ for transmission
and distribution networks, respectively;

3. Investigation of technical results: The results of

this section are given in Table 11. Based on
this table, the mean voltage of the transmission
network is equal to 1.01 per unit and the low
voltage of this network is 0.98 per unit. This study
considers no voltage controlled (PV) bus in the
proposed problem. Hence, voltage in each bus can
be increased to 1.05 per unit. In addition, the
mean and low voltages in the distribution network
are equal to 0.926 and 0.906 per unit, respectively.
Accordingly, for the sake of enhancing the reliability
in the network, double lines of d6-7 and d7-8 should
be should be constructed in the expansion planning.

According to Table 11, the active power loss
in transmission networks is lower than reactive
power loss in the distribution network, because
the reactance of transmission lines is higher than
the resistance of transmission lines. Also, the
reactive power loss of distribution network is less
than active power loss in the distribution network,
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Table 11. Technical characterization of network.

Index t = 3
Transmission network Distribution network

Mean of voltage amplitude (pu) 1.01 0.926
Low of voltage amplitude (pu) 0.98 0.906
Active power loss (MW) 0.16 1.92
Reactive power loss (MVAr) 1.53 1.21

Table 12. Reliability characterization of network.

Index
Years

Reliability cost
(M$)

t = 1 t = 2 t = 3
TN DN TN DN TN DN

Mean of CID (h) 0.72 1.65 0.72 1.65 0.72 1.65

0Mean of CIF (h) 0.36 1.3 0.36 1.3 0.36 1.3
SAIDI (hour/year) 1.25 1.25 1.25
SAIFI (interr/year) 0.89 0.89 0.89

Note: TN: Transmission Network; DN: Distribution Network.

because the distribution line resistance is higher
than distribution line reactance. Hence, the active
power loss of the distribution network is less than
active power loss of the transmission network. This
statement is in reverse for reactive power loss;

4. Investigation of reliability results: The reliability
characterization of the test network is given in
Table 12. According to this table, the values
of reliability indices such as CID and CIF in
the transmission network are less than those in
distribution network. Hence, the reliability of
transmission network is higher than distribution
network, because the number of generation units
in the transmission network is more than that in
the distribution network and transmission network
is not radial. Moreover, the reliability indices are
less than their maximum value. Therefore, the
reliability cost is equal to zero;

5. Investigation of impacts of reducing maximum re-
liability indices: In this section, this paper con-
siders that the maximum reliability indices such
as CID max, CIF max, SAIDI max, and SAIFI max

increase in value from zero to 100% with step
10% (0.4, 0.4, 0.2, and 0.2 for CID max, CIF max,
SAIDI max, and SAIFI max, respectively). The re-
sults of this section are presented in Figures 3
and 4. Figure 3 shows the relationship between
reliability cost and index. Based on this �gure,
the reliability cost will be reduced if the reliability
index increases. Also, the reliability cost is equal to
zero when reliability index is at 62% or 100%, i.e.,
CID max, CIF max, SAIDI max, and SAIFI max are

Figure 3. Relationship between reliability cost and index.

Figure 4. Relationship between total cost and reliability
index.

equal to (2.48, 4), (2.48, 4), (1.24, 2), and (1.24, 2),
respectively.

Figure 4 shows the relationship between total
cost and reliability index. Based on this �gure,
the total cost is reduced if the reliability index
increases. Also, the total cost is equal to 38.764 M$
when reliability index is at 62% or 100%;

6. Investigation of impacts of the DA: This section
presents the impacts of DA in the power network.
Hence, this study considers two cases in the power
network: with and without DA. Also, CID max,
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Table 13. Technical and reliability characterization of network.

Case Index t = 3
TN DN

Without DA

Mean of voltage amplitude (pu) 1.011 0.921
Low of voltage amplitude (pu) 0.981 0.901
Active power loss (MW) 0.165 2.03
Reactive power loss (MVAr) 1.58 1.29
Mean of CID (h) 0.72 1.65
Mean of CIF (h) 0.36 1.3
SAIDI (hour/year) 1.25
SAIFI (interr/year) 0.89
Reliability cost (M$) 0

With DA

Mean of voltage amplitude (pu) 1.01 0.926
Low of voltage amplitude (pu) 0.98 0.906
Active power loss (MW) 0.16 1.92
Reactive power loss (MVAr) 1.53 1.21
Mean of CID (h) 0.72 0.8
Mean of CIF (h) 0.36 0.8
SAIDI (hour/year) 0.4
SAIFI (interr/year) 0.4
Reliability cost (M$) 3.5

CIF max, SAIDI max, and SAIFI max are considered
to be 0.8, 0.8, 0.4, and 0.4, respectively. The results
of this section are given in Table 13. Based on
this table, the DA is the reason why reliability
and network indices are enhanced, because the
custom power devices are used to enhance the
network indices and switches are employed for the
improvement of reliability indices.

4. Conclusions

This study presented sub-transmission and distribu-
tion network expansion planning with emphasis on
DG and Distribution Automation (DA) as well as
reliability indices. The objective function was to
minimize the investment, operation, maintenance, and
reliability costs. Also, the constraints of the pro-
posed problem included AC power 
ow equations,
reliability constraints, system operation and generation
unit limits, DG equations, Distribution Automation
(DA) constraints, and radial structure equations for
the distribution network. The proposed base problem
model was as Mixed Integer Non-linear Programming
(MINLP), which is hard to solve. Hence, the equivalent
mixed integer linear programing (MILP or MIP) model
was used and it reached an optimal solution with lower
computation burden. Based on the numerical results,
the change in the distribution network was required

in order to modify the transmission network. Also,
the investment, operation, and maintenance costs were
low in distribution and high in transmission networks.
Also, the DA enhanced the network and reliability
indices. Moreover, the total and reliability costs
decreased following an increase in the reliability index.

In addition, some of the parameters associated
with the proposed problem, such as load, were consid-
ered to be uncertain; hence, a robust model of the pro-
posed problem is to be presented in future works. Also,
future works may consider the operation of DA systems
for fault management and network index management.
Moreover, the MILP formulation makes it di�cult to
solve real network problems on a large scale and it has
a long calculation time for this network. Hence, the
MILP model with innovative methods can be a candi-
date for dealing with real networks in future works.

Nomenclature

Indices and sets
- (n; j); t; l; (h; p); k: Indices of bus, time, load level,

circuits in a connection, linearization segments of
circular constraint

- 
An ;
Sn ;
0
n;
n: Sets of circuit or equipment candi-

dates to be added and replaced, existing circuits or
equipment, bus
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- 
l;
g;
t: Sets of load level, generation, time

Variables
- inv; op;mi; re: Investment, operation, maintenance,

and reliability costs
- xA; xS ; x0: Binary variable of circuit or equipment

candidates to be added and replaced; existing cir-
cuits or equipment

- dg; f : Binary variable of DG and capacitor candi-
dates to be added

- SAIFI;SAIDI;CIF;CID: Reliability indexes
- PL;PG;PDG: Active power of line, generation, and

distributed generation
- QL;QG;QDG;QF: Reactive power of line, genera-

tion, distributed generation, and capacitor
- V;�V; �: Voltage amplitude, voltage deviation, volt-

age angle
- �; u; z: Failure rate, equivalent interruption duration

time, parallel circuits number

Constants
- CA; CS : Investment and replacement costs of line
- CDG; CF : Investment cost of DG and capacitor
- CAm; CSm; C0m: Maintenance cost of circuit or

equipment candidates to be added and replaced,
existing circuits or equipment

- CDGm; CFm: Maintenance cost of DG and capacitor
- Cop: Operation price
- K: Reliability indexes price
- g; b: Line conductance and susceptance
- SGmax; SLmax; SDGmax; SFmax: Maximum capac-

ity of generation, line, DG and capacitor
- �: E�ciency of capacitor
- V max; V min: Maximum and minimum voltages
- nmax: Maximum number of lines
- ND: Number of bus distribution networks
- ��;�u: Deviation of failure rate and equivalent

interruption duration time
- SAIFI max;SAIDI max;CIF max;CID max: Maximum

value of reliability indices such as SAIFI, SAIDI,
CIF, and CID, respectively

- PD;QD: Active and reactive loads
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