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Abstract. The aim of the present study is to analyze the magnetohydrodynamic
micropolar Carreau nanouid ow past a stretching sheet. Viscous dissipation, internal
heating, Joule heating, and linear thermal radiation e�ects are also incorporated into the
energy equation. The system of governing PDEs is transformed into the ODEs by invoking
the similarity transformation. The shooting method is implemented to solve the system of
ODEs. The inuence of pertinent parameters on ow distributions is analyzed graphically
and discussed in detail. The uid motion upsurges for the larger values of the Weissenberg
number and the material parameter, while the reverse situation is studied in the thermal
and concentration pro�les.
© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

Non-Newtonian uids with magnetohydrodynamic
(MHD) are of fundamental and practical signi�cance
in industrial and engineering applications. Such types
of uids play a vital role in plasma, fossil fuels, blood
ows in the circulatory system, production of glass
�ber, petroleum production and magma dynamics, etc.
MHD heat transfer has many applications, examples
of which are included in biomedical engineering, met-
allurgical, mental working process (such as magnetic
drug target), etc. UCM uid with MHD e�ects past
a stretching sheet was explored by Abel et al. [1],
and it was reported that the wall temperature was
escalated for higher values of the Prandtl number.
Abbasbanday et al. [2] studied the MHD Oldroyd-B
uid and observed the analytical solution of Falkner-
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Skan ow. They observed that the velocity components
had reverse e�ects on the parameters of relaxation
and retardation times. MHD thermosolutal Marangoni
convection of power law uid was ascertained by Jiao
et al. [3], and it was reported that the energy �eld
upsurged and, thus, increased mass Marangoni Num-
ber. Hsiao [4] studied the radiative EMHD Carreau
nanouid with activation energy. Wakif et al. [5]
reported the numerical analysis of the longitudinal
convective rolls in a porous medium. The study was
conducted in the presence of the magnetic �eld, and the
medium was �lled with nanoparticles. By considering
the Arrhenius activation energy and binary chemical
reaction, Kumar et al. [6] determined the MHD Car-
reau uid. One of the key �ndings of this study was
that the momentum boundary layer thickness upsurged
and, then, escalated Weissenberg number. Atif et al. [7]
analyzed the MHD squeezed Carreau uid ow over a
sensor surface, and observed that the surface drag was
enhanced with an increment in the permeable velocity.
For further details, see [8-11].

Eringen [12,13] extended the theory of micropolar
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uids for the stretching sheet in 1969. Bilal et
al. [14] studied the MHD micropolar nanouid with
the variable thermal conductivity. They reported that
the gradual increase of thermal radiation parameter
caused a decline in the velocity pro�le. MHD mixed
convection micropolar uid ow through a rectangular
duct was studied by Ayano et al. [15], and they
observed that the ow reversal increased and velocity
decreased as the magnetic �eld was intensi�ed. Roy
and Gorla [16] analyzed the time-dependent MHD
micropolar uid past a wedge, and explored that
the magnetic �eld parameter considerably a�ected the
amplitude of the drag coe�cient. Hsiao [17] analyzed
the MHD micropolar nanouid with viscous e�ects.
One of the main observations was that the material
parameter and the magnetic number had reverse e�ects
on the velocity and thermal pro�le. Soundalgekar and
Takhar [18] determined the e�ect of thermal radiation
phenomenon on micropolar uid in continuously mov-
ing plates, and found that an increment in the coupling
constant enhanced the micro-rotation. Free convective
micropolar uid ow with heat source was explored
by Mishra et al. [19], and they argued that heat
source resulted in the depreciation of the momentum
boundary layer. El-Dabe et al. [20] reviewed the
stagnation point of MHD micropolar ow on a vertical
plate and found its numerical solution. According
to their main conclusion, with the enhancement of
the material parameter, the axial velocity declined
both in assisting and opposing ows. Atif et al. [21]
analyzed the MHD bioconvective micropolar nanouid,
and found that the density pro�le upsurged as the mass
strati�cation parameter increased. The phenomenon of
thermal radiation plays a vital role in the heat and mass
transfer, and researchers conducted many studies to
highlight its importance. For further study, see details
in [22-26].

Choi's concept [27] of nanouids is widely used
by the researchers to make the heat transfer more
e�cient. Later on, many researchers have incorpo-
rated the nanoparticles, which are usually made of
carbides, metals, metal oxides or carbon nanotubes
with di�erent base uids to study di�erent phenomena.
Sheikholeslami and Rokni [28] studied the convective
heat transfer of nanouid ow in a porous cavity by
considering Brownian motion e�ects, and found that
the temperature gradient reduced with an increase
in the porosity parameter. Oyelakin et al. [29] ex-
plored the Casson nanouid with slip conditions, and
concluded that the temperature �eld declined as the
Dufour parameter increased. Hsiao [30] investigated
the stagnation EMHD nanouid with slip boundary
and mixed convection past a stretching sheet. One
of the main implications was that the heat transfer
increased as the stagnation parameter upsurged. Cas-
son nanouid ow over a porous surface with viscous

e�ects was studied by Palaniammal and Saritha [31],
and they observed that the species concentration dis-
tribution showed improvement by the enhancement of
nanoparticles volume fraction and the Casson uid
parameter. Madhua et al. [32] worked on time-
dependent MHD Maxwell nanouid over a stretching
sheet with thermal radiation e�ects, and reported that
the surface drag coe�cient was diminished as the
Maxwell parameter was intensi�ed. Ferdows et al. [33]
discussed the heat and mass transfer characteristics of
MHD nanaouid. It was found that the enhancement
of the Eckert number increased the energy pro�le,
while the concentration pro�le declined gradually. In
an exponential sheet, Vijayalaxmi et al. [34] explored
the MHD stagnation point of Eyring-Powell nanouid
uid. Time-dependent tangent hyperbolic uid ow
past a wedge with nanoparticles was ascertained by
Atif et al. [35], and they noticed that the concentration
pro�le was enhanced for escalating values of generalized
Biot number. For further reading, see [36-40].

In recent decades, many authors have dedicated
serious attention to the microstructural e�ect of dif-
ferent kinds of uid. Sabeel et al. [41] studied the
upper convected Maxwell micropolar uid with a hy-
perbolic energy equation. They also considered the
thermal radiation and the Joule heating e�ects. It was
observed that the micro-rotation and the temperature
pro�le reduced with the enhancement of the micropolar
viscosity ratio parameter. Zahid et al. [42] studied the
micropolar Casson uid with an inclined magnetic �eld.
They mainly found that the uid velocity was enhanced
with an increment in the Eckert number. In the
presence of the induced magnetic �eld, Atif et al. [43]
ascertained the MHD micropolar Carreau nanouid,
and reported that the magnetic pro�le upsurged as the
magnetic Prandtl number increased.

To the best of our knowledge, the micropolar
uids with rheological characteristics were not reported
in the past. Therefore, the main aim of this paper is
to study the behavior of micropolar Carreau nanouid
past a stretching sheet. The shooting method is utilized
to solve the modeled problem. The aspects of all
physical parameters have been displayed graphically
and discussed.

2. Mathematical formulation

An incompressible 2D MHD micropolar Carreau
nanouid past a stretching sheet is considered here.
The stretching sheet is considered along the horizontal
axis, and the vertical axis is normal to the stretching
surface. The sheet is stretched with velocity u� = ax.
The ow is restricted in the region y > 0. An external
magnetic �eld B0 is applied along the positive y-axis,
as illustrated in Figure 1. The induced magnetic �eld
is ignored due to the assumption of low magnetic
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Figure 1. Flow con�guration.

Reynolds number. Simulations have been carried out
in the presence of thermal radiation, Joule heating,
viscous dissipation, and internal heating e�ects.

Based on the above assumptions, the governing
equations of the current modeled problem are as fol-
lows [4,16,17]:
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whereas the corresponding boundary conditions are as
follows:
u�w = ax; v� = 0; N� = 0; T � = T �w;

C� = C�w at y = 0;

u� = 0; N� = 0; T � = T �1; C� = C�1;

as y !1: (6)

In the above expressions, � represents the electrical
conductivity; N� is the angular velocity; B0 is the
magnetic �eld; (Cp)f , and (Cp)p denote the speci�c
heat of uid, and nanoparticles, respectively; T �w and
C�w represent the temperature and concentration on
the surface, respectively; and C�1 and T �1 are the
ambient concentration and the ambient temperature,
respectively. In Eq. (3),  is given by:

 =
�
�+

k�
2

�
j;

where k� is the vortex viscosity, and j = �=a is the
micro-inertia density. In Eq. (4), qr is the Rosseland
radiative heat ux and is de�ned as follows [22-24]:

qr = �4��
3��

@T �4
@y

;

where �� and �� are the Stefan-Boltzmann constant
and mean absorption coe�cients, respectively. After
expanding with Taylor series [44] and ignoring higher
power terms, T �4 can be written as follows:

T �4 � 4T �31 T � � 3T �41 :
By using the following transformation [17], Eqs. (2)-(5)
can be transformed into the ODEs:
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As a result, Eq. (1) is satis�ed identically, and Eqs. (2)-
(5) yield the following:
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The transformed boundary conditions are as follows:

f(�) = 0; f 0(�) = 1; g(�) = 0;

�(�) = 1; �(�) = 1; at � = 0;

f 0(�)! 0; g(�)! 0; �(�)! 0;

�(�)! 0 as � !1: (12)

In the above equations, Pr, K, Nb, �, We, Ec, M ,
Nt, Rd, and Sc denote the Prandtl number, micropolar
constant, Brownian motion parameter, heat generation
coe�cient, Weissenberg number, Eckert number, mag-
netic number, thermophoresis parameter, thermal ra-
diation parameter, and Schmidt number, respectively.
These parameters are formulated as follows:
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3. Industrial and engineering quantities of
interest

In industry and engineering, the skin friction coef-
�cient, Nusselt number, and Sherwood number are
important quantities.
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The wall shear stress, �w, wall heat ux, qw, and wall
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In the non-dimensional form, the skin friction coe�-
cient, Nusselt number, and Sherwood number are as
follows:
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where Rex = ax2

� .

4. Solution methodology

The shooting method [44] is implemented to solve
the system of Eqs. (8)-(11) subject to the boundary
conditions (12). This introduced new variables &1 = f ,
&4 = g, &6 = �, and &8 = � to convert Eqs. (8)-(11) into
a system of nine �rst-order ODEs:
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The transformed BCs are as follows:

&1 = 0; &2 = 1; &4 = 0; &6 = 1;

&8 = 1; at � = 0;

&2 ! 0; &4 ! 0; &6 ! 0;

&8 ! 0; as y !1: (16)

Now, this study starts with some choices such as
&3(0) = c1, &5(0) = c2, &7(0) = c3, and &9(0) = c4 such
that the four known BCs are approximately satis�ed
for some � ! 1. Classical Newton's method is
implemented until the following criteria are met:

maxfj&2(�max)� 0j; j&4(�max)� 0j; j&6(�max)� 0j;
j&8(�max)� 0jg < 10�6:

The computations were carried out over the appropri-
ate bounded domain �max instead of [0;1).

4.1. Validation of code
For the validation of the MATLAB code, the values
of �f 00(0), g0(0), ��0(0), and ��0(0), reported by
Hsiao [17], were reproduced. The computed results
are in good agreement with those of Hsiao [17], as
presented in Table 1.

5. Results and discussion

To examine the impact of sundry parameters on the
surface drag, microrotation parameter, the Nusselt

number, and the Sherwood number, Table 2 is used.
It is noticed that the surface drag is intensi�ed for
each power law index, n, the magnetic number, M ,
Weissenberg number, We, and material parameter,
K, which upsurges. The microrotation parameter
increases as magnetic number, M , and material pa-
rameter, K, are intensi�ed, whereas it is reduced due
to an increment in the Weissenberg number, We, and
power index, n. The rate of heat transfer increases
with the rising of the power law index, n, Prandtl
number, Pr, Weissenberg number, We, and thermal
radiation parameter, Rd; however, the reverse trend is
noticed for the Eckert number, Ec, magnetic number,
M , Schmidt number, Sc, heat generation coe�cient, �,
thermophoresis parameter, Nt, and Brownian motion
parameter, Nb. The Sherwood number decreases
as power law index, n, Weissenberg number, We,
Prandtl number, Pr, and thermophoresis parameter,
Nt, is increased, whereas it increases as the heat
generation coe�cient, �, Brownian motion parameter,
Nb, Schmidt number, Sc, thermal radiation parameter,
Rd, Eckert number, Ec, material parameter, K, and
magnetic number, M , increase.

For simulations, the physical parameters are as-
signed a �xed value since K = Sc = 0:2 , Pr = 7,
We = M = 1, Ec = 0:02, Rd = 1, � = Nt = Nb = 0:1,
and n = 1:2. For all computations of this paper,
the assigned value of the parameters is �xed, and the
varying parameter is displayed in the respective �gure.

The impact of Weissenberg number We on ve-
locity pro�le f 0(�) is captured in Figure 2. The
curves of this �gure indicate that the uid motion and
momentum boundary layer thickness are heightened
when the value of We is higher. Figure 3 indicates the
study of the changes in uid motion caused by material
parameter, K. It is observed that the enhancement
of K causes an increase in f 0(�). Figure 4 shows the
analysis of the velocity pro�le due to changes in the
power law index, n. An acclivity in n enhances f 0(�).
Physically, the higher value of n implies greater viscos-
ity of the uid, which helps reduce the opposing force
and, hence, increase the velocity pro�le. Figure 5 is
drawn to analyze the axial velocity due to the variation

Table 1. Comparison of the presently computed values and those of Hsiao [17].

M K �f 00(0) g0(0) ��0(0) ��0(0)
[17] Present [17] Present [17] Present [17] Present

0.0 0.2 0.9098 0.90975 0.0950 0.09500 0.4889 0.44353 0.2035 0.20349
0.5 1.1148 1.11438 0.1051 0.10509 0.4476 0.40161 0.1875 0.18746
1.0 1.2871 1.28714 0.1121 0.11212 0.4159 0.37234 0.1770 0.19668

0.0 1.4142 1.41424 0 0 0.3950 0.38282 0.1711 0.25690
1.5 1.1408 1.14077 0.2112 0.21117 0.4407 0.38894 0.1844 0.18436
2.0 0.7697 0.76968 0.3586 0.35857 0.5153 0.44292 0.2204 0.23660
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Table 2. Behavior of �CfRe1=2
x , g0(0), NuxRe�1=2

x , and �ShxRe�1=2
x .

We K Pr M Ec Rd � n Sc Nt Nb �CfRe
1
2
x g0(0) NuxRe�

1
2

x �ShxRe�
1
2

x

1 0.2 7 0.1 0.02 1 0.1 1.2 0.2 0.1 0.1 1.168375 0.105988 2.436979 0.686898

1.5 1.193765 0.104784 2.455822 0.690971

2 1.224514 0.103348 2.477065 0.695205

1 0.2 1.168375 0.105988 2.436979 0.686898

0.5 1.283955 0.223544 2.776305 0.684331

1 1.446365 0.371411 3.331984 0.677867

0.2 1.0 1.168375 0.105988 0.493420 -0.015946

5.0 1.168375 0.105988 1.986512 0.519008

10 1.168375 0.105988 2.987811 0.894717

7 0.1 1.168375 0.105988 2.436979 0.686898

0.5 1.372167 0.114090 2.315935 0.672148

1 1.595419 0.121424 2.181667 0.647346

0.1 0.1 1.168375 0.105988 2.160674 0.580602

0.2 1.168375 0.105988 1.815192 0.447693

0.3 1.168375 0.105988 1.469599 0.314739

0.02 1.0 1.168375 0.105988 2.436979 0.686898

2.0 1.168375 0.105988 2.817310 0.467056

3.0 1.168375 0.105988 3.078673 0.340501

1 0.2 1.168375 0.105988 2.054790 0.540080

0.3 1.168375 0.105988 1.610850 0.369952

0.4 1.168375 0.105988 1.069987 0.163305

0.1 2 1.240273 0.102622 2.487335 0.697103

5.0 1.404246 0.095460 2.574067 0.708294

10 1.568393 0.088996 2.634106 0.708757

1.2 0.3 1.168375 0.105988 2.382129 0.562470

0.5 1.168375 0.105988 2.295112 0.355826

0.7 1.168375 0.105988 2.229356 0.189220

0.2 0.2 1.168375 0.105988 2.374941 1.502700

0.3 1.168375 0.105988 2.313962 2.272475

0.4 1.168375 0.105988 2.254041 2.997499

0.1 0.2 1.168375 0.105988 2.347647 0.238251

0.3 1.168375 0.105988 2.259385 0.088850

0.4 1.168375 0.105988 2.172220 0.014263

of magnetic numbers, M . A small enhancement in M
causes a decline in the uid motion. Physically, in
electrically conducted uid, an opposing force (Lorentz
force) is produced. This opposing force causes f 0(�) to
reduce. Figure 6 portrays the variation of the angular
velocity, g(�), caused by material parameter, K. These
curves indicate that g(�) increases as K is boosted.
Upsurging K means an increment in the viscosity of
the uid, which results in an increase in the angular

velocity. Figure 7 shows the variations in g(�) due to
magnetic number, M . A decline in g(�) is observed for
an enhancement in M , which tones up the idea of the
opposing force.

Figures 8-17 show variations in the thermal pro-
�le, �(�), due to the nondimensional parameters. Fig-
ure 8 shows the behavior of the temperature �eld for
boosting values of the heat generation coe�cient, �.
The energy pro�le goes up when � is intensi�ed. To
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Figure 2. E�ect of We on f 0(�).

Figure 3. E�ect of K on f 0(�).

Figure 4. E�ect of n on f 0(�).

study the behavior of the viscous dissipation parame-
ter, which is known as Eckert number, Ec, in the energy
�eld, Figure 9 is drawn. An increment in Ec causes a
rise in the energy pro�le. It is because an increase
in dissipation improves thermal conductivity, which in-
creases the thermal boundary layer thickness. The im-
pact of the material parameter, K, on thermal pro�le is
shown in Figure 10. It is noticed that an increase in K

Figure 5. E�ect of M on f 0(�).

Figure 6. E�ect of K on g(�).

Figure 7. E�ect of M on g(�).

results in a decline in the thermal �eld. The variation
in the thermal �eld due to the impact of the magnetic
number, M , is displayed in Figure 11. The energy
�eld is enhanced as the magnitude of M increases.
The resistive force increases with an increment in M ;
as a result, the temperature is intensi�ed. Figure 12
indicates variations in the energy �eld caused by Pr.
Increasing Pr means lowering the thermal conductivity,
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Figure 8. E�ect of � on �(�).

Figure 9. E�ect of Ec on �(�).

Figure 10. E�ect of K on �(�).

which results in a decline in �(�). The energy �eld
upsurges for the escalating values of thermal radiation
parameter, Rd, as sketched in Figure 13. The Brownian
motion parameter, Nb, represents the random motion
of the particles, and Figure 14 depicts that �(�) is
intensi�ed as Nb is heightened. Figure 15 shows the
changes in the temperature distribution caused by
thermophoresis parameter, Nt. The particles of the

Figure 11. E�ect of M on �(�).

Figure 12. E�ect of Pr on �(�).

Figure 13. E�ect of Rd on �(�).

hotter region are pulled to a less hot region, leading
to the enhancement of the energy �eld. Figure 16
represents the inuence of the power law index, n, on
the temperature. The temperature pro�le decreases
as n decreases. Physically, a gradual increment in
n reduces the temperature due to an increase in the
nonlinearity. Figure 17 is sketched to investigate the
behavior of the temperature due to the variation in the
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Figure 14. E�ect of Nb on �(�).

Figure 15. E�ect of Nt on �(�).

Figure 16. E�ect of n on �(�).

Weissenberg number, We. The energy �eld lowers as
We is enhanced.

Figures 18-25 show the behavior of the concentra-
tion pro�le due to changes in the parameters. Figure 18
shows the variations in the concentration �eld due to
changes in K. It is noticed that escalating K causes
a decline in the concentration �eld. Figure 19 shows

Figure 17. E�ect of We on �(�).

Figure 18. E�ect of K on �(�).

Figure 19. E�ect of M on �(�).

the analysis of the concentration �eld for the growing
values of M . These graphs show that an enhancement
in M causes an increase in the concentration distribu-
tion. Figure 20 shows the behavior of the concentration
due to Prandtl number Pr. The concentration pro�le
is enhanced near the surface, whereas it declines when
moving away from the surface. Figure 21 is drawn to
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Figure 20. E�ect of Pr on �(�).

Figure 21. E�ect of Rd on �(�).

Figure 22. E�ect of Sc on �(�).

ascertain the behavior of �(�) due to the radiation pa-
rameter, Rd. This graph indicates that �(�) decreases
�rst near the surface and, then, upsurges while moving
away from the surface. Figure 22 explores the behavior
of the Schmidt number, Sc, on �(�). From this
graph, it is clear that �(�) is diminished for escalating

Figure 23. E�ect of Nb on �(�).

Figure 24. E�ect of Nt on �(�).

Figure 25. E�ect of Ec on �(�).

values of Sc. A greater value of the Schmidt number
represents the lower mass di�usivity. Accordingly, a
decrease in �(�) is noticed. Figure 23 shows that
boosting the Brownian motion parameter, Nb, causes a
decrease in �(�). Figure 24 visualizes the e�ect of the
thermophoresis parameter, Nt, on �(�). This �gure
represents that higher values of Nt gradually enhance
�(�). Figure 25 observes the inuence of the Eckert
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Figure 26. E�ect of We on �(�).

Figure 27. E�ect of n on �(�).

number, Ec, on the concentration distribution, which
indicates that �(�) declines as Ec upsurges. Figure 26
depicts the variation in �(�) due to the Weissenberg
number, We. The concentration pro�le declines as We
upsurges. The inuence of the power law index, n, on
�(�) is displayed in Figure 27. These curves reect that
boosting n results in an increment in �(�).

6. Final remarks

Two-dimensional MHD micropolar Carreau nanouid
past a stretching sheet was analyzed. The emerging
physical parameters were analyzed in the presence
of Ohmic heating, linear thermal radiation, internal
heating, and viscous dissipation. Some of the main
features are:

� The uid motion was enhanced as the material
parameter, K, Weissenberg number, We, and power
law index, n, upsurged;

� The energy �eld was enhanced as heat generation
coe�cient, �, thermal radiation parameter, Rd, and
Eckert number, Ec, increased;

� The material parameter, K, and magnetic number,
M , had opposite e�ects on the angular velocity;

� The concentration �eld was enhanced as ther-
mophoresis parameter, Nt, and the magnetic num-
ber, M , increased.

Nomenclature

B0 Applied magnetic �eld (T)
C� Fluid concentration inside the

boundary layer (kg/m3)
C�w Concentration on the wall surface

(kg/m3)
C�1 Fluid concentration outside the

boundary layer (kg/m3)
C�f Skin friction coe�cient

C�p Speci�c heat (J/kgK)

D Coe�cient of mass di�usion (m2/s)
DB Brownian di�usion parameter
DT Thermophoresis di�usion parameter
Ec Eckert number
f Reduced stream function
hw Local surface heat ux (W/m2K)

transfer coe�cient
j Microinertia density (m2)
jw Local mass ux (kg/m2s)
k� Vortex viscosity (kg/ms)
k Thermal conductivity (W/mK)
K Material parameter (J/kgK)
M magnetic number
N� Dimensionless angular velocity
Nb Brownian motion parameter
Nux Nusselt number
Nt Thermophoresis parameter
n Power law index
Pr Prandtl number
Q0 Heat generation coe�cient
qw Heat transfer rate (W)
qr Radiative heat ux
Rex Local Reynolds number
Rd Thermal radiation parameter
Sc Schmidt number
T �w Surface temperature (K)
T �1 Ambient temperature (K)
t Time (s)
T � Boundary layer temperature (K)
u�w Characteristics velocity (m/s)
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u� Velocity in horizontal direction (m/s)
v�w Stretching rate (m/s)
v� Velocity in vertical direction (m/s)
� Kinematic viscosity (1/m2s)
�f Fluid density

�p Nanoparticle density (kg/m3)
� Dynamic viscosity (kg/ms)
� Dimensionless boundary layer thickness
� Electric charge density
� Dimensionless temperature
We Weissenberg number
(�Cp)f Heat capacity of the uid
(�Cp)p Heat capacity of the nanoparticles
� Time constant
 Spin gradient viscosity
� Dimensionless concentration
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