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Abstract. Recently, the design of Preventive Maintenance (PM) policies during the
warranty period has attracted the attention of researchers. The methods mainly design
warranty servicing strategies in a way to reduce the cost imposed on the manufacturer
without considering the impact of customer dissatisfaction, while dissatisfaction with a
product is an important issue, which may result in the loss of potential buyers and switching
existing buyers to competitors. Therefore, in the present study, a bi-objective model
was developed, which simultaneously minimized the manufacturer and buyer costs under
a non-homogeneous Poisson process framework. Also, a non-periodic PM strategy was
implemented in which PM actions were performed at discrete time instants in a way that the
expected number of failures remained a constant value over all PM intervals. Furthermore,
it is a known fact that the value of money is reduced over time due to di�erent reasons, which
has a signi�cant impact on long-term contracts. Since PMs and repairs were conducted at
di�erent times, the time value of money was considered to estimate the cost more accurately.
A comparative study was conducted to support the claim that the presented non-periodic
reliability-based PM policy had better performance that a periodic PM policy.

© 2020 Sharif University of Technology. All rights reserved.

1. Introduction

All products and industrial systems eventually end in
failure due to degradation, which can be �xed by cor-
rective maintenance [1,2]. A warranty is a contractual
agreement between the manufacturer and the buyer,
which speci�es the obligation of the manufacturer to
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undertake the servicing cost over the warranty period
[3,4]. Warranty is a powerful tool to indicate product
reliability and promotes the sale for the manufacturer
as well. Hence, it can be a competitive advantage
in marketing [5]. Moreover, it protects the buyer
against early failure over the warranty period [6,7]. One
of the e�ective methods to reduce the probability of
failure during the warranty and post-warranty periods
is performing Preventive Maintenance (PM), which
controls the degradation process and becomes more
important when the servicing cost is high [8]. Although
performing PM leads to lower repair cost, it imposes
extra cost on the system [9]. The cost of PM over the
warranty period can be paid by either the manufacturer
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or the buyer. PM is valuable for the manufacturer when
the reduction in the failure cost over the warranty pe-
riod is greater than the extra cost of performing it [10].

In recent years, many researchers have focused
on warranty and have proposed several models to
investigate di�erent aspects of this issue. Detailed
studies on various warranty policies and their appli-
cations have been presented in [5,11,12]. There is a
signi�cant linkage between warranty and maintenance
and many researchers utilized di�erent maintenance
policies to develop more e�cient models. In this
regard, Djamaludina et al. (2001) [13] developed a
framework to study PM policies for products sold under
warranty. Kim et al. (2004) [14] proposed a warranty
model in which PM actions were carried out at discrete
time instants over the warranty period. There are
several studies that have been conducted in this context
as classi�ed in [15,16].

Periodic and non-periodic maintenance policies
are two common strategies in researches that consider
warranty and maintenance, simultaneously. As a case
in point, Wu et al. (2011) [17] proposed a model with
a general periodic PM policy to minimize the cost
imposed on the buyer by considering the calendar time
of the �rst PM action and the degree of each PM action
as decision variables. Park et al. (2017) [18] presented
a periodic PM warranty model considering failure and
repair time of the product. Su and Wang (2014)
[19] proposed a non-renewing free repair warranty
model for a second-hand product under a non-periodic
age-dependent PM policy. Huang et al. (2017) [20]
proposed a warranty model in which customers were
classi�ed into three categories according to their main-
tenance records and both periodic and non-periodic
PM programs were considered.

In the existing approaches, the cost related to
warranty and maintenance can be analyzed from the
perspective of the buyer, manufacturer, or both. In this
context, Park and Pham (2016) [21] developed a cost
model by examining the renewable and nonrenewable
warranty policies with block replacement and age re-
placement maintenance policies from the perspective of
the buyer. Wang and Su (2016) [10] constructed a two-
dimensional PM policy for items sold under warranty
from the manufacturer's perspective. Bouguerra et al.
(2012) [22] presented a warranty model with a periodic
PM policy to minimize the costs imposed on the
buyer and manufacturer, simultaneously. Salmasnia
and Yazdekhasti (2017) [23] developed an approach
based on goal programming and desirability function to
optimize the cost of the manufacturer and satisfaction
level of the buyer, simultaneously.

Although many studies have been conducted to
estimate the warranty and maintenance costs, the
majority of them ignore the fact that the costs are
imposed at di�erent times. As a result, a factor that is

of utmost importance in more realistic cost estimation
in long term is the time value of money. Therefore,
it is essential to include the Net Present Value (NPV)
in analyzing the manufacturer and the buyer costs. In
this regard, Teng (2006) [24] proposed a model through
which the total cost of the manufacturer under an
extended warranty was calculated by considering the
time value of money.

Since the models in the related researches are
very complicated, a few papers have concentrated on
optimizing the costs of warranty and maintenance.
In this regard, Fang and Huang (2010) [25] utilized
a heuristic algorithm to develop a Bayesian decision
model by which optimal strategy could be obtained
under circumstances that the manufacturer did not
have su�cient historical data. Shahanaghi et al. (2013)
[26] presented a mathematical optimization model to
achieve the optimal number and level of imperfect PM
actions in which the occurrence of failure depended
on both the age and usage of the product. Ambad
and Kulkarni (2013) [27] used a genetic algorithm to
minimize warranty cost with speci�c focus on warranty
policies and reliability. Su and Wang (2016) [28]
considered an availability-based warranty policy with
an imperfect PM to optimize the PM schedule cycle by
cycle. The characteristics of the existing researches in
the literature are summarized in Table 1.

The aim of this study is to propose a non-periodic
PM policy based on reliability in which PM actions
are carried out in a way that the expected number
of failures remains constant in PM intervals. As a
result, the availability of the product will be the same
at di�erent time intervals. Also, the time value of
money is taken into consideration to calculate the
expected cost from the perspectives of both the buyer
and the manufacturer. The manufacturer incurs the
servicing and PM costs during the warranty period
and the buyer incurs the costs related to the repairs
and PM actions during the post-warranty period.
This study presents a desirability function method for
simultaneous minimization of the costs imposed on
the buyer and the manufacturer. Finally, a Particle
Swarm Optimization (PSO) algorithm is developed to
�nd optimal values of PM level and PM intervals in
a way that the minimum desirability of customer and
manufacturer is maximized.

The rest of the paper is organized as follows: In
Section 2, the problem will be presented in detail. The
proposed model for achieving the optimal PM policy
by considering the time value of money is given in
Section 3. Section 4 illustrates the optimization ap-
proach used. Section 5 describes the solution approach.
Section 6 consists of a numerical example, comparative
study, and sensitivity analysis of the model parameters.
Finally, in Section 7, conclusions and suggestions for
future research are provided.
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Table 1. Summarized literature review.

PM actions Viewpoint Multi-objective
function

NPV
consideration

Paper Periodic Non-periodic Buyer Manufacturer

[13]
p p p

[14]
p p p

[17]
p p

[10]
p p

[19]
p p

[20]
p p p

[19]
p p

[18]
p p

[21]
p p

[22]
p p p

[24]
p p p

[25]
p p

[26]
p p

[27]
p p

[28]
p p

[23]
p p p p

This paper
p p p p p

2. Problem de�nition

A number of failures occur due to deterioration process
within the life cycle and the rate of failures increases
as the age of a product does. Performing PM actions
can control degradation of the product, which leads
to lower failure rate and less repair cost through
warranty and post-warranty periods. There are two
usual approaches to performing PM actions: (1) pe-
riodic and (2) non-periodic. Although periodic PM
actions reduce the rate of failures at PM instants, the
expected number of failures within distinct intervals is
an increasing function of product age. Accordingly, the
product in later PM intervals is less reliable, which is
not suitable for the buyer and the manufacturer. This
paper proposes a non-periodic PM policy in which PM
actions are carried out so that the expected number
of failures and consequently, product reliability at all
intervals remain the same.

Most warranty contracts for sold products are
longer than six months. Since the value of money
decreases over time, taking the time value of money
into account is of great signi�cance. Although many
studies have been conducted for analyzing the warranty
cost, a few have taken into consideration the mentioned
issue. To estimate the cost more accurately, this model
uses NPV for considering the time value of money.

Warranty cost can be analyzed from the per-

spective of the buyer, manufacturer, or both. Since
both the manufacturer and the buyer tend to minimize
their costs, it is more desirable to use a combined
perspective. Some studies in the literature have used a
combined perspective, but they have tried to achieve a
win-win policy, which does not necessarily end in the
optimal solution. To �ll research gaps and obtain the
optimal values of decision variables, this study presents
a bi-objective mathematical programming to model
the cost. Then, the presented bi-objective model is
transformed into a single-objective one by employing
the desirability function and max-min operator.

In this study, similarly to [14], the following three
options are considered:

� Option 1: No PM actions are conducted over the life
cycle;

� Option 2: PM actions are conducted over life cycle;

� Option 3: No PM actions are conducted over war-
ranty period and discrete PM actions are conducted
over post-warranty period.

Figure 1 shows that under every option, who
will bear the costs of repairs and PM actions in the
warranty and post-warranty periods.

The three options with a constant PM level of m
during the life cycle are graphically plotted in Figure 2.
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Figure 1. The cost structure of repairs and PM actions during warranty and post-warranty period.

Figure 2. Graphical presentation of three Preventive
Maintenance (PM) options [14].

As it is clear, the highest failure rate belongs to Option
1, and Option 2 has the lowest failure rate.

2.1. Notation
The following notation in Table 2 is used to formulate
the problem. It is divided into three parts: indices,
decision variables, and parameters.

2.2. Assumptions and de�nitions
The presented model uses the following assumptions:

1. The product is repairable;

2. Maintenance and repair costs are borne by the
manufacturer during the warranty period and by
the buyer during the post-warranty period;

3. The failures are recti�ed through minimal repair.
That is, the failure rate of the product after the
repair is the same as that just before failure;

4. Time of repairs and PM actions, compared to the
life of the product, is negligible;

5. The failure time of the product follows a Weibull
distribution with a probability density function

given by f0(t) = ��(�t)��1e�(�t)� [29,30]. There-
fore, the failure rate function is modeled by a non-
homogeneous Poisson process given by:

r0(t) = f0(t)=[1� F0(t)] = ��t��1; (1)

with B � 1. r0(t) being an increasing function of t.
6. The e�ect of PM action on the product age is mod-

eled using the virtual age method, which was �rst
proposed by Kijima (1989) [31] and afterwards, was
modi�ed by Kim et al. (2004) [14]. In this method,
performing a PM action results in rejuvenation of
the product. In other words, the virtual age of the
product is reduced at the instant of performing the
PM action. The amount of reduction depends on
the maintenance level (m), which is an integer, and
0 � m �M . m = 0 indicates that no PM action is
performed and M indicates the upper limit of the
PM level. By assuming that the maintenance level
is constant during the product lifetime, the virtual
age after the jth PM action is calculated by Eq. (2):

vj = vj�1 + �(m)(TPMj � TPMj�1);

j = 1; 2; :::; (2)

where TPM1 is the time of the �rst PM action and a
decision variable. �(m) is the age reduction factor,
which is a decreasing function of M obtained as:

�(m) = (1 +m)e�m; (3)

with �(0) = 1 and �(M) = 0. It implies that as m
increases, the e�ect of aging is reduced. The virtual
age at time t can be computed as:

v(t)=vj�1+t�TPMj�1 ; TPMj�1 � t<TPMj ;

j = 1; 2; ::: (4)
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Table 2. Notations.

Indices:
i Index of failures
j Index of PM actions
Decision variables:
m PM level
TPM1 Time to the �rst PM
Parameters:
Cf Repair cost
CfM (CfB ) Expected repair cost imposed on the manufacturer (buyer)
CM (CB) Total expected cost imposed on the manufacturer (buyer)
CPMM (CPMB ) Expected PM cost imposed on the manufacturer (buyer)
CPM;m PM cost with PM level m
f0(t) Failure density function with no PM
F0(t) Failure distribution function with no PM
l Life cycle of the product
M Upper limit of PM level
nf;l Expected number of failures over [0; l)
nf;w Expected number of failures over [0; w)
nPM;l Expected number of PM actions over [0; l)
nPM;w Expected number of PM actions over [0; w)
v(t) Virtual age of the item at time t
W Warranty period
�(m) Age reduction (rejuvenation) at maintenance level m

According to Eqs. (2) and (4), the occurrence rate
of failures can be obtained by Eq. (5):

r[v(t)] = r(vj�1 + t� TPMj�1);

TPMj�1 � t < TPMj ; j = 1; 2; ::: (5)

7. The expected number of failures between the (j �
1)th and jth PM actions is equal to the expected
number of failures from t = 0 to the time of the
�rst PM action, which can be formulated as:Z TPMj

TPMj�1

r0(vj�1 + t� TPMj�1)dt

=
Z TPM1

0
r0(t)dt; j = 1; 2; ::: (6)

Therefore, TPMj , which is the upper limit of the
integral in Eq. (6), can be obtained by:

TPMj = (TPM1
� + vj�1

�)
1
� � vj�1 + TPMj�1 ;

j = 1; 2; ::: (7)

Proof. The expected number of failures during
[TPMj�1 ; TPMj ] is considered equal to that during
[0; TPM1 ]. Therefore, TPMj is derived as:

Z TPMj

TPMj�1

r0(vj�1 + t� TPMj�1)dt

=
Z TPM1

0
r0(t)dt)Z TPMj

TPMj�1

��(vj�1 + t� TPMj�1)(��1)dt

=
Z TPM1

0
��(t)(��1)dt)

�[(vj�1 + t� TPMj�1)� ]
TPMj
TPMj�1

= �[t� ]TPM1
0 )

(vj�1 + TPMj � TPMj�1)� � vj�1
� = TPM1

� )
vj�1 + TPMj � TPMj�1 = (TPM1

� + vj�1
�)

1
� )

TPMj = (TPM1
� + vj�1

�)
1
� � vj�1 + TPMj�1 :

8. ai denotes the expected occurrence time of the ith
failure within the time interval [a; ai], which is given
by Eq. (8):

ai = (a� + i��1)
1
� : (8)
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Proof. Eq. (8) is derived as:Z ai

a
r0(t)dt = i)

Z ai

a
��t��1dt = i)

�[t� ]aia = i) �a�i � �a� = i)
a�i = a� + i��1 ) ai = (a� + i��1)

1
� :

Therefore, the expected cost of the ith failure using
NPV can be expressed as:

CNPVi = Cfe��ai ; (9)

where � denotes the discount rate and Cf is the
repair cost. Thus, the expected cost of failures
during the life cycle of the product by considering
the time value of money is formulated in Eq. (10):

TC =
bnf;l+0:5cX

i=1

CNPVi ; (10)

where nf;l is the expected number of failures during
the life cycle of the product and TC is the total
repair cost under consideration of the time value of
money. bxc denotes the greatest integer, which is
less than or equal to x, and 0.5 is to modify/round
o� nf;l.

3. Model formulation

This section describes the three PM options in detail
and formulates the expected PM and repair costs
imposed on the buyer and the manufacturer for each
option by considering the time value of money and non-
periodic PM approach.

3.1. Option 1
In this option, no PM action is performed during the
product life cycle. Therefore, only the cost of failures is
imposed on the manufacturer and the buyer within the
warranty and the post-warranty periods, respectively.
Note that there is no optimization in this option and it
is intended merely to assess the impact of PM on the
costs to the buyer and the manufacturer.

3.1.1. Manufacturer cost
Let nf;w denote the expected number of failures during
the warranty period, which can be calculated as:

nf;w =
Z w

0
r0(t)dt: (11)

Therefore, the expected cost imposed on the manufac-
turer is given by:

CM =
bnf;w+0:5cX

i=1

CNPVi ; (12)

where CNPVi is calculated by Eq. (9) and a = 0.

3.1.2. Buyer cost
Let nf;l denote the expected number of failures during
the product lifetime, which can be obtained as:

nf;l =
Z l

0
r0(t)dt: (13)

Therefore, the expected cost imposed on the buyer can
be formulated as:

CB =
bnf;l+0:5cX

i=bnf;w+0:5c+1

CNPVi : (14)

3.2. Option 2
In this option, PM actions are performed through-
out the product lifetime and the �rst PM action is
performed before the end of the warranty period.
Therefore, the cost imposed on the buyer and the
manufacturer consists of both repair and maintenance
costs.

3.2.1. Manufacturer cost
Based on Eq. (6), the number of PM actions during the
warranty period nPMw is:

nPMw = jmaxw = max[jjTPM1 � w]; (15)

where jmaxw is the index of the last PM action during
the warranty period.

With respect to nPMw the expected PM cost
imposed on the manufacturer during the warranty
period can be obtained as:

CPMM =
nPM;wX
j=1

CNPVj ; (16)

where CNPVi is calculated by Eq. (10).
By de�ning N as the expected number of failures

during the time interval [0; TPM1 ] the number of the
last PM actions before the ith failure can be calculated
by Eq. (18):

N =
Z TPM1

0
r0(t)dt; (17)

j =
�
i
N

�
: (18)

Based on Eqs. (17) and (18), TCMi during the
warranty period should satisfy Eq. (19) sd shown in
Box I, where imax = max[ijTCMi � w]: This equation
calculates the time of failure up to warranty expiration.
The �rst part calculates the occurrence time of the
failures until the �rst PM action. The second part
calculates the occurrence time of failures from the �rst
PM action up to the last one within the warranty
period. The occurrence time of failures from the last
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8>>>>>>>>><>>>>>>>>>:

R TCMi
0 r0(t)dt = i t < TPM1R TCMi
TPMj

r0(vj + t� TPMj )dt = i�N � ji TPMj � t < TPMj+1 ; i = bN � jic+ 1; :::; bN � (ji + 1)cR TCMi
TPMnPM;w

r(vnPM;w + t� TPMnPM;w
)dt

= i�N � nPM;w TPMnPM;w
� t < w

(19)

Box I

8>>>>>>>>>><>>>>>>>>>>:

R TCMi
w r0(t)dt = i w � t < TPMnPM;wR TCMi
TPMj

r0(vj + t� TPMj )dt = i�N � ji TPMj � t < TPMj+1 ; i = bN � jic+ 1; :::; bN � (ji + 1)cR TCMi
TPMnPM;l

r0(vnPM;l + t� TPMnPM;l
)dt

= i�N � nPM;l TPMnPM;l
� t < l

(26)

Box II

PM action up to the end of the warranty period is
determined by the third section of Eq. (19).

With nf;w = imax; the expected repair cost
imposed on the manufacturer is calculated as follows:

CfM =
nf;wX
i=1

CNPVi + CsM ; (20)

where CsM is the expected failure cost during
[TCMnf;w

; w], which is calculated by Eq. (21):

CsM = Cf �
Z w

TCMnf;w

r(vnPM;w + t� TPMnPM;w
)dt

�e��TsM ; (21)

where TsM is the time instant required to calculate
NPV of the failure cost during [TCMnf;w

; w]. In this
model, the mean of TCMnf;w

and w is considered as Ts,
which is calculated as follows:

Ts =
w + TCMnf;w

2
: (22)

Since the manufacturer cost consists of both the
repair and the PM actions costs, during the warranty
period, the cost imposed on the manufacturer can be
obtained by Eq. (23):

CM = CfM + CPMM : (23)

3.2.2. Buyer cost
Let nPMl denote the number of PM actions during
the product lifetime in Option 2, which is computed
as follows:
nPMl = jmax = max[jjTPMj � l]; (24)

where jmax is the index of the last PM action during
the product lifetime and TPMj is obtained by Eq. (7).
Then, the expected PM cost imposed on the buyer is
given by Eq. (25):

CPMB =
nPM;lX

j=nPM;w+1

CNPVj : (25)

According to Eqs. (17) and (18), TCMi during the
post-warranty period must satisfy Eq. (26) as shown in
Box II, where imax = max[ijw < TCMi < l]:

By setting nf;l = imax; the expected repair cost
imposed on the buyer is attained as follows:

CfB =
nf;lX

i=nf;w+1

CNPVi + CsB ; (27)

where CsB is the expected failure cost during
[TCMnf;l

; l], which is obtained by Eq. (21).
Since the buyer cost includes the costs of PM ac-

tions and repairs during the post-warranty period, the
expected total cost imposed on the buyer is computed
through Eq. (28):

CB = CfB + CPMB : (28)
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3.3. Option 3
Since performing PM actions begins after the warranty
period in this option, the only cost imposed on the
manufacturer is the cost of product failures during the
warranty period. However, the cost imposed on the
buyer includes both the failures and PM actions costs
during the post-warranty period.

3.3.1. Manufacturer cost
After calculating the expected number of product
failures in the warranty period nf;w by Eq. (11), the
expected manufacturer cost in Option 3 is obtained as:

CM =
bnf;w+0:5cX

i=1

CNPVi : (29)

3.3.2. Buyer cost
With respect to the fact that performing PM starts af-
ter warranty expiration, the expected PM cost imposed
on the buyer is obtained by Eq. (30):

CPMB =
nPM;lX

j=nPM;w+1

CNPVj ; (30)

where nPM;l is the number of PM actions performed
after the warranty period. Note that in this option, the
PM intervals are calculated in a way that the expected
number of failures in each PM interval is equal to the
expected number of failures from t = w to the time
of the �rst PM action. Furthermore, TCMi during the
post-warranty period should satisfy Eq. (31) as shown
in Box III, where imax = max[ijw < TCMi < l]:

Regarding nf;l = imax; the expected repair cost
related to the buyer is as follows:

CfB =
nf;lX

i=nf;w+1

CNPVi + CsB ; (32)

where CsB is the expected failure cost during
[TCMnf;l

; l], which is obtained by Eq. (21).
Consequently, the total cost to the buyer can be

computed through Eq. (33):

CB = CfB + CPMB : (33)

4. Optimization approach

As mentioned in the previous sections, there are three
options for PM actions. In each options, a solution
approach is considered, which is as follows:

Option 1: As mentioned earlier, in this option, no
PM action is performed during the product lifetime.
Therefore, with respect to the fact that decision
variables are related to PM actions, there is no
optimization model for this option.
Option 2: To earn the buyer and manufacturer
satisfaction, simultaneously, a desirability function
approach is used. This model utilizes the desirability
function presented in [32]. This function transforms
a gained solution to a scale-free value d called de-
sirability. Therefore, the desirability values of the
manufacturer and the buyer are calculated through
Eqs. (34) and (35):

d(CM ) =8><>:1 CMmin � CM
CMmax�CM

CMmax�CMmin CMmin � CM � CMmax

0 CMmax � CM (34)

d(CB) =8><>:1 CBmin � CB
CBmax�CB

CBmax�CBmin CBmin � CB � CBmax

0 CBmax � CB
(35)

where d(CM ) and d(CB) are desirability values of
the manufacturer and the buyer. Also, Cmin

M and
Cmax
M and Cmin

B and Cmax
B are the lower and upper

boundaries of the manufacturer and buyer costs,
respectively.

According to the above-mentioned explanations,
the optimization model for Option 2 is obtained as:

maxZ = min(d(CM ); d(CB)): (36)

Option 3: Since no PM action is implemented in the
warranty period, the manufacturer's cost is �xed in

8>>>>>>>>>><>>>>>>>>>>:

R TCMi
w r0(t)dt = i w � t < TPMnPM;wR TCMi
TPMj

r0(vj + t� TPMj )dt = i�N � j TPMj � t < TPMj+1 ; i = bN � jc+ 1; :::; bN � (j + 1)cR TCMi
TPMnPM;l

r0(vnPM;l + t� TPMnPM;l
)dt

= i�N � nPM;l TPMnPM;l
� t < l

(31)

Box III
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this option. Accordingly, only the buyer cost should
be optimized. With respect to the cost calculated
in Eq. (33), the objective function to optimize the
buyer's cost is given by:

minZ = CB : (37)

5. Solution approach

There are some complexities in the proposed model
that make it impractical to achieve the optimum solu-
tion using the exact methods. Two of the most crucial
complexities are: (1) The objective functions include
both continuous and discrete decision variables and (2)
some decision variables in the objective functions are
within the limits of an integral.

Meta-heuristic algorithms are some of the best
methods to gain supreme results in a practical time.
There are some papers in the existing literature that
have used meta-heuristic algorithms to solve the models
similar to the presented model. For instance, Roozita-
lab and Asgharizadeh [33] applied a Cuckoo algorithm
for optimizing the warranty period.

This study utilizes a PSO algorithm for optimiz-
ing the proposed mathematical model because of its
simplicity in concept, ease of implementation, good
performance in optimizing nonlinear problems, com-
putational e�ciency, and unique searching mechanism
[34]. In recent years, PSO has become one of the most
popular meta-heuristic optimization algorithms and
has been applied in many researches such as [35{37].

5.1. Particle Swarm Optimization (PSO)
description

PSO is a population-based swarm intelligence meta-
heuristic optimization algorithm, which is success-
fully employed to solve the non-linear and non-convex
models with discontinuous space. In this algorithm,
a population called particles cooperate to �nd the
optimum values of decision variables in the solution
space. Each particle has two characteristics: (1) the
�tness value calculated by the objective function and
(2) velocity vector that directs the 
ying of the particle.

In PSO, local and global searches are combined
to achieve high search e�ciency. The algorithm is
initialized by assigning a random position and velocity
vectors to each particle. Then, the algorithm searches
for the optimal solution by considering the force of
inertia and the two \best" values. Between these two
values, the �rst value is called global best (gbest), which
is the best solution observed so far, and the other is
the personal best (pbesti) that the ith particle has
experienced. In other words, the behavior of a particle
is related to the interaction among its personal best, the
global best, and its current velocity. In each iteration,
the velocity and position of the particle are updated
after achieving the two best values.

Figure 3. Representation of search point by Particle
Swarm Optimization (PSO) algorithm.

Assume N as the number of particles in the
swarm. Let xti = [m;TPM1 ]; vti ; pbestti denote the
position (the vector of decision variables), velocity, and
the personal best of the ith particle in iteration t,
respectively. The best solution achieved until iteration
t is indicated by gbestt The parameters c1 and c2
represent the learning and cognition factors, where the
value of (c1 +c2) according to [38] is usually considered
equal to 4. Finally, w is the indicator of inertia weight
the value of which decreases as the iteration number
increases. In other words, the inertia weight in the
�rst iteration has a predetermined value in the interval
[0; 1]. Then, w decreases to w�wdamp where wdamp is
a constant factor less than 1. Such formulation for w
leads to an increase in intensi�cation of the algorithm.

Figure 3 represents a search point by PSO algo-
rithm in a two-dimensional feasible space and Table 3
illustrates the computational procedure of the PSO
algorithm in summary.

5.2. Application of PSO to solving the
proposed model

An important factor in developing a PSO algorithm is
solution representation, which could be a series of both
real and integer numbers. The solution representation
for the proposed model includes two-dimensional parti-
cles each of which corresponds to a particular decision
variable. In the proposed model, the PM level (m) is an
integer while the time of the �rst PM activity (TPM1)
is a real number.

A uniformly distributed random value is gener-
ated to produce the initial value for the continuous
decision variable. This random value is between the
lower and upper limits of the considered decision
variable. Moreover, a random value from a uniform
distribution in the interval [0; 1] is generated as the
initial value of the discrete decision variable. The value
of discrete decision variable, i.e. the PM level (m), is
acquired according to Eq. (38):

m = min((mmin + floor((mmax �mmin + 1)�R));

mmax); (38)
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Table 3. Complete computational procedure of the Particle Swarm Optimization (PSO) algorithm.

for i = 1 to N do:
Construct particle with randomly initialized position and velocity vectors. pbest[i] pop[i]

end for
repeat
gbest 1

for i = 1 to N do:
�tness  calculation of �tness (pop [i])
If �tness < �tness (pbest[i]) then

pbest[i] $ �tness
end if
If �tness < �tness (gbest) then

gbest  pop [i]
end if
v[i+ 1] w:v[i] + r1c1(pbest� x[i]) + r2c2(gbest� x[i])
x[i+ 1] x[i] + v[i] (to ensure clamping the position within the range)

end for
Iteration  iteration + 1
Until iteration � maximum number of iteration

where mmin and mmax are the lower and upper limits
of m, and R is a uniformly distributed random number
with R � U(0; 1):

6. Experimental results

As mentioned earlier, the aim of this study is to �nd an
optimal strategy to minimize the costs imposed on the
manufacturer and the buyer by considering the time
value of money. In this section, a numerical example
is given to demonstrate applicability of the proposed
model.

6.1. Numerical example
In this section, a numerical example derived from [14]
and modi�ed is presented to illustrate applicability of
the proposed model. As indicated in Subsection 2.2,
the failure rate follows a Weibull distribution with �
and � parameters. This model assumes that w = 4,
l = 10 and Cf varies from 20$ to 500$ in increments
of 40$. The expected costs to the buyer and the
manufacturer under each option are calculated with
� = 0; 0:4; 0:1 and � = 2. Five discrete levels for PM
are considered among which the age reduction �(m)
and the cost corresponding to them are given in Table
4. Also, the speci�cation limits for the expected costs
to the buyer and the manufacturer, which are obtained
based on the Decision-Maker (DM's experience, are
presented in Table 5.

Based on the characteristics and requirements of
the proposed model indicated earlier in Section 5, PSO

Table 4. Maintenance level, improvement, and cost ($).

Maintenance level m � (m) CPM;m
0 1.00 0
1 0.74 10
2 0.41 30
3 0.20 60
4 0.09 100
5 0.04 160

Table 5. Values of desirability function boundaries.

Parameter CM min CM max CBmin CBmax

Value 50 2700 100 6000

is coded and employed in MATLAB2016 to obtain the
optimal solution.

Table 6 represents the expected cost in Option
1 without any PM e�ort. The optimal values for
Option 2 are exhibited in Table 7. Table 8 includes
the optimal values for Option 3.

According to the results observed in Tables 6{
8, when repair cost Cf increases, a higher level of
maintenance (m�) is needed to compensate for the rise
in the repair costs imposed on the manufacturer and
the buyer. Also, changes in T �PM1

show a clear pattern
following the changes in Cf : In other words, with an
increase in Cf ; T �PM1

generally decreases, because with
higher repair cost, PM actions should be implemented
more frequently.
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Table 6. Expected cost under Option 1 (� = 0; 0:04; 0:1 and � = 2).

Cf � = 0 � = 0:04 � = 0:1

CM CB d CM CB d CM CB d

20 80.00 420.00 0.95 70.78 310.94 0.96 59.00 199.71 0.98

60 240.00 1260.00 0.80 212.33 932.83 0.86 176.99 599.12 0.92

100 400.00 2100.00 0.66 353.89 1554.72 0.75 294.99 998.54 0.85

140 560.00 2940.00 0.52 495.45 2176.60 0.65 412.99 1397.96 0.78

180 720.00 3780.00 0.38 637.00 2798.49 0.54 530.98 1797.37 0.71

220 880.00 4620.00 0.23 778.56 3420.38 0.44 648.98 2196.79 0.64

260 1040.00 5460.00 0.09 920.11 4042.26 0.33 766.98 2596.21 0.58

300 1200.00 6300.00 0.00 1061.67 4664.15 0.23 884.97 2995.62 0.51

340 1360.00 7140.00 0.00 1203.22 5286.04 0.12 1002.97 3395.04 0.44

380 1520.00 7980.00 0.00 1344.78 5907.92 0.02 1120.97 3794.46 0.37

420 1680.00 8820.00 0.00 1486.34 6529.81 0.00 1238.96 4193.87 0.31

460 1840.00 9660.00 0.00 1627.89 7151.70 0.00 1356.96 4593.29 0.24

500 2000.00 10500.00 0.00 1769.45 7773.58 0.00 1474.96 4992.71 0.17

Table 7. Optimal values for Option 2 (� = 0; 0:04; 0:1 and � = 2).

Cf � = 0 � = 0:04 � = 0:1

m� T �PM1
CM C�B d� m� T �PM1

CM C�B d� m� T �PM1
CM C�B d�

20 2 3.29 136.07 299.98 0.97 2 2.94 117.71 238.88 0.97 2 2.80 83.84 166.36 0.99

60 3 2.71 275.94 610.01 0.91 3 1.96 220.46 477.61 0.94 3 1.82 180.70 331.09 0.95

100 4 1.79 377.51 860.48 0.87 3 1.96 295.77 645.44 0.91 3 1.82 239.09 431.94 0.93

140 4 1.79 448.51 1044.67 0.84 3 1.96 371.07 813.28 0.88 3 1.82 297.48 532.79 0.91

180 4 1.79 519.52 1228.86 0.81 3 1.96 446.38 981.11 0.85 3 1.82 355.87 633.63 0.88

220 4 1.36 619.25 1401.51 0.78 4 1.47 497.13 1101.87 0.83 3 1.82 414.27 734.48 0.86

260 4 1.36 677.29 1547.24 0.75 4 1.47 554.13 1218.57 0.81 3 1.32 465.60 1020.86 0.84

300 4 1.36 735.34 1692.97 0.73 4 1.47 611.13 1335.28 0.79 5 0.97 508.82 1085.34 0.83

340 5 1.42 811.76 1830.09 0.71 4 1.13 657.49 1461.21 0.77 5 0.97 509.12 1145.57 0.82

380 5 1.42 869.62 1951.28 0.69 4 1.13 702.42 1552.59 0.75 5 0.97 509.52 1205.62 0.81

420 5 1.42 927.47 2072.47 0.67 4 1.13 747.36 1643.98 0.74 5 0.97 509.86 1265.53 0.80

460 5 1.42 985.33 2193.66 0.65 4 1.13 792.29 1735.36 0.72 5 0.96 510.15 1325.31 0.79

500 5 1.08 1043.33 2228.40 0.62 4 1.13 837.22 1826.75 0.70 5 0.96 510.40 1385.01 0.78

Table 8. Optimal values for Option 3 (� = 0; 0:02 and � = 2).

Cf � = 0 � = 0:04 � = 0:1

m� T �PM1
CM C�B d� m� T �PM1

CM C�B d� m� T �PM1
CM C�B d�

20 3 6.27 80.00 292.62 0.97 3 6.27 70.78 215.31 0.98 3 5.26 59.00 137.76 0.99

60 4 5.01 240.00 609.25 0.91 4 5.01 212.33 445.36 0.94 3 4.84 176.99 274.72 0.95

100 4 4.62 400.00 833.40 0.87 4 4.62 353.89 600.72 0.89 4 4.47 294.99 369.19 0.91

140 4 4.43 560.00 1032.18 0.81 4 4.43 495.45 724.94 0.83 4 4.45 412.99 434.32 0.86

180 4 4.43 720.00 1212.80 0.75 4 4.43 637.00 844.24 0.78 4 4.43 530.98 499.04 0.82

220 4 4.32 880.00 1381.23 0.69 4 4.43 778.56 963.53 0.73 4 4.43 648.98 563.58 0.77

260 5 4.33 1040.00 1534.37 0.63 4 4.32 920.11 1071.76 0.67 4 4.43 766.98 628.10 0.73

300 5 4.33 1200.00 1671.97 0.57 5 4.33 1061.67 1173.84 0.62 4 4.33 884.97 690.06 0.68

340 5 4.24 1360.00 1790.25 0.51 5 4.24 1203.22 1259.89 0.56 4 4.32 1002.97 747.66 0.64

380 5 4.24 1520.00 1906.75 0.45 5 4.24 1344.78 1335.73 0.51 5 4.24 1120.97 797.38 0.60

420 5 4.24 1680.00 2023.25 0.38 5 4.24 1486.34 1411.56 0.46 5 4.24 1238.96 837.45 0.55

460 5 4.18 1840.00 2137.00 0.32 5 4.24 1627.89 1487.40 0.40 5 4.24 1356.96 877.52 0.51

500 5 4.18 2000.00 2239.34 0.26 5 4.24 1769.45 1563.24 0.35 5 4.24 1474.96 917.60 0.46



3316 A. Salmasnia et al./Scientia Iranica, Transactions E: Industrial Engineering 27 (2020) 3305{3321

Table 9. Optimal Preventive Maintenance (PM) strategy (� = 2).

Cf � = 0 � = 0:04 � = 0:1

Option 1 Option 2 Option 3 Option 1 Option 2 Option 3 Option 1 Option 2 Option 3

d d� d� d d� d� d d� d�

20 0.95 0.97 0.97 0.96 0.97 0.98 0.98 0.99 0.99

60 0.80 0.91 0.91 0.86 0.94 0.94 0.92 0.95 0.95

100 0.66 0.87 0.87 0.75 0.91 0.89 0.85 0.93 0.91

140 0.52 0.84 0.81 0.65 0.88 0.83 0.78 0.91 0.86

180 0.38 0.81 0.75 0.54 0.85 0.78 0.71 0.88 0.82

220 0.23 0.78 0.69 0.44 0.83 0.73 0.64 0.86 0.77

260 0.09 0.75 0.63 0.33 0.81 0.67 0.58 0.84 0.73

300 0.00 0.73 0.57 0.23 0.79 0.62 0.51 0.83 0.68

340 0.00 0.71 0.51 0.12 0.77 0.56 0.44 0.82 0.64

380 0.00 0.69 0.45 0.02 0.75 0.51 0.37 0.81 0.60

420 0.00 0.67 0.38 0.00 0.74 0.46 0.31 0.80 0.55

460 0.00 0.65 0.32 0.00 0.72 0.40 0.24 0.79 0.51

500 0.00 0.62 0.26 0.00 0.70 0.35 0.17 0.78 0.46

We consider that time value of money not only
reduces the cost, but also increases the desirability
value. As it can be seen in Tables 6{8, under a �xed Cf
in each option, the manufacturer and the buyer's costs,
when � = 0:04, and 0:1, are less than � = 0. When
� is 0.04, the cost reduction is between %26 and %30,
while when � is considered equal to 0.1, these values
increase to %35 and %59, respectively. The reduction
in cost, which is estimated to reach %59, con�rms
the fact that taking the time value of money into
consideration has a signi�cant e�ect on the warranty
cost estimation. It is also obvious that at higher
interest rates, the impact is more severe. Therefore,
it can be concluded that in countries with higher
interest rates, considering interest rate in evaluations
has a signi�cant impact on economic forecasts and the
related decisions.

On the other hand, in some cases (Options 2
and 3), it also a�ects the decision variable values,
signi�cantly. According to Tables 7 and 8, for most
values of Cf , the decision variables, i.e. m� and T �PM1

,
decrease when � increases. This supports the claim
that a greater number of lower-level PM actions are
required in these situations.

Table 9 represents a comparison between di�erent
options with � = 2. As it can be seen, in cases of � =
0; 0:04; 0:1, when Cf is low (Cf � $60), the optimal PM
strategy is Option 3 (performing PM after warranty
expiration). That is, when the cost of repair is very low,
the manufacturer prefers to conduct no PM actions.
By increasing Cf (Cf � 100), the optimal strategy
switches to Option 2 (performing PM during the life
cycle).

6.2. Comparative study
6.2.1. Periodic and non-periodic
In this sub-section, a comparative study is conducted
between the presented model and a periodic PM war-
ranty model with � = 0:33 (the �xed pre-speci�ed PM
interval that is considered by Kim et al. 2004) [14]),
w = 4, and l = 10 to validate e�ectiveness of the
presented model. The optimal strategies under both
the periodic and the non-periodic PM warranties by
considering the time value of money are compared in
Table 10.

6.2.2. Single- and multi-objective modes
In the following, a comparative study is carried out
between the bi-objective mode and the single-objective
modes. The manufacturer and the buyer's costs are
considered in accordance with the values in Table 5 and
the rest of the parameters are considered in accordance
with the previous example. Table 11 presents the
results for the single-objective and bi-objective opti-
mization modes. In the single-objective mode, only
minimizing the manufacturer's cost is considered and
in the bi-objective mode, the goal is to minimize the
costs to the manufacturer and the buyer by maximizing
the minimum utility (manufacturer and buyer).

The results of Table 11 show that the buyer's
costs decrease from 25% to 42% in the bi-objective
optimization compared to the single-objective opti-
mization in di�erent numerical examples. As a result,
the buyer's desirability increases, indicating the e�ect
of considering the buyer's interest in the objective
function. Furthermore, the manufacturer's cost in the
bi-objective mode increases compared to that in the
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Table 10. Optimal cost and desirability of periodic and non-periodic Preventive Maintenance (PM) warranty models.

Cf Periodic PM warranty Non-periodic PM warranty
C�M C�B d� C�M C�B d�

20 80.00 420.00 0.95 75.23 250.71 0.97
60 240.00 1092.59 0.83 225.71 520.14 0.93
100 400.00 1460.98 0.77 313.36 748.29 0.89
140 560.00 1794.54 0.71 426.12 905.27 0.85
180 720.00 1998.69 0.68 493.61 1064.37 0.83
220 952.88 2103.22 0.66 532.88 1234.87 0.80
260 995.22 2289.25 0.63 616.88 1376.80 0.78
300 1037.57 2475.29 0.60 667.80 1494.99 0.76
340 1079.91 2661.33 0.57 718.71 1613.15 0.74
380 1122.25 2847.37 0.53 769.83 1731.52 0.72
420 1164.59 3033.41 0.50 820.51 1849.48 0.70
460 1206.93 3219.45 0.47 871.46 1967.70 0.68
500 1531.72 3320.67 0.44 938.14 2059.14 0.66

Table 11. Optimal cost and desirability in single- and bi-objective modes.

Cf Single-objective Bi-objective
m� T �PM1 C�M C�B d� m� T �PM1 C�M C�B d�

20 1 1.81 89.96 445.44 0.94 2 3.28 128.54 258.76 0.97
60 2 1.82 196.96 777.65 0.89 3 1.96 233.44 553.05 0.92
100 2 1.82 290.16 1105.14 0.83 3 1.96 313.36 748.29 0.89
140 3 1.59 365.94 1193.18 0.81 4 1.79 426.12 905.27 0.85
180 3 1.59 437.70 1400.47 0.78 4 1.79 493.61 1064.37 0.83
220 3 1.59 509.47 1607.76 0.74 4 1.61 532.88 1234.87 0.80
260 4 0.85 477.81 2006.61 0.68 4 1.27 616.88 1376.80 0.78
300 4 0.85 477.81 2128.64 0.66 4 1.27 667.80 1494.99 0.76
340 4 0.85 477.81 2250.68 0.64 4 1.27 718.71 1613.15 0.74
380 4 0.85 477.81 2372.71 0.61 4 1.27 769.83 1731.52 0.72
420 4 0.85 477.81 2494.74 0.59 4 1.27 820.51 1849.48 0.70
460 4 0.85 477.81 2616.78 0.57 4 1.27 871.46 1967.70 0.68
500 4 0.85 477.81 2738.81 0.55 4 1.06 938.14 2059.14 0.66

single-objective mode, which is the cost the manu-
facturer has to pay to obtain the buyer's satisfaction
and reduce their costs. However, in general, the costs
incurred by both sides (the total costs to the buyer
and the manufacturer) improve by 6% to 27%. PM
action in the single-objective mode begins at a faster
rate than in the bi-objective mode at all costs of repair,
which is due to the reduction in the number of expected
failures during the warranty period, and reduces the
costs imposed on the manufacturer.

6.3. Sensitivity analysis
In the previous section, the e�ect of parameters Cf
and � were investigated on the optimal solutions. In

Table 12. Parameters of sensitivity analysis.

Parameter � � � l
Value 0.25 2 0.04 10

this section, a sensitivity analysis is conducted over
warranty period w and lifecycle l while the other
parameters are set to their nominal values (see Table
12).

6.3.1. Varying w
Table 13 shows the optimal option and desirability
value under w = 3; 4; 5 when Cf varies from 20 to 500.
Also, the optimal desirability value is graphically pre-
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Table 13. Optimal option and desirability under w = 3; 4; 5.

Cf w = 3 w = 4 w = 5
Optimal option d� Optimal option d� Optimal option d�

20 2 0.97 3 0.97 3 0.97
60 2 0.93 3 0.93 2 0.91
100 2 0.89 2 0.89 2 0.87
140 2 0.85 2 0.86 2 0.83
180 2 0.83 2 0.83 2 0.79
220 2 0.80 2 0.81 2 0.76
260 2 0.78 2 0.78 2 0.73
300 2 0.77 2 0.76 2 0.70
340 2 0.75 2 0.74 2 0.67
380 2 0.73 2 0.72 2 0.65
420 2 0.71 2 0.70 2 0.62
460 2 0.70 2 0.68 2 0.60
500 2 0.68 2 0.66 2 0.57

Figure 4. The e�ect of w on d�.

sented in Figure 4. As it can be seen, for di�erent values
of repair cost, w = 5 has the lowest desirability value.
Moreover, at low repair costs (Cf � 260), w = 4 and at
high repair costs (Cf � 300), w = 3 have the highest
desirability values. Therefore, it can be said that
when the repair cost is low, since the expected repair
cost imposed on the manufacturer can be maintained
at an acceptable level by employing PM actions, the
manufacturer can provide a longer warranty. On the
other hand, as repair cost increases, the manufacturer
is forced to decrease the length of warranty period. In
other words, the manufacturer should o�er a shorter
warranty. Furthermore, the obtained results indicate
that implementing PM actions in the total life cycle
is the optimal option in most instances, except for the
ones in which repair cost is very low.

6.3.2. Varying l
Table 14 presents the optimal decision variables under
di�erent life cycles and repair cost values. As can

Figure 5. The e�ect of l on TPM1 .

be seen in Figure 5, an increase in the life cycle
usually leads to higher TPM1 , while the higher is the
repair cost, the lower is TPM1 . Furthermore, the
obtained results indicate that in most of the considered
instances, Option 2 has better performance than the
other ones in increasing the desirability values of both
the manufacturer and the buyer. Also, an increase in
the life cycle, as expected, raises the number of product
failures in the post-warranty period. Consequently, the
expected cost imposed on the buyer extremely increases
and the desirability value decreases. As expected, the
results con�rm the fact that as life cycle increases,
the optimal maintenance level usually follows a non-
decreasing trend.

7. Conclusions

On the one hand, high costs of repair and maintenance
in the post-warranty period have a severely negative
impact on buyer satisfaction level and on the other
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Table 14. Optimal solution and desirability under l = 8; 10; 12.

Cf l = 8 l = 10 l = 12
Optimal
option

m� T �PM1 d� Optimal
option

m� T �PM1 d� Optimal
option

m� T �PM1 d�

20 2 1 2.68 0.98 3 3 6.27 0.98 3 3 5.87 0.97
60 2 2 1.86 0.95 3 4 5.01 0.94 3 4 4.97 0.92
100 2 2 1.86 0.91 2 3 1.96 0.91 3 4 4.68 0.89
140 2 3 1.59 0.89 2 3 1.96 0.88 2 4 1.97 0.86
180 2 3 1.59 0.86 2 3 1.96 0.85 2 4 1.97 0.83
220 2 3 1.27 0.84 2 4 1.47 0.83 2 4 1.97 0.80
260 2 3 1.27 0.81 2 4 1.47 0.81 2 4 1.97 0.78
300 2 4 0.78 0.80 2 4 1.47 0.79 2 4 1.97 0.75
340 2 5 0.97 0.80 2 4 1.13 0.77 2 4 1.97 0.72
380 2 5 0.97 0.80 2 4 1.13 0.75 2 5 1.21 0.70
420 2 5 0.94 0.79 2 4 1.13 0.74 2 5 1.21 0.69
460 2 5 0.94 0.78 2 4 1.13 0.72 2 5 1.21 0.67
500 2 5 0.94 0.77 2 4 1.13 0.70 2 5 1.21 0.66

hand, dissatisfaction results in the loss of potential
buyers through the negative word-of-mouth e�ect as
well as switching of the existing buyers to the competi-
tors. Therefore, this study aimed to maximize both
the manufacture and the buyer's satisfaction, simul-
taneously. In this regard, a non-periodic Preventive
Maintenance (PM) strategy was presented in which
PM actions were carried out at discrete time instants
such that the expected number of failures remained
constant over all PM intervals. To con�rm superiority
of the presented non-periodic model, a comparative
study was conducted on the periodic and non-periodic
PM strategies. The obtained results indicated that the
proposed model not only provided higher desirability,
but also imposed lower costs on both the buyer and the
manufacturer.

To �ll the gap between the simpli�ed assumptions
in the existing models and the real production condi-
tions, this study considered two other important issues:
(1) time value of money and (2) the calendar time of
the �rst PM action as decision variables. Since the
warranty period and product lifetime are often more
than six months, according to the obtained results,
considering the time value of money has a considerable
impact on more accurate estimation of the cost.

To make further improvements, several types of
failures could be considered each of which a�ects the
occurrence rates of the others. Furthermore, it is a
reasonable assumption that the cost of minimal repair
may increase with the age of the item. Thus, it is
worthwhile to consider the cost of minimal repair as a
function of the product age. Also, this problem could
be considered under other types of warranty policies
like pro-rata.
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