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Abstract. To study how the suspended equipment a�ects the car body exible vibrations
in a high-speed railway vehicle and the ride comfort, a rigid exible general model of such
vehicles is required. The numerical simulations of this study relied on three distinct models
derived from the general model of the vehicle, namely a reference model with no equipment,
a simpli�ed model with one piece of equipment mounted at the car body centre, and a model
with four pieces of equipment mounted in various positions along the car body. This paper
is intended to �ll the gap in the literature, which does not feature any study to highlight the
change in the comfort, exclusively due to the equipment. Neither is there any mentioning
of the contrast between the results for ride comfort obtained by the simpli�ed model and
by the models with more pieces of equipment. The characteristics of the car body exible
vibration with suspended equipment were assessed by comparing the frequency response
functions between the no-equipment and one-piece-of-equipment models. The inuence of
the suspended equipment on the ride comfort was established by comparing the ride comfort
indices calculated by one- and four-pieces-of-equipment models with the same index for the
no-equipment model.

© 2020 Sharif University of Technology. All rights reserved.

1. Introduction

One of the basic criteria involved in designing high-
speed railway vehicles is the reduction in the vehicle
weight, particularly the weight of car body, which is
the main component of the total vehicle mass. A
lighter weight of the vehicle signi�cantly contributes
to a higher speed, lower energy consumption, reduc-
tion in the ground vibration, and construction-cost
saving [1,2].

The weight lightening design of car body implies

*. Tel.: 004 0744339950
E-mail address: madalinadumitriu@yahoo.com

doi: 10.24200/sci.2019.50946.1930

using light materials and altering mechanical struc-
tures [3], which often leads to lower car body structural
sti�ness and, therefore, a decrease in eigenfrequencies.
The lighter the vehicle car body, the higher its exibil-
ity. High exibility will in turn facilitate easy excitation
of the car body structural vibrations, which have a
negative e�ect upon the ride comfort. Also, structural
vibration leads to car body fatigue, which a�ects the
dynamic performance and service life of the vehicle [4].

The car body structural vibration is rather com-
plex, with global and local mode shapes ranging from
car body bending to torsion to the roof and oor,
side, and walls vibrations [5]. Nevertheless, the highest
inuence on the ride comfort comes from the �rst car
body eigenmode of vertical bending the symmetrical
bending whose frequency can fall into the range of 6
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to 11 Hz; at this level, human body shows a deeper
sensitivity to the vertical vibrations.

The topic of suppressing the car body exible
vibration in the railway vehicles has become a priority
for the academic research studies. In recent years, the
literature has accommodated more articles on identify-
ing the possibility to reduce the car body vertical vibra-
tions of the high-speed Electric Multiple Units (EMUs).
For the lightweight design of the vehicle systems, the
layout of the doors and air conditioning installation
holes, car body sti�ness, and modal frequency should
be scaled down. This, in turn, will deteriorate exible
vibration of the car body and a�ect the ride comfort [6].

Many functional pieces of equipment, such as
traction transformer, traction converter, braking unit,
cooling unit, air compressor, and waste collection unit,
are directly suspended under the car body underframe.
Such equipment can weigh from several tens of kilo-
grams to tones and can include their own sources of
vibration, namely, the cooling fan and the mechanical
switch. Hence, the design of EMU has a signi�cant
inuence on the car body vertical bending frequency.
Depending on the suspension system as well as the
equipment mass and its mounting position, the �rst
frequency corresponding to the exible vibration mode
of the car body equipment coupled system can decrease
and reach the interval in which human body is more
sensitive.

In general, the equipment is elastically suspended
using rubber springs in order to avoid noise transmis-
sion and to lower the level of car body vibrations so
that ride comfort is not signi�cantly a�ected. However,
the identi�cation of the best solution for equipment
suspension is still at the core of numerous studies.
Many of them focus on the parameters of equipment
suspension, i.e. equipment eigenfrequency and the
frequency of the �rst car body vertical bending mode,
in correlation with the equipment mass and its mount-
ing position [2,3,7-11]. Basically, the results con�rm
that the frequency of suspended equipment should be
su�ciently low and the equipment should have the
largest possible mass and be mounted closest to the car
body centre, in order to have a signi�cant reduction in
the car body exible vibration. In addition, there are
studies suggesting new methods of designing the equip-
ment suspension [3,12] or new solutions for suspension
requiring the use of high-damping elastic supports [13].

According to di�erent design concepts, there are
two conventional methods to reduce the EMU car
body exible vibrations, namely vibration isolation
and using Dynamic Vibration Absorber (DVA), to
which the active reduction in vibrations can be added.
However, the latter is not applicable due to its high
costs, di�culty to maintain, and limited space of
the equipment cabin [12]. The isolation system of
vibrations is placed between the equipment and the car

body underframe, where the force or the displacement
transmission capability between equipment and car
body can be reduced. Shi et al. [14] took into
account single-stage and two-stage vibration isolation
systems in order to study the vibration transmission
characteristics of a exible car body and its suspended
equipment. The elastically suspended equipment of
the car body can be assumed as a DVA that helps
in controlling the amplitude of the car body exible
vibrations. The DVA theory was implemented by
Huang et al. [2], Ye et al. [6], and Shi et al. [7] to restrain
exible vibration of the car body in EMU. Based on
DVA theory, Shi et al. [7,15] calculated the optimal
frequencies of various suspended pieces of equipment.
Sun et al. [12] suggest methods for the underframe
equipment of a high-speed railway vehicle based on the
DVA and vibration isolation theories.

To study the inuence of the suspended equip-
ment on the car body exible vibrations and on the ride
comfort, a rigid-exible coupled model is often used.
The model comprises the car body that is modelled
via a Euler-Bernoulli beam, a single suspended piece
of equipment mounted at the car body centre, and
rigid bodies for two bogies and four wheelsets. In this
model, only the vertical vibration modes (i.e. bounce,
pitch, and exible bending) inuencing the vertical ride
comfort are included [2,7,9,14,16]. A more complex
representation of the car body would use 3D rigid-
exible coupled models built in compliance with the
Multi-Body System (MBS) theory and the Finite El-
ement Method (FEM) [3,6,7,8,12,17]. In reality, more
suspended pieces of equipment are mounted under the
EMU underframe, as discussed above. There are a
few studies that consider such equipment and they use
3D rigid-exible coupled models in line with the MBS
theory and the FEM. For instance, Sun et al. [3] o�ered
a 3D model with FE software Hypermesh,in which an
electro-pneumatic brake unit, charger, inverter, and
battery system were included. Shi et al. [7,18] set
up a 3D rigid-exible coupled vehicle system dynamics
model for a passenger coach of EMU by ANSYS and
SIMPACK. In this model, six pieces of equipment
were mounted on the underframe, namely traction
transformer, traction converter, braking unit, power
inverter, waste discharge unit, and e�uent tank.

There has been no observation made regarding
the �ndings with the simpli�ed model comprising one
piece of equipment in comparison with the results for a
vehicle with more pieces of equipment. It is worthwhile
mentioning that there are no studies on highlighting the
ride comfort change exclusively due to the equipment.
These observations are the starting point for the study
herein.

The paper aims to conduct a numerical study
of the impact of suspended equipment on the car
body behaviour regarding exible vibrations. The
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impact is evaluated through frequency response func-
tions calculated in three reference points of the car
body at the centre and above the two bogies. Ride
comfort is also investigated at the mentioned three
reference points. To this end, a general coupled rigid-
exible model is considered, which includes a body with
parameters dedicated to the car body, six rigid bodies
for the bogies and wheelsets, and more rigid bodies for
the suspended equipment. To achieve the numerical
simulations, three distinct models are derived from
the general model of the vehicle, namely a reference
model with no equipment, a simpli�ed model with
one piece of equipment mounted at the car body
centre, and a model with four pieces of equipment
installed in di�erent positions along the car body. The
DVA theory underlies the calculation of the optimum
sti�ness, damping of the equipment suspension, and
the best frequency. In particular, the objective of
this study is twofold. On the one hand, it intends to
compare the results of the simpli�ed model with those
of the four-pieces-of-equipment model and, on the other
hand, it tries to examine the change in the ride comfort
exclusively due to the suspended equipment. The latter
is done via a comparison of the model with one piece
of equipment and the four-pieces-of-equipment model
with the results for the no-equipment model.

2. Model of the vehicle

To study the inuence of the suspended equipment on
exible vibrations of the car body and on the ride
comfort, a four-axle, two-stage suspension vehicle is
considered, travelling at a constant velocity V on a
track, deemed as perfectly rigid, with vertical irregu-
larities. The irregularities of the track are described

against each axle via the function �j;; j = 1 � � � 4. The
vehicle is represented by a rigid-exible coupled model
(Figure 1), used on a regular basis in such studies
thanks to the fact that it displays a good agreement
between numerical simulations and �eld tests [2].

The model features a body with parameters de-
voted to the car body and several rigid bodies for the
bogies, axles, and the suspended equipment. Both the
two stages of suspension and the suspension system
of the equipment are modelled via Kelvin-Voigt type
systems. The parameters for the vehicle model are
listed in Table 1.

The car body is represented by a free-free equiva-
lent beam, with constant section and uniformly dis-
tributed mass, of Euler-Bernoulli type. The beam
parameters are de�ned in terms of the car body. Lc is
beam length, �c = mc=Lc beam mass per length unit
with mc representing the car body mass, � structural
damping coe�cient, and EI bending modulus with E
being the longitudinal modulus of elasticity and I the
area moment of inertia for the transversal section of
the beam.

The car body rigid vibration modes, namely
bounce zc and pitch �c, and the �rst car body bending
eigenmode in a vertical plan, namely symmetrical
bending, will be taken into account.

The general form of the car body equation of
motion is:

EI
@4wc(x; t)

@x4 + �I
@5wc(x; t)
@x4@t

+ �c
@2wc(x; t)

@t2
=

2X
i=1

Fci�(x� li) +
nX
k=1

Fek�(x� lek);(1)

where �(.) is Dirac delta function; distance li (i = 1; 2)

Figure 1. Mechanical model of the vehicle.
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Table 1. Model parameters of the vehicle.

Symbol De�nition

mc Car body mass
mb Bogie suspended mass
me1���n Equipment mass
Jc Car body inertia moment
Jb Bogie inertia moment
Lc Car body length
2ac Car body wheelbase
2cc Secondary suspension damping (per bogie)
2kc Secondary suspension sti�ness (per bogie)
2cb Primary suspension damping (per axle)
2kb Primary suspension sti�ness (per axle)
2ce1���n Suspension damping in the pieces of equipment
2ke1���n Suspension sti�ness in the pieces of equipment
2ab Bogie wheelbase

Figure 2. Forces acting upon the car body.

�xes the positions of the supporting points of the car
body on the secondary suspension and distance lek (k =
1:::n) �xes the positions of the supporting points of
the equipment on the vehicle car body; and Fci stands
for the forces derived from the secondary suspension
corresponding to bogie i and Fek represents the forces
coming from the suspension of equipment (Figure 2).

Fci = �2cc
�
@wc(li; t)

@t
� _zbi

�
�2kc(wc(li; t)� zbi);

(2)

Fek =�2cek
�
@wc(lek; t)

@t
� _ze
�
�2kek [wc(lek; t)�zek] :

(3)

The car body vertical movement wc(x; t) comes from
the superposition of the two rigid vibration modes,
namely bounce and pitch, with the �rst bending mode:

wc(x; t) = zc(t) +
�
x� Lc

2

�
�c(t) +Xc(x)Tc(t); (4)

where Tc(t) is the time coordinate of the �rst bending
eigenmode in a vertical plan and Xc(x) stands for its

eigenfunction.

Xc(x) = sin�x+ sinh�x� sin�Lc � sinh�Lc
cos�Lc � cosh�Lc

(cos�x+ cosh�x); (5)

with:

� = 4
p
!2
c�c=(EI); (6)

and,

cos�Lc cosh�Lc � 1 = 0; (7)

where !c is the natural angular frequency of the car
body bending.

When applying the modal analysis method and
considering the orthogonality property of the eigen-
function in the car body vertical bending, Eq. (1) turns
into three two-order di�erential equations with ordi-
nary derivatives, describing the movements of bounce,
pitch, and bending in the car body:

mc�zc =
2X
i=1

Fci +
nX
k=1

Fek; (8)

Jc��c =
2X
i=1

Fci
�
li � Lc

2

�
+

nX
k=1

Fek
�
lek � Lc

2

�
;

(9)

mmc �Tc + cmc _Tc + kmcT2

=
2X
i=1

FciXc(li) +
nX
k=1

FekXc(lek); (10)

where kmc, cmc, and mmc are sti�ness, damping,
and the car body modal mass given in the following
equations:

kmc = EI
LZ

0

�
d2Xc

dx2

�2

dx;

cmc = �I
LZ

0

�
d2Xc

dx2

�2

dx;

mmc = �c

LZ
0

X2
c dx: (11)

For each bogie, a single mode of vibration is considered,
namely bounce zbi with i = 1; 2. The pitch movement
of the bogie is neglected since it is not transmitted to
the vehicle car body in this model.
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The equations for the bounce movements of the
bogies are:

mb�zb1 =
2X
j=1

Fbj � Fc1; (12)

mb�zb2 =
4X
j=3

Fbj � Fc2; (13)

where Fbj stands for the forces coming from the
primary suspension corresponding to axle j as follows:

Fb1;2 = �2cb( _zb1 � _�1;2)� 2kb(zb1 � �1;2); (14)

for j = 1; 2,

Fb3;4 = �2cb( _zb2 � _�3;4)� 2kb(zb2 � �13;4); (15)

for j = 3; 4.
The suspended equipment has bounce movements

that are described in the following equation:

mek�zek = �
nX
k=1

Fek: (16)

The system comprising Eqs. (8){(10), (12), (13), and
(16) can be written as matrices of the following form:

M�p + C_p + Kp = P _� + R�; (17)

where M, C, and K are the inertia, damping, and
sti�ness matrices, respectively, and P and R are the
track displacement and velocity input matrices. The
motions of each body can be numerically solved using
compiled MATLAB codes.

3. Numerical study

3.1. The parameters of the numerical model
This section deals with the results of the numerical
study regarding the inuence of the suspended equip-
ment on the car body exible vibrations, hence using
frequency response functions, and on the ride comfort,
evaluated by the comfort index.

Three distinct models of the vehicle derived from
the general model in the previous section are recog-
nized, namely a reference model with no equipment, a
simpli�ed model with one piece of equipment, and a
model with four pieces of equipment.

This study intends to compare the results from
the simpli�ed model with those from the model with
four pieces of equipment, on the one hand, and to
examine the change in ride comfort due to the sus-
pended equipment, on the other hand. The latter
becomes possible by comparison of the model with
one/four piece(s) of equipment with the model with
no equipment.

Table 2. Parameters of the numerical model.

Mc = 26000 kg 2kc = 1:2 MN/m

Mb = 2050 kg 2cc = 29:97 kNs/m

Jc = 1600:103 kg�m2 4kb = 4:4 MN/m

Jb = 830 kg�m2 4cb = 41:78 kNs/m

EI = 4:2554:109 Nm2 mmc = 26936 kg

Lc = 24:2 m kmc = 155:69 MN/m

2ac = 17:375 m; 2ab = 2:5 m cmc = 61:437 kNm/s

The reference parameters of the numerical model
are given in Table 2 for a motor vehicle of EMU in high-
speed railway transport of China [7]. The frequency of
vertical bending of the car body with no equipment is
fvb = 12:1 Hz, while the frequencies of the car body
bounce and pitch are fbc = 1:25 Hz and fpc = 1:5 Hz,
respectively. The frequency of the bogie bounce is fbb =
8:36 Hz.

Six pieces of equipment are suspended from the
car body underframe mounted at di�erent distances
from the car body end. The heaviest piece weighs
3960 kg and the lightest 145 kg (see Table 3). To make
the numerical study simpler, four out of the six pieces
of equipment are considered, which have been selected
based on the criterion mek=mc � 0:02 (for k = 1:::4),
as seen in Table 3.

For the model with one piece of equipment, the
choice will be the equipment with the largest mass
(me1 = me = 3960 kg), mounted at the centre of the
car body (le1 = le = Lc=2), according to the usual
models in the literature review [2,7,9,14,16].

Since each one of the four pieces of equipment
acts like a DVA, the optimal sti�ness and damping in
equipment suspension can be established as functions
of the optimal tuning ratio (�ek;opt) and optimal damp-
ing (�ek;opt), based on Eq. (2), for k = 1:::4:

�ek;opt =
1

1 + ukX2
c (lek)

; (18)

�ek;opt =

s
3ukX2

c (lek)
8 + 8ukX2

c (lek)
: (19)

Consequently, the optimal sti�ness and damping in the
equipment suspension can be expressed as follows:

2kek;opt = mek(2�fvb�ek;opt)2; (20)

2cek;opt = �ek;opt

�
2
p

2kek;optmek

�
: (21)

Similarly, the optimal frequency of the pieces of equip-
ment can be calculated by the relation:

fek;opt = fvb�ek;opt: (22)
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Table 3. Mass and mounting position of the equipment.

Equipment Equipment mass
mek (kg)

Mounting position
lek (m)

Mass ratio
uk = mek=mc

Traction transformer 3960 12.8 0.1523
Traction converter 1675 7.2 0.0644
Braking unit 400 9.9 0.0153
Power inverter 540 15.3 0.0207
Waste discharge unit 145 23.2 0.0055
E�uent tank 720 0.75 0.0277

Table 4. Optimal sti�ness and damping of the suspension system for the equipment.

Equipment mass
Optimal tuning ratio

�ek;opt
Optimal damping

�ek;opt
Optimal frequency

fek;opt (Hz)
me1 = 540 kg 0.9824 0.0813 11.88
me2 = 3960 kg 0.8147 0.2636 9.85
me3 = 1675 kg 0.9817 0.0828 11.87
me4 = 720 kg 0.9224 0.1705 11.16

The results from the above equations are included in
Table 4. The optimal damping is noticed to have
a value too high for the rubber elements that are
normally used in the suspension systems of equipment,
while the damping ratio should not exceed 0.075.
Otherwise, they get easily heated and hence, they will
age and creep quickly [2]. This study will look at the
reference value of �ek = �e = 0:025.

3.2. Numerical study of the inuence of the
suspended equipment on the car body
exible vibrations

3.2.1. Frequency response functions
The study of the inuence of the suspended equipment
on the car body exible vibrations will have to deal
with the frequency response functions of the vehicle car
body. To calculate these functions, the track vertical
irregularities against each axle are considered in a har-
monic shape with the wavelength � and amplitude �0.

�j(t) = �0 cos!t; (23)

where ! = 2�V=� represents the track excitation-
induced pulsation. The vehicle response is assumed
to be harmonic with the same frequency as the one
induced by track excitation.

The response function of the car body displace-
ment at a random point x on the car body longitudinal
axis is in the form of:

�Hc(x; !) = �Hzc(!) +
�
Lc
2
� x
�

�H�c(!)

+Xc(x) �HTc(!); (24)

where �Hzc(!), �H�c(!), and �HTc(!) are the response
functions corresponding to the rigid vibration modes,
namely bounce zc, pitch �c, and car body vertical
bending Tc.

The response function of car-body acceleration
underlies the response function of displacement:

�Hac(x; !) = !2 �Hc(x; !): (25)

Eq. (25) is customized for three reference points of
the car body. A reference point is at the centre of
the car body and the other two are placed above the
bogies, against the bearing points of the car body on
the secondary suspension.

At the car body centre, the acceleration response
function is:

�Hacm(!) = !2 �Hc

�
Lc
2
; !
�

= !2
�

�Hzc(!) +Xc

�
Lc
2

�
�HTc(!)

�
; (26)

and above the two bogies, it is:
�Hacbi(!) = !2 �Hc(li; !)

= !2 � �Hzc(!)� ac �H�c(!) +Xc(li) �HTc(!)
�
;

for i = 2 (27)

3.2.2. Results of numerical simulations
The �rst part of this section will review the main
characteristics of the car body vibration behaviour due
to the existence of the suspended pieces of equipment.
To this end, the response functions of car body accel-
eration for the model with one piece of equipment will
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be calculated and the results will be compared with
those for the model with no equipment. It should be
mentioned that the eigenfrequency of the equipment
for the model with no equipment is fe and the damping
ratio of the suspension system is �e. Based on the car
body acceleration response functions, the di�erences
between the results for the simpli�ed model with one
piece of equipment and the �ndings for the model with
four pieces of equipment will also be investigated.

Figure 3 shows the acceleration response functions
of the car body at its centre and above the bogies for
�e = 0:025 and various values of eigenfrequency fe,
including the optimal frequency fe;opt. The car body
response above the bogies is considered symmetrical,
because the track irregularities de�ned in Eq. (23)
compel in-phase displacement of the four axles of the
vehicle and therefore, the car body pitch is not excited.
Both diagrams show the peak of resonance frequency
in the car body bounce movement at 1.25 Hz. The
resonance frequency in the car body vertical bending
is at 12.1 Hz for the model with no equipment, but
it changes with the presence of suspended equipment
and the way it is �xed on the car body (rigid or
elastic). When the equipment is rigidly �xed, the
resonance frequency of car body bending lowers to
11 Hz. For the elastically �xed equipment, two peaks
emerge corresponding to the resonance frequencies of
the equipped car body system; the �rst one is at
a smaller frequency than the resonance frequency of
bending in the car body with no equipment and the
other one at a higher frequency. The two frequencies
will be hereinafter called `low frequency' and `high
frequency.' It should be mentioned that `low' frequency
is relevant also from the ride comfort perspective, since
it can go under 10 Hz. As an example, for fe;opt,
the response function of the car body acceleration
has a peak at the low frequency of 9.21 Hz, which

corresponds to the in-phase vibration in the car body
and equipment, and another peak at the high frequency
of 14 Hz, which is for the anti-phase vibration in the
car body and equipment. The response function in the
car body acceleration increases with the eigenfunction
of the equipment at low frequency, while goes down
with fe.

It is deducible that the level of car body vibrations
changes at the bending resonance frequencies once the
suspended equipment is introduced in the model of
the vehicle. Rigid �xation of the equipment leads to
decrease in the acceleration response function at the
car body centre and above the bogies. For an elastic
suspension of equipment, the level of vibrations at
the car body centre shows a noticeable reduction at
both resonance frequencies, irrespective of the eigen-
frequency of the equipment. Nevertheless, in case of
bending frequency in the car body with no equipment,
the response function at low frequency will rise above
the bogies for fe � 9:85 Hz. These results are rather
relative, since the level of vibrations above the bogies
declines with the rise in the damping degree of the
equipment, as shown below.

Considering the optimal value of the eigenfre-
quency of the equipment (fe;opt), the response func-
tions of car body acceleration were calculated for vari-
ous values of the damping ratio �e, as seen in Figure 4.
The level of car body vibrations at the resonance
frequencies of the car body equipment coupled system
decreases with increase in �e. In the results for the
model with no equipment, the level of vibrations is
noticeably lower than that at the car body centre in
all the cases being studied, but above the bogies, it
is �e � 0:05. Both at the car body centre and above
the bogies, the most e�cient reduction in the bending
vibrations is recorded for the optimal value of the
damping ratio, which is 0.2636 in this study.

Figure 3. Response function of car body acceleration; inuence of the eigenfrequency of the equipment: (a) At the car
body centre and (b) above the bogies.
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Figure 4. Response function of the car body acceleration; inuence of damping ratio of the equipment: (a) At the car
body centre and (b) above the bogies.

Figure 5. Response function of car body acceleration; inuence of the mass of the equipment: (a) At the car body centre
for �e = 0:025, (b) above the bogies for �e = 0:025, (c) above the bogies for �e = 0:05, and (d) above the bogies for
�e = 0:075.

Figure 5 features the acceleration response func-
tions at the car body centre and above bogies for
di�erent values of the equipment mass taking into
account the eigenfrequency of the equipment (fe;opt). It
can be noticed that an increase in the equipment mass

leads to a larger frequency interval between the low and
high values. Another fact is that this increase leads to
a reduction in the car body vibrations at the car body
centre (Figure 5) at both low and high frequencies. The
level of vibrations goes up at a low frequency above
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bogies (Figure 5(b), (c), and (d)) and down at a high
frequency for a larger equipment mass. If �e = 0:025
(Figure 5(b)), for me � 3000 kg, the level of vibrations
at low frequency is higher than that in the model with
no equipment, above the bogies. The level of vibrations
above the bogies can be reduced even for large masses of
equipment by increasing the damping degree, as shown
in Figure 5(c) and (d).

The diagrams in Figure 6 show that mounting
position of the equipment has a perceptible impact on
the car body bending vibrations obtained for fe;opt.
According to some studies in the literature [2,7,16], the
level of vibrations due to the car body bending is the
lowest when the equipment is �tted at the car body
centre. The farther the equipment mounting position
gets from the car body centre, the lower the e�ciency of
reduction in bending vibrations is. Such observations
are valid when considering the level of vibrations at
low frequency (Figure 6(a)). The equipment has the
largest e�ciency with le = Lc=2 and goes down to
le = Lc=3. Hence, it will no longer have any e�ects and
the level of vibrations is similar to that in the model
with no equipment with le = Lc=4. Regarding the level
of vibrations at high frequency, the bending vibrations

are more e�ciently reduced for le = Lc=3 and less for
le = Lc=2.

The lowest level of vibrations due to bending is
with le = Lc=3 at both low and high frequencies above
the bogies (Figure 6(b), (c), and (d)). The level of
vibrations will therefore become comparable to that
for the model with no equipment if distance le reaches
the value of Lc=4.

Figure 7 indicates di�erences between the results
from the model with four pieces of equipment and the
model with one piece of equipment for the response
functions of car body acceleration calculated by the
three models for fek;opt and �e = 0:025. The car body
response above the two bogies in the model with four
pieces of equipment becomes asymmetrical due to the
excitation in the car body pitch. This is not observed in
the model with one piece of equipment. We will discuss
why ride comfort is di�erent above the two bogies
in the following. In addition, there are more peaks
corresponding to resonance frequencies on the curve
for the response function of car body acceleration in the
coupled system with four pieces of equipment. Figure 8
more speci�cally delineates this. Zero damping in the
suspension of both the vehicle and the equipments was

Figure 6. Response function of car body acceleration; inuence of the mounting position of the equipment: (a) At the car
body centre for �e = 0:025, (b) above the bogies for �e = 0:025, (c) above the bogies for �e = 0:05, and (d) above the bogies
for �e = 0:075.
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Figure 7. Response function of car body acceleration: (a) At the car body centre, (b) above the front bogie, and (c)
above the rear bogie.

Figure 8. Response function of car body acceleration for the non-damped case: (a) At the car body centre and (b) above
the front bogie.

considered to calculate the response functions of the car
body acceleration. There is a peak at the frequency
of 1.5 Hz on the curve of response function at the
car body centre (Figure 8(a)) corresponding to the
resonance frequency of the car body pitch. This type of
vibration occurs at the car body centre as a result of the
large asymmetry of the car body due to the existence
of the four pieces of equipment with di�erent masses
asymmetrically mounted along the car body.

3.3. Numerical study of the inuence of the
suspended equipment on vertical ride
comfort

3.3.1. Ride comfort index
To evaluate ride comfort, track irregularities are re-
garded as a stationary stochastic process, which can
be described via the power spectral density as in the

following equation [19]:

S(
) =
A
2

c
(
2 + 
2

r)(
2 + 
2
c)
; (28)

where 
 is the wavelength, 
c = 0:8246 rad/m, 
r =
0:0206 rad/m, and A is a coe�cient depending on track
quality. For a high-level quality track, A = 4:032 �
10�7 radm, whereas for low-level quality, A = 1:080 �
10�6 radm.

As a function of the angular frequency ! = V 
,
the power spectral density of the track irregularities
can be written as in the following general relation:

G(!) =
S(!=V )

V
; (29)

where V is the vehicle velocity.
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Eqs. (28) and (29) will give the power spectral
density of the track vertical irregularities in the follow-
ing form:

G(!) =
A
2

cV 3

[!2 + (V 
c)
2][!2 + (V 
r)

2]
: (30)

To calculate the power spectral density of car body ver-
tical acceleration, the starting point is in the response
function of car body acceleration in Eq. (25) and for
the power spectral density of the track irregularities, it
is in Eq. (30).

Gac(x; !) = G(!)
�� �Hac(x; !)

��2: (31)

It is noteworthy that the calculation of the response
function of car body acceleration will depend on the
fact that the track vertical irregularities are de-phased
against the axles corresponding to the distances be-
tween them, i.e. 2ac and 2ab. Hence, the functions �j
describing the track irregularities against the four axles
are in the form of:

�1;2(t) = �0 cos!
�
t+

ac � ab
V

�
;

�3;4(t) = �0 cos!
�
t� ac � ab

V

�
: (32)

When customizing Eq. (31), the power spectral density
of acceleration at the car body centre and above the two
bogies will be:

Gacm(!) = G(!)
�� �Hacm(!)

��2; (33)

Gacbi(!) = G(!)
�� �Hacbi(!)

��2: (34)

To evaluate the comfort in the vertical direction, the
partial comfort index is used, which is calculated
through relation [20]:

NMV = 6aWab
95 ; (35)

where a is the root mean square of the vertical car
body acceleration, 95 refers to the quantile of order
95%, and Wab = Wa �Wb represents the weight �lter of
the vertical acceleration [20,21].

The square mean deviation of the vertical
acceleration in a random point x of the car body is
calculated by using the car body dynamic response,
expressed as the acceleration power spectral density,
in the equation below:

a =

vuuut 1
�

1Z
0

Gac(x; !)d!: (36)

Similarly, the square mean deviation of acceleration
at the car body centre or above the bogies can be
calculated using the relations:

am =

vuuut 1
�

1Z
0

Gcam(!)d!; (37)

ab1;2 =

vuuut 1
�

1Z
0

Gacb1;2(!)d!: (38)

The �lter Wa is a passband with the following transfer
function (Figure 9(a)):

Ha(s) =

s2(2�f2)2h
s2 + 2�f1

Q1`
s+ (2�f1)2

i h
s2 + 2�f2

Q1
s+ (2�f2)2

i ;
(39)

with f1 = 0:4 Hz, f2 = 100 Hz, Q1 = 0:71, and s = i!
(with i2 = �1) [21].

The weighting �lter Wb takes into account the
high human sensitivity to the vertical vibrations and

Figure 9. Transfer functions of the weighting �lters: (a) Filter Wa and (b) �lter Wb.
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has the transfer function in the form of (Figure 9(b)):

Hb(s) =

(s+ 2�f3) � hs2 + 2�f5
Q3

s+(2�f5)2
i

2�Kf2
4 f2

6h
s2+ 2�f4

Q2
s+(2�f4)

2
i h
s2+ 2�f6

Q4
s+ (2�f6)

2
i
f3f2

5

; (40)

where f3 = 16 Hz, f4 = 16 Hz, f5 = 2:5 Hz, f6 = 4 Hz,
Q2 = 0:63, Q4 = 0:8, K = 0:4, and s = i! (with
i2 = �1) [21].

When assuming the hypothesis that the vertical
accelerations have a Gaussian distribution with zero
mean value, the partial comfort index is:

NMV (x)=6��1(0:95)

vuuut 1
�

1Z
0

Gac(x; !)jHab(!)j2d!;
(41)

where ��1(0:95) represents the quantile of the stan-
dard Gaussian distribution with the probability of 95%
and the transfer function Hab(!) = Ha(!) � Hb(!)
(Figure 10).

To calculate the comfort index at the car body
centre (NMVm) and above the two bogies (NMV b1;2),
the particular relations (33) and (34) for acceleration
power spectral density are considered.

3.3.2. Results of numerical simulations
This section deals with the inuence of the equipment
upon ride comfort in correlation with velocity and
di�erent values of bending frequency fvb ranging from
7 to 13 Hz. To this end, the ride comfort index will be
calculated at the car body centre and above the two
bogies based on a model with one piece of equipment
and a model with four pieces of equipment. Then,
the results will be compared with those for the model
with no equipment. This will give a real image of the
contribution of the equipment to ride comfort. The
possible di�erences between the results for the two
models will be highlighted.

Figure 10. Transfer functions of the �lter Wab.

The diagrams in Figure 11 show the ride comfort
index at the car body centre. A general observation
is that the comfort index increases with velocity,
irrespective of the model under study. However, this
rise is not uniform due to the geometric �ltering e�ect.
The geometric �ltering e�ect is an essential feature
of the behaviour of vertical vibrations in the railway
vehicles and it has extensively been analysed in many
papers [22{27]. This e�ect is mainly due to the manner
in which the track excitations are conveyed to the
suspended masses via the axles, irrespective of the
suspension characteristics. In essence, the geometric
�ltering e�ect is the result of the displacement between
the vertical movements in the axles due to running
on a track with irregularities. This displacement is
calculated from the axle position in the assembly of
running gear and vehicle velocity. This fact gives the
geometric �ltering a selective nature, depending on the
vehicle wheelbases and velocity of the vehicle car body
as well as on a di�erentiated e�ciency in the movement
behaviour.

Di�erences between the comfort index for the
model with no equipment and the model with one and
four pieces of equipment show an improvement in ride
comfort with the use of the equipment. This enhance-
ment varies within a large range, depending on the car
body bending frequency fvb and velocity. It is given
in Figure 12 through the percentage increase/decrease
in ride comfort at the car body centre. A signi�cant
rise in ride comfort, which can reach up to 50{60% at
high velocities, requires the car body bending frequency
to be lower than 10 Hz. For instance, ride comfort
is improved by 65% for fvb = 8 Hz at the speed of
255 km/h thanks to the presence of the four pieces of
equipment. In the simpli�ed model with one piece of
equipment, the percentage is 56%.

When the car body bending frequency rises (fvb =
12 Hz or fvb = 13 Hz), signi�cant improvement (up to
20{30%) in the ride comfort can be seen at velocities
smaller than 150 km/h. For fvb = 12 Hz, at the
speed of 125 km/h, the ride comfort improves by 30%
and 27% with four pieces and one piece of equipment,
respectively. At high velocities, the rise in the ride
comfort does not exceed 10%.

The diagrams in Figures 13 and 14 represent the
comfort index above the two bogies. Due to di�erent
behaviours of vibrations in that position (see Figure 7),
there are inequalities of the comfort index above the
front bogie and the same index above the rear bogie.
Nevertheless, a general trend is noticeable in which the
comfort index increases with velocity. The rise is not
continuous due to the geometric �ltering e�ect and it
is higher at the car body centre. The �ltering due to
the distance between bogies, occurring at the car body
centre, does not apply to this case.

Unlike the car body centre where the ride comfort
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Figure 11. Comfort index at car body centre.

Figure 12. Inuence of the equipment upon the ride comfort at the car body centre.

is improved thanks to the equipment, large intervals of
speed are noticed above the bogies, where the comfort
gets worse. These intervals change depending on the
car body bending frequency fvb. The increase and the
decrease in ride comfort above the bogies, because of
the equipment, are shown in Figures 15 and 16.

Considering the comfort index above the front
bogie (Figure 15), the most important growth in ride
comfort, exceeding 20%, is achieved at velocities higher
than 250 km/h for fvb = 8 Hz or fvb = 9 Hz. In
practice, the largest increase (28%) occurs for the
model with four pieces of equipment with fvb = 8 Hz at
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Figure 13. Comfort index above the front bogie.

Figure 14. Comfort index above the rear bogie.

255 km/h. When fvb goes up, the improvement in ride
comfort is reduced to under 7%. As for the decrease
in the ride comfort, it is generally maintained under
20% for fvb = 8 Hz or fvb = 9 Hz. At higher bending
frequencies, the ride comfort will go down by more than
20%, reaching circa 31% at 260 km/h for fvb = 11 Hz
in the model with four pieces of equipment.

There is also a signi�cant enhancement in the ride
comfort above the rear bogie (Figure 16) for fvb <
11 Hz. In the model with four pieces of equipment,
an increase by circa 26% in the ride comfort can be
noticed for fvb = 8 Hz at the speed of 265 km/h. A
higher percentage of 30% is obtained for fvb = 10 Hz
in the model with one piece of equipment at 300 km/h.
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Figure 15. Inuence of the equipment on ride comfort above the front bogie.

For higher values of fvb, the growth in the ride comfort
remains under 10%. The decline in the ride comfort
occurs irrespective of the value of the car body bending
frequency and it can reach 20% for fvb = 13 Hz at
300 km/h in the model with one piece of equipment.

It is worth mentioning that the largest reductions
in the ride comfort occur in the model with one
piece of equipment. For instance, the value of this
indicator rises by almost 23% for fvb = 11 Hz at
280 km/h, whereas it is close to 4% in the model
with four pieces of equipment. Moreover, the results
for the model with four pieces of equipment show a
rise in the ride comfort in some cases, while it goes
down in the model with one piece of equipment in
the same condition, e.g., fvb = 10 Hz in the 95{175
km/h speed window. On the other hand, there are
circumstances in which the results for the model with
four pieces of equipment indicate a decrease in ride
comfort while it goes up in the model with one piece of
equipment, e.g., fvb = 12 Hz in the speed range of 90{
175 km/h. Such observations are meant to highlight
the di�erences between the results for the model with
four pieces of equipment and the model with one piece
of equipment.

From the diagrams in Figures 4{6, it is evident
that the level of vibrations above the bogies at the
resonance frequencies can be lowered by increasing
the damping degree in the equipment suspension. It
is now interesting to see to what extent the ride
comfort can be improved above the bogies by raising
�e for the speed intervals in which the comfort gets
worse due to the equipment. To this purpose, the
diagrams in Figure 17 are presented. They show the
comfort index above the two bogies for fvb = 11 Hz
(a disadvantageous condition in terms of decrease in
ride comfort) calculated for the models with one piece
of equipment (Figure 17(a) and (b)) and four pieces of
equipment (Figure17(c) and (d)) with the �e values of
0.025, 0.05, and 0.075.

The increase in the damping ratio of the
equipment leads to ride comfort improvement in all
the above cases for the entire speed interval. However,
the most tangible reduction in the comfort index is at
high speeds.

For example, in the model with one piece of
equipment, the comfort index lowers by 14.64% above
the front bogie at the speed of 275 km/h and by 10.28%
above the rear bogie by the rise of �e from 0.025 to
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Figure 16. Inuence of the equipment on ride comfort above the rear bogie.

0.075. At the same speed, the comfort index will go
down by 14.75% above the front bogie and by 6.27%
above the rear bogie in the model with one piece of
equipment when the damping degree goes from 0.025
to 0.075.

Furthermore, the diagrams in Figure 18 illustrate
the di�erences between the results for the comfort
index in the model with one piece of equipment and the
model with four pieces of equipment. Such di�erences
change with the speed and fvb. The positive values in-
dicate an overestimation of ride comfort (speci�cally for
the model with one equipment) and the negative values
imply its underestimation. The largest di�erences are
observable at the car body centre, where they are close
to 20% and generally negative. For fvb = 9 Hz, at
240 km/h, the di�erence between the results is 18.8%,
whereas it is 18.2% for fvb = 10 Hz at the speed of
265 km/h.

Above the bogies, the di�erences remain under
16% with both negative and positive values. Higher
values occur above the front bogie for fvb = 8 Hz
and fvb = 9 Hz, indicating underestimation of the ride
comfort by 16% at 275 km/h and by 14% at 300 km/h,

respectively. When fvb rises, the di�erences between
the results for the two models do not exceed 8%.

4. Conclusions

This paper investigates the inuence of suspended
equipment on the car body exible vibrations and
ride comfort in a high-speed vehicle using results from
numerical simulations. The vehicle was represented by
a rigid-exible coupled model from which three distinct
models were derived, a model with no equipment, a
model with one piece of equipment, and a model with
four pieces of equipment. Three reference points in the
car body were de�ned at its centre and above the two
bogies to obtain the frequency response functions of car
body acceleration and the ride comfort index for all the
three models.

The goals were, on the one hand, to compare the
results for the model with one piece of equipment and
the model with four pieces of equipment and, on the
other hand, to examine the change in ride comfort
exclusively due to the suspended equipment. This was
possible by contrasting the results for the model with
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Figure 17. Inuence of the damping degree of the equipment suspension on ride comfort: (a) and (c) above the front
bogie, (b) and (d) above the rear bogie.

Figure 18. Percentage di�erences between the results for the models with one and four pieces of equipment.
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one/four piece/s of equipment and the model with no
equipment.

The main characteristics of the exible vibrations
of the car body due to the suspended equipment were
identi�ed by comparing the results for the frequency
response functions of acceleration in the reference
points of the car body for the model with one piece
of equipment and the model with no equipment. To
this purpose, more cases were studied to establish
the connection between the suspension manner of
the equipment, eigenfrequency of the equipment, the
equipment mass, damping degree in the equipment
suspension, and its mounting position. Reduction in
the bending vibrations at the car body centre was
obvious for both the rigidly and the elastically �xed
equipment. However, the e�ciency of suppressing the
bending vibrations was higher in the elastic suspension
of the equipment. Above the bogies, the bending vibra-
tions lowered only when the equipment was elastically
suspended and the damping degree of the equipment
suspension exceeded 0.05.

In fact, the best results for the reduction in the
bending vibrations of the car body in all the three refer-
ence points were achieved with high values of damping
degree in the equipment suspension. The large mass of
the equipment brought about a signi�cant contribution
to the decline in the bending vibrations at the car body
centre. Above the bogies, the increase in the equipment
mass led to higher bending vibrations at the �rst
resonance of the car body-equipment coupled system
(relevant from the ride comfort perspective). However,
the level of vibrations could decrease for a su�ciently
high damping degree in the equipment suspension.
Mounting position of the equipment also had a palpable
impact on the car body bending vibrations. To have
an e�cient reduction in the level of vibrations at the
�rst bending resonance frequency in the reference point
at the car body centre, it is preferable to have the
equipment mounted at the car body centre.

To study the inuence of the equipment upon ride
comfort in relation to velocity and bending frequency of
the car body with no equipment, the ride comfort index
was calculated at the car body reference points for the
models with one and four pieces of equipment and the
results were compared with those for the model with no
equipment. Accordingly, an image of the change in ride
comfort exclusively due to the equipment was obtained.
The di�erences of the ride comfort index between the
models with one piece of equipment and four pieces of
equipment were discussed.

It was observed that, generally, the ride comfort
index rose with the speed. However, this rise was not
uniform due to the geometric �ltering e�ect. In terms
of the inuence of the equipment upon the ride comfort,
the observations were di�erent for each car body
reference point. At the centre, the results indicated an

improvement in the ride comfort; however, substantial
enhancement of up to 50{60% occurred at high speeds
for car body bending frequencies under 10 Hz. Above
the bogies, this improvement did not go beyond 30%
at high speeds (due to the presence of equipment),
provided that the car body bending frequency was
lower than 10 Hz. In addition, ride comfort worsened
because of the equipment in large speed intervals. The
decline of the ride comfort generally remained under
20% if the car body bending frequency was smaller than
10 Hz, but it could reach circa 30% at higher car body
bending frequencies.

Based on the comparison of the results for the
model with four pieces of equipment and the model
with one piece of equipment:

1. At the car body centre, the ride comfort was overes-
timated for the model with one piece of equipment.
The overestimation was close to 20% at high speeds
and bending frequencies under 10 Hz;

2. Above the bogies, the ride comfort index in the
model with one piece of equipment was overes-
timated/underestimated. The same held for the
model with four pieces of equipment by up to 16%.
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