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Abstract. The nonlinear dynamic response, Limit Cycle Oscillations (LCOs), of
High-Aspect-Ratio (HAR) wings using novel indicial aerodynamics in subsonic ow
was investigated. Using the nonlinear beam theory, the structural model was derived
with in-plane and out-of-plane bending and torsional motions, all nonlinearities up to
cubic order arising from large deformation, mass distribution, and cross-sectional mass
imbalance. Based on new approximations of the indicial functions, a comprehensive
unsteady aerodynamic model was used. Coupling such indicial aerodynamics to nonlinear
structural equations can result in a uni�ed nonlinear aeroelastic formulation in both
incompressible and subsonic compressible ows. The e�ects of ight conditions, wing tip
initial disturbances, Sti�ness Ratio (SR) between bending modes, and nonlinearity due to
inertia and cross-sectional mass imbalance on the characteristics of LCO are discussed. The
results showed that compressibility could a�ect the LCO boundary up to 12 percent, which
implied that appropriate Mach-dependent aerodynamics was required to achieve a more
reasonable and realistic description of dynamic behavior of the system. It was observed
that the presence of LCO before the linear utter speed depended on the initial disturbances
as well as wing characteristics.
© 2020 Sharif University of Technology. All rights reserved.

1. Introduction

High-Aspect-Ratio (HAR) and highly-exibility lifting
surfaces can be taken into account as the main features
of High-Altitude Long-Endurance (HALE) aircraft.
Undergoing large deformations due to aerodynamic
loads, such wings exhibit nonlinear dynamic behaviors,
which cannot be described by classical aeroelastic
methods. Therefore, the nonlinearities caused by
large deformations should be considered to study the
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nonlinear phenomena such as Limit Cycle Oscillations
(LCOs), bifurcation, chaotic vibration, and internal
resonance of such wings. LCO is a steady-state periodic
oscillation which may accrue at velocities both above
and below the linear utter speed, depending upon
the dynamic of system, nonlinear mechanism, and
the magnitude of applied disturbance. During the
last decades, various researches have been carried out
on the nonlinear aeroelastic problems, including two-
dimensional airfoils, single wings, and full aircraft.
In order to investigate the aeroelastic behavior of
HAR wings, continuous highly exible beam models
undergoing large deformations with the modi�ed strip
theory have widely been applied by researchers [1].
Large deformations due to in-plane, out-of-plane, and
torsional motions will introduce signi�cant structural
nonlinearity into the aeroelastic equations of motion.
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In fact, the nonlinear strain-displacement relations
(geometric nonlinearity) are responsible for the ap-
pearance of nonlinear coupling terms in the bending-
bending-torsion equations [2]. As a result of increas-
ing aspect ratio, the importance of in-plane motion
in the dynamic responses due to nonlinear coupling
should also be included [3,4]. According to the above
discussion, although the stability characteristics of
HAR wings, e.g., utter speed, may be determined
by linear methods, nonlinear analysis is inevitable to
investigate the nonlinear phenomena and study the
dynamic responses.

Appropriate structural and aerodynamic model-
ing may result in an accurate aeroelastic analysis.
The nonlinear beam theory is generally adopted to
describe large deformations and the related geometrical
nonlinearity e�ects of HAR wings. Geometric nonlin-
earities may generally be classi�ed into the following
types: large displacement-large rotation-small strain,
large displacement-small rotation-small strain, and
large displacement-large rotation-large strain, among
which the �rst one is commonly considered in the HAR
wings [1]. Nonlinear moving beam and geometrically
exact intrinsic beam are two types of basic structural
models. Hodges and Dowell [5] presented the nonlinear
moving beam model with quadratic nonlinearities for
twisted non-uniform rotor blades. However, the model
did not have enough accuracy for large deections,
because the resulting coupled equations of motion
included only second-order nonlinear terms [6]. Con-
sidering some third-order nonlinear terms, Rosen and
Friedmann [7] obtained more accurate equations than
those of Hodges and Dowell. Crespo da Silva and
Glynn [8] developed a set of cubic nonlinear di�eren-
tial equations including the coupled bending-bending-
torsional motions of Euler-Bernoulli beams with ar-
bitrary boundary conditions. The derived equations
included the nonlinear e�ects due to curvature and
inertia and they were suitable for nonlinear analysis
of moderately large oscillations. Comprehensive non-
linear equations describing the extensional-bending-
bending-torsional motions of three-dimensional beams
were derived by Pai and Nayfeh [9]. The �nd-
ings indicated that although the geometric nonlineari-
ties dominated the inertia nonlinearities for the low-
frequency modes, the inertia nonlinearities played a
more signi�cant role in high-frequency modes [10]. The
primary form of geometrically exact intrinsic beam
model was �rst developed by Hodges [11]. The model
provided a geometrically exact, fully intrinsic dynamic
formulation for moving beam.

Various aerodynamic theories such as indicial re-
sponse theory, Euler or Navier-Stokes CFD techniques,
and unsteady vortex-lattice method can be used to
calculate aerodynamic loads [12{17]. Classical aerody-
namic loads such as Wagner, Theodorsen, and Green-

berg models have limited practical applications due
to the e�ects of compressibility and restriction of the
solution method to the frequency domain. On the other
hand, numerical methods based on computational uid
dynamics may also be impractical and ine�cient in
common aeroelastic problems due to solution complex-
ity and requirement of extremely large amounts of
computational resources. The indicial function method
has attracted more attention to determining unsteady
aerodynamic loads undergoing arbitrary motions in the
compressible ow �eld because of its practical and con-
venient computational forms leading to suitable formu-
lations in aeroelasticity problems. Mazelsky [18,19] and
Mazelsky and Drischler [20] approximated the indicial
response functions with a series of four exponential
terms at speci�ed Mach numbers (i.e. 0.5, 0.6, and
0.7). Leishman [15] obtained the unsteady indicial
aerodynamic functions approximated by a series of
three exponential terms, due to step changes in the an-
gle of attack and pitching rate in subsonic compressible
ow. Marzocca et al. [21,22] determined the unsteady
aerodynamic loads for an oscillating airfoil using linear
and nonlinear indicial functions in the incompressible
and compressible subsonic, transonic, supersonic, and
hypersonic ight speed regimes. Farsadi and Ja-
vanshir [23] developed a Mach-dependent exponential
approximation of indicial functions in the range of
0:5 � M � 0:8 for subsonic compressible ow. Based
on alternative approximations of indicial functions, Ne-
jati et al. [24,25] developed a comprehensive, e�cient,
and Mach-dependent unsteady indicial aerodynamic
model, which was valid throughout the entire subsonic
ow, i.e. 0 � M � 0:8. Despite the fact that
the unsteady aerodynamic loads based on the indicial
response method are often determined for 2-D airfoils,
they can be generalized to 3-D problems. To this end,
the modi�ed strip theory along with the modi�ed lift
curve slope is used to include 3-D e�ects for the �nite-
span wings [26,27].

Extensive studies have been carried out on non-
linear aeroelasticity and the corresponding phenomena
such as LCO, internal resonance, bifurcation, and
chaotic motion of exible HAR wings. Tang and Dow-
ell [28] investigated the aeroelastic response and pres-
ence of LCO of an HAR wing both theoretically and
experimentally. They adopted the ONERA stall model
and Hodges-Dowell equations to describe the structural
and aerodynamic nonlinearities, respectively. Patil
et al. [3] used geometrically exact structural analysis
coupled to �nite-state unsteady aerodynamics with
stall to numerically analyze LCOs in HAR wings.
They found that a critical disturbance value should
be suggested at a given speed and a critical speed
reached at a given disturbance magnitude to initiate
LCO. Strganac et al. [4] studied the nonlinear be-
haviors and bifurcation characteristics of highly ex-
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ible wings undergoing moderate-to-high deformations.
They used Crespo da Silva beam theory and Navier-
Stokes method to develop the governing nonlinear
aeroelastic equations. Shams et al. studied the exural-
torsional as well as exural-exural-torsional nonlinear
aeroelastic response of slender wings using the Crespo
da Silva nonlinear beam model and unsteady linear
aerodynamic strip theory based on the Wagner func-
tion [29,30]. Jian and Jinwu [31] used the geometrically
exact, fully intrinsic beam model [32] attached to
a nonlinear dynamic stall model including drag to
derive a �rst-order, state-space model for nonlinear
aeroelastic analysis of HALE wings. Eskandari et
al. [33] investigated the e�ect of di�erent parameters
including Sti�ness Ratio (SR) and mass ratio as well as
mass imbalance on divergence and utter speed along
with LCO of HAR wings. They employed the Hodges-
Dowell moving beam and quasi-steady aerodynamics
to derive the governing aeroelastic equations. Badiei et
al. [34] investigated the aeroelastic responses of HAR
wings in the stall and post-stall regions of incompress-
ible ow. They derived a nonlinear aeroelastic model
using the nonlinear and nonplanar motions of Euler-
Bernoulli beam theory and an unsteady aerodynamic
static stall model. Dardel et al. [35] investigated the
e�ect of angle of attack on aeroelastic features of HAR
wings with structural nonlinearities, including Hodges-
Dowell moving beam in unsteady subsonic compressible
ow, based on Wagner function. Xiao et al. [36]
studied the limit cycle oscillation of an isotropic HAR
wing through an unsteady incompressible aerodynamic
model. They showed that the use of the �rst two
modes of out-of-plane and torsional motions was good
enough to determine the instability. Koohi et al. [37,38]
developed a modi�ed aeroelastic model to calculate the
stability of composite HAR wings using a beam theory
presented by Yuan and Friedmann [39] and an unsteady
aerodynamic model based on Jones's approximation
and ONERA dynamic stall. They concluded that
higher-order terms in structural equations undergoing
large deection should be taken into account. Jung
et al. [40] developed a coupled CFD-CSD method
to predict aeroelastic static deections and dynamic
aeroelastic behaviors of HAR wings. Bakhtiari-Nejad
et al. [41] studied linear and nonlinear aeroelastic
behaviors of HAR wings using a third-order nonlinear
beam model coupled to Wagner state-space model.
They found that geometric structural nonlinearity had
a detrimental e�ect on the utter behavior. Us-
ing a method of joining three-dimensional and one-
dimensional �nite elements, a reduced-order beam
model was developed by Hosseini and Hodges [42] to
investigate the nonlinear aeroelasticity of HAR wings.
Computational cost e�ciency and high accuracy were
two advantages of their model. They also adopted
�nite-state induced ow theory of Peters to model the

unsteady aerodynamic loads. Farsadi et al. [43] geo-
metrically studied the nonlinear aeroelastic behavior
of pre-twisted HAR wings. The structure was modeled
as thin walled beams and the approximation of the
Wagner's function in time domain was used to describe
unsteady aerodynamic loads in the incompressible ow
regime. Proposing an alternative simulation approach
to the nonlinear ONERA aerodynamic model, leading
to a reduction in the computational cost, Xu et al. [44]
studied the nonlinear aeroelastic behaviors of a slender
wing without store and the wing-pylon-store system.
Nejati et al. [25] developed a nonlinear aeroelastic
model to investigate nonlinear aeroelastic behavior
of HAR wings. They adopted nonlinear 3-D Euler-
Bernoulli theory and unsteady indicial aerodynamics to
model the out-of-plane bending and torsional motions
of a highly exible wing in the subsonic compressible
ight speed regime. As mentioned earlier, the in-plane
bending mode is more signi�cant than other modes
in the dynamic behavior of HAR wings. Therefore,
it should be taken into account in the governing
aeroelastic equations of motion. Following the previous
work, the nonlinear aeroelastic behavior of HAR wings,
including the in-plane and out-of-plane bending and
torsional motions, in subsonic ow is investigated in
the present study.

The main objective of the present research is
development of a unique formulation to investigate
the nonlinear behavior of HAR wings over the entire
range of subsonic ow, including incompressible and
compressible cases. Following the nonlinear moving
beam approach applied by Nayfeh and Pai [2], a
nonlinear structural model is derived, focused on the
e�ect of cross-sectional mass imbalance, including the
in-plane and out-of-plane bending as well as torsional
motions. The concept of indicial function is adopted
to determine the unsteady aerodynamic loads [24]. A
unique representation of the indicial functions for any
axis of rotation, uni�ed aerodynamic formulations for
both incompressible and subsonic compressible ow,
and a new and e�cient form of unsteady aerodynamic
loads appropriate to state-space analysis are some
advantages of the applied method. To derive the
governing aeroelastic equations of motion, the indicial
aerodynamic loads are introduced into the governing
structural equations. The resulting partial di�erential
equations contain the linear and nonlinear bending-
torsion and nonlinear bending-bending coupling terms,
the linear and nonlinear contributions due to mass
imbalance in the cross section, and both quadratic
and cubic nonlinearities due to curvature and inertia,
and they are valid over the entire range of subsonic
ow. To verify the nonlinear aeroelastic equations and
to investigate the aeroelastic behavior of HAR wings,
including utter instability and response analysis, the
linear eigenvalue and the time-domain linear/nonlinear
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response analysis are applied to two wing models,
respectively, for both incompressible and subsonic com-
pressible ows.

The utter boundary, utter and post-utter
time responses, LCO, and phase plane diagrams are
studied for various Initial Tip Disturbances (ITDs)
and di�erent ight conditions. The e�ects of com-
pressibility, ight conditions including altitude and air
speed, various ITDs, the SR between out-of-plane and
in-plane bending modes, nonlinearity due to inertia,
and cross-sectional mass imbalance on the nonlinear
dynamic response are also discussed in this paper.

2. Equations of motion

Development and suitable combination of proper aero-
dynamic and structural models are the main steps to-
wards achieving nonlinear equations of motion. In the
following subdivision, it is discussed how to derive the
�rst-order nonlinear di�erential aeroelastic equations
in the state-space form, valid for large oscillations of
metallic HAR wings over the entire range of subsonic
ow.

2.1. Structural model
Here, a brief explanation is provided as to how the

nonlinear structural model is developed. The reader is
referred to [2] for further details. Consider an initially
straight wing of length L and mass per unit length
m, as shown in Figure 1(a). Two coordinate systems
can be employed in order to determine the whole
kinematics of the system: the Cartesian coordinate sys-
tem xyz describing the undeformed geometry and the
orthogonal curvilinear coordinate system ��� depicting
the deformed geometry. Let u, v, and w denote the
displacements of an arbitrary point located on the cross
section along x, y, and z directions, respectively, and
s denote the undeformed length from the root of the
wing. According to Figure 1(b), the coordinate systems
can be transformed from the undeformed position to
the deformed one under two successive rotations of 
and � about the n and � axes, respectively. The unit
vectors of these two coordinate systems are then related
as:

fi� i� i�gT = [T] fix iy izgT ; (1)

where the transformation matrix [T], which is a func-
tion of four dependent variables u, v, w, and � can be
obtained using the relation between the unit vectors
of coordinate systems along with geometric relations
between the undeformed and deformed di�erential
elements, as shown in Figure 2.

Figure 1. Undeformed and deformed coordinate systems: (a) Wing con�guration and (b) two successive Euler angles.

Figure 2. Geometrical relations between the undeformed and deformed di�erential elements: (a) Displacements and (b)
Euler angles.
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In the absence of warping, a di�erential element
of the wing can be supposed as a thin rigid plate with
in�nitesimal thickness ds and a constant �nite area.
Hence, the motion of such an element may be expressed
by three translational displacements u, v, and w and
two rotations  and �. According to Figure 2(a), the
relation between the axial strain e and the displacement
�led is:

e =
q

(1 + u0)2 + v02 + w02 � 1; (2)

where the prime indicates the derivative with respect
to s. Under the assumption of inextensionality and
neglecting some higher-order terms, it can be shown
that u is a second-order quantity as:

u = �1
2

sZ
0

�
v02 + w02

�
ds: (3)

The component T1j ; j = 1; 2; 3, can be obtained
by projecting the unit deformed vector shown in
Figure 2(b) along the unit vectors of the Cartesian
coordinate system xyz.

T11 =
1 + u0
1 + e

; T12 =
v0

1 + e
; T13 =

w0
1 + e

: (4)

Following the transformation approach using two
Euler angles and known components T1j ; j = 1; 2; 3,
the transformation matrix is de�ned by Eq. (5) as
shown in Box I, where the trigonometric functions can
be written as:

cos� =

q
(1 + u0)2 + v02

1 + e
; sin� =

�w0
1 + e

: (6)

Moreover, the deformed curvatures and the angu-
lar velocity of the deformed system can be derived by
di�erentiating Eq. (1) with respect to s, considering the
relation between the curvatures and the unit vectors
of the orthogonal curvilinear system, and using the
Kirchho�'s kinetic analogy [2].

�� =
3X
i=1

T 02iT3i; �� = �
3X
i=1

T 01iT3i;

�� =
3X
i=1

T 01iT2i; (7)

!� =
3X
i=1

_T2iT3i; !� = �
3X
i=1

_T1iT3i;

!� =
3X
i=1

_T1iT2i; (8)

where �i and !i, i = �; �; � indicate curvature and
angular velocity, respectively, along the orthogonal
curvilinear coordinate system ��� and the overdot
denotes the derivative with respect to time. After de-
termining the whole kinematic relations of the system,
the energy expressions can now be obtained. If the
deformed position vector of an arbitrary point on the
cross section is expressed as:

R = (s+ u) ix + viy + wiz + yi� + zi� ; (9)

then, variation of the kinetic energy is de�ned by:

�T = �
LZ

0

Z
A

��R:�RdAds; (10)

where � and A denote the material density and the area
of the cross section, respectively. Note that the concept
of orthogonal virtual relations is used in deriving the
above variation. Nayfeh and Pai [2] assumed that
the reference point (e.g., the shear center) coincided
with the mass centroid. Hence, the �rst moment of
inertia matrix became zero, i.e. [J1] = 0, in their
research. However, this matrix, which contains the so-
called mass imbalance components, is not always equal
to zero. Mass imbalance is often caused by di�erential
placement of the center of mass and elastic axis and
it plays a signi�cant role in aeroelastic phenomena
of aircraft wings. It can introduce both linear and
nonlinear coupling terms into governing equations of
motion. Considering the whole mass imbalance e�ects
in deriving the nonlinear structural model may be the
main di�erence between the present study and other
investigations. As a result of the symmetry of cross
section about � axis and the presence of mass imbalance
in the chord-wise direction, the �rst moment of inertia
matrix is given by:

[J1] = mez

24 0 1 0
�1 0 0
0 0 0

35 ; (11)

[T] =

24 1 0 0
0 cos� sin�
0 � sin� cos�

3524 T11 T12 T13�T12 T11 + T 2
13= (1 + T11) �T12T13= (1 + T11)

�T13 �T12T13= (1 + T11) T11 + T 2
12= (1 + T11)

35 : (5)

Box I
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where ez denotes the distance between the center of
mass and the elastic center. Local strain and stress
values are used in order to fully account for geometric
nonlinearity. According to these values, variation of
the elastic energy is given by:

�� =
LZ

0

Z
A

�
������� + ������� + ������� + �������

+������� + �������
�
dA ds; (12)

where �ij denotes local stress and local strain compo-
nents, i.e. �ij , can be determined by the relationship
between the local displacement �eld and its derivative
with respect to s. The local strain is therefore
expressed as:

��� = e� y�� + z��; ��� = �z��;
��� = y��;

��� = ��� = ��� = 0: (13)

As mentioned earlier, there are four dependent
variables, namely u; v; w, and �. Assuming linear
viscous damping, the non-conservative expressions can
be written as:

� Wnc =
LZ

0

�
�cu _u�u� cv _v�v � cw _w�w � c� _� ��1

+Qu�u+Qv�v +Qw�w +Q���1

�
; (14)

where ci and Qi (i = u; v; w; and �) are structural
damping ratios and distributed external loads per unit
of length, respectively, and ��1 denotes the virtual
rigid-body rotation with respect to the � axis.

It should be reminded that under the inextension-
ality assumption, the dependent variables are reduced
to three, namely v; w, and �. Hence, the equation
governing u must be treated as a constraint. Moreover,
the variable � does not represent the real twist angle.
The real twisting angle, which can be determined
using the twisting curvature and kinematic boundary
conditions, is as follows [9]:

� = �+
1
2
v0 w0 �

sZ
0

v00 w0ds: (15)

The transcendental governing equations of mo-
tion for bending-bending-torsional vibrations of a can-
tilevered wing with associated boundary conditions
can now be derived using the extended Hamilton's
principle.

t2Z
t1

(�T � �� + �Wnc) dt = 0: (16)

In order to derive the polynomial form of the
governing equations from the transcendental ones for
small but �nite oscillations about the undeformed
position, one can assume that the order of dependent
variables and their derivatives is O("), where " is a
small dimensionless parameter (" � 1). It can be
shown that the axial deformation u is of course O("2)
for the inextensional case. All transcendental terms
in governing equations are then expanded in a Taylor
series and they keep nonlinear terms up to ("3). After
the laborious and complex mathematical operations
along with some algebraic manipulations, the third-
order nonlinear equations of motion describing in-plane
bending (w), out-of-plane bending (v), and torsional
motion (�) are obtained as follows:

m �w + cw _w +D�wiv = Gw +Qw; (17)

m�v �mez ��+ c� _v +D�viv = Gv +Qv; (18)

j� ���mez�v + c� _��D��00 = G� +Q�; (19)

where:

Gw = D�(v00�0)0 + (D� �D�)24�v00�+ w00�2�0 + v000
sZ

0

v0 w00ds

350
�D�

h
(w0 w00 + v0 v00)0w0

i0
+j�

�
(v0 _v0 + w0 _w0)�w0

�0
�1

2

8<:w0 sZ
L

24m sZ
0

�
v02 + w02

���
ds

35 ds9=;
0

�j�
240@ _�+ _v w0 �

sZ
0

(v00 w0)�ds

1A _v0
350

+ (j� � j�)
�0@ _v0�+ _w0�2 + _v0

sZ
0

v0 w00 ds

1A�

�v0 _v0 _w0
�0
�mez

8<:w0 sZ
L

(w0 � v0�)��ds

9=;
0

�mez(v0 �v + w0 �w)0
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+
1
2
mez

0@v02 + 2w02 + �2 � 2�
sZ
0

v00 w0ds

1A��
+j� �w00; (20)

Gv = �D�

h
v0(v00 v0 + w0 w00)0

i0
� (D��D�)

24�v00�2�w00��0+w000 sZ
0

v00 w0ds

350

�D�(w00�0)0� 1
2
m

8<:v0 sZ
L

sZ
0

�
v02+w02

���
ds ds

9=;
0

+j�

24 _w0
0@ _�+ _v0w0�

sZ
0

(v00 w0)�ds

1A350+(j��j�)

240@ _v0�2 � _w0�+ _w0
sZ

0

v00 w0ds

1A� � _v0w0 _w0
350

+
�
j�v0(v0 _v0+w0 _w0)�

�0
�mez

8<:v0 sZ
L

(w0�v0�)��ds

9=;
0

+mez

8<:�
24�1

2

sZ
0

�
v02+w02

���
ds+v0 �v+w0 �w

359=;
0

�1
2
mez

0@v02�+
1
3
�3 � 2

sZ
0

v0 w00ds

1A��+j��v00;
(21)

G� = (D� �D�)
h�
v002 � w002��� v00 w00i

+ (j� � j�) �� _v02 � _w02
�
�� _w0 _v0

�
+j�

24 sZ
0

(v00 w0)��ds� ( _v0w0)�
35

+mez

0@�� sZ
0

v00 w0ds

1A �w

+mez

241
2
v0
sZ

0

�
v02+w02

���
ds� 1

2

�
v02+�2

�
�v

35 :
(22)

Considering the fact that rotary inertia is of order
of two and neglecting the mass imbalance e�ects, the
same equations as those derived by Crespo da Silva
can be obtained [8]. Moreover, the same equations as
developed by Strganac et al. [4] and Abbas et al. [45]
can be derived by ignoring nonlinear mass imbalance
terms and the in-plane motion, respectively.

2.2. Indicial aerodynamic model
The unsteady aerodynamic loads can be determined
using the indicial function concept on a wing under-
going any arbitrary motions via Fourier superposition
and Duhamel integral [26]. While in the incompressible
ight speed regime, a single indicial function, so-
called Jones approximation of Wagner's function, is
used to calculate the unsteady loads, four Mach-
dependent indicial functions are required to evaluate
the unsteady lift and moment in the compressible ight
speed regime. This results in di�erent formulations
and consequently, di�erent aerodynamic models in the
incompressible and subsonic compressible ows. On
the other hand, the indicial functions often have various
Mach-dependent exponential terms, which cause some
complexity in computing them in di�erent positions as
they are approximated initially. To obtain a unique
representation of the indicial functions, which supply a
more convenient form while transferring to an arbitrary
axis of rotation throughout the entire range of subsonic
ight speed regime, the novel, e�cient, and Mach-
dependent approximations of the indicial functions are
developed using the analytical and available numerical
data. The detailed description of process of approx-
imating the indicial functions has been reported in
a previous work by the authors [24,25]. Hence, in
the following, only the indicial aerodynamic loads are
represented for applying to the governing structural
equations. For two-dimensional airfoils, as shown in
Figure 3, the indicial functions are generally expressed
in exponential form as:

�k (t;M) = b0 (M) +
3X
j=1

bjk (M) e��jt; (23)

where M is the Mach number; �c�(�), �cm(�), �cq(�),
and �cmq(�) represent indicial lift and moment func-

Figure 3. Vertical translation and pitching about an axis
through the leading edge.
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Table 1. Exponential coe�cients for approximating the
indicial lift and moment.

Indicial function �0 �01 �2 �3

�c� 0 0.0754 0.3720 1.890

tions about the elastic axis due to a sudden change
in the vertical translation velocity and the pitching
rate at the leading edge, respectively; b0 and bjk
are the indicial coe�cients, which are approximated
throughout the entire range of subsonic compressible
ow; and �j represents Mach-independent exponential
coe�cients of the indicial lift function due to a change
in the angle of attack at Mach number of 0.5, as shown
in Table 1.

As the indicial functions are usually approximated
about the axis of rotation passing through the leading
edge, one can determine them about an arbitrary axis,
e.g. elastic axis, only by modifying their constituent
coe�cients. If the axis of rotation is placed at a
distance (1 + a)b from the leading edge, as shown in
Figure 3, then we have:

bjc� = �bjc�; (24)

bjcm = �bjcm +
1
2

(a+ 1)�bjc�; (25)

bjcq = �bjcq � 1
2

(a+ 1)�bjc�; (26)

bjcmq = �bjcmq +
1
2

(a+ 1)
��bjcq � �bjcm

�
�1

4
(a+ 1)2�bjc�; (27)

where �bj and bj are the constituent coe�cients of the
indicial functions about the leading edge and an axis
which is located at ab behind the midchord, respec-
tively. The coe�cient �bjk (j = 1:::3 and k denotes the
type of indicial function) is plotted continuously versus
Mach number in Figure 4 [24].

It should be noted that compressibility has
negligible e�ect on the behavior of indicial functions
for Mach numbers less than 0.2 [15,24,25]; therefore,
the indicial functions in the incompressible case can
be used to obtain the unsteady aerodynamic loads in
this ight speed range.

In order to have the same representation of aero-
dynamic loads over the entire subsonic ow regime,
one can substitute the single Wagner's function with
four indicial ones, including the same known exponen-
tial coe�cients as mentioned above. The coe�cients
approximating the indicial lift and moment in the

Figure 4. Coe�cients of the indicial functions with plunging and pitching about the leading edge at 0:2 �M � 0:8.
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incompressible ow are also determined based on the
same procedure mentioned above and shown in Table 2.

An appropriate and comprehensive representation
of unsteady aerodynamic loads using such indicial
functions can be express as:

L (t) =
CL�qS
U

�
_v (t)�c� (0) + v (t) _�c� (0)

�v (0) _�c� (t) + 2b _� (t)�cq (0)

+
h
U�c� (0) + 2b _�cq (0)

i
� (t)

�2b� (0) _�cq (t) +
3X
j=1

�v1jB1j

+
3X
j=1

��1jB2j

�
; (28)

Mea (t) =
CL�qS c

U

�
_v (t)�cm (0) + v (t) _�cm (0)

�v (0) _�cm (t) + 2b _� (t)�cmq (0)

+
h
U�cm (0) + 2b _�cmq (0)

i
� (t)

�2b� (0) _�cmq (t) +
3X
j=1

�v2jB1j

+
3X
j=1

��2jB2j

�
; (29)

where CL� denotes lift curve slope of 2D airfoil, b is
half chord, S = 2b denotes the wing planform area per
unit length, and q and U are the dynamic pressure and
the free stream air speed, respectively:

�v1j = bjc�
�
�j
U
b

�2

; (30)

��1j = b�j
�
U
b

�2

(2bjcq�j � bjc�) ; (31)

Table 2. Coe�cients for approximating the indicial lift
and moment at the Mach number of zero.

Indicial function �b0 �b1 �b2 �b3

��Ic� 1 {0.2679 {0.2274 {0.0247
��Icm {0.25 0.067 0.0568 0.0062
��Icq 0.75 {0.201 {0.1706 {0.0185

��Icmq {0.25 0.0502 0.0426 0.0046

�v2j = bjcm
�
�j
U
b

�2

; (32)

��2j = b�j
�
U
b

�2

(2bjcmq�j � bjcm) ; (33)

and auxiliary state-apace variables, B, should satisfy
the following �rst-order di�erential equations:

_Bij (t) +
�
�j
U
b

�
Bij (t) = xi (t) ;

i = 1; 2; j = 1; 2; 3; and

[x1; x2] = [v; �] : (34)

Note that in the compressible unsteady aerody-
namic theory, any concept of virtual mass is meaning-
less [22,26,46]. Since the unsteady aerodynamic loads,
i.e. Eqs. (28) and (29), include only the circulatory
portions, one should append the non-circulatory contri-
butions while determining the unsteady incompressible
lift and moment as follows [22,26]:

Lnca (�) =
CL�q b2

U2 [�v (�) + U _� (�)� ab �� (�)] ; (35)

Mnc
ea (�) =

CL�q b3

U2

�
a �v (�) + Ua _� (�)

�b
�

1
8

+ a2
�

�� (�)
�
; (36)

where Lnca and Mnc
ea denote the non-circulatory parts

of lift and moment, respectively.
For a �nite-span wing, the modi�ed strip theory

as well as the modi�ed lift curve slope can be used
to develop the 2-D indicial aerodynamics to 3-D. The
modi�ed lift curve slope can be expressed as [47]:

�CL� = CL�
ARp

(1�M2)AR+ 2
; (37)

where AR denotes the aspect ratio of the wing.

2.3. Aeroelastic equation
After determining the structural and aerodynamic
models, one can derive the aeroelastic system through
coupling them. Ignoring the drag forces and substitut-
ing Eqs. (28) and (29) into the unknown distributed
external loads of Eqs. (17) to (19) yield:

m �w + cw _w +D��wiv = Gw; (38)

m�v �mez ��+ c� _v +D��viv = Gv + L0; (39)

j� ���mez�v + c� _��D���00 = G� +M 0ea: (40)
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The system nonlinearities written on the right-
hand side are caused by large structural deforma-
tions and contain inertia, sti�ness, damping, and
mass imbalance-induced terms up to the third order.
The governing equations of motion are often non-
dimensionalized to make it possible to compare relative
values and identify e�ective parameters dominating the
responses of the system. To this end, it is assumed that
the cross-section dimensions and material properties of
the wing are uniform. Introducing the characteristic
length L and the characteristic time L2

p
m=D� , the

dependent variables and system parameters are rewrit-
ten as follows:

s� = s/L; b� = b/L; v� = v/L;

w� = w/L; e�z = e/L;

t� = t
q
D�=mL4;

c�i = ciL2=
p
mD� ; c�� = c�=

p
mD� ;

j�k = jk=mL2 where i = v; w and k = �; �; �;

U� = U
q
mL2=D� ; � = ��b2=m; L� = L3La=D� ;

M�ea = L2Mea=D� : (41)

Dropping the superscript `*' for simplicity, letting
�� � D�=D� and �� � D�=D� , and using a prime
and an overdot to denote non-dimensional spatial and
time derivatives, respectively, the nonlinear equations
of motion can be expressed in the non-dimensional form
as:

�w + cw _w + ��wiv = ��(�0v00)0

���
h
w0(w0 w00 + v0 v00)0

i
+ (�� � 1)24�v00�+ w00�2�0 + v000

sZ
0

w00 v0ds

350 + j� �w
00

�1
2

8<:w0 sZ
1

24 sZ
0

�
v02 + w02

���
ds

35 ds9=;
0

�ez
8<:w0 sZ

1

(w0 � v0�)��ds

9=;
0
� ez(v0 �v + w0 �w)0

+
1
2
ez

0@v02 + 2w02 + �2 � 2�
sZ
0

v00 w0ds

1A��; (42)

�v � ez ��+
�
cv � �CL�

b�
U�c� (0)

�
_v

�2�CL�
�

U�cq (0) _�� �CL�
b�

U _�c� (0) v

��CL�
b�

U
h
U�c� (0) + 2b _�cq (0)

i
�+ viv

+
�CL�
b�

U
n
v (0) _�c� + 2b� (0) _�cq

o
��CL�

b�
U

3X
j=1

�v1jB1j +
�CL�
b�

U
3X
j=1

��1jB2j

= ���(�0w00)0 �
h
v0(v0 v00 + w0 w00)0

i0
+ (�� � 1)

24�w00�� v00�2�0 � w000 sZ
0

w0 v00ds

350

+j��v00 � 1
2

8<:v0 sZ
1

sZ
0

�
v02 + w02

���
ds ds

9=;
0

+ez

8<:�
24�1

2

sZ
0

�
v02 + w02

���
ds+ v0 �v + w0 �w

359=;
0

�ez
8<:v0 sZ

1

(w0 � v0�)��ds

9=;
0

�1
2
ez

0@v02�+
1
3
�3 � 2

sZ
0

v0 w00 ds

1A��; (43)

j� ��� ez�v +
�
c� � 4b�CL�

�
U�cmq (0)

�
_�

�2�CL�
�

U _v�cm (0)� 2�CL�
�

U _�cm (0) v

�2�CL�
�

U
h
U�cm (0) + 2b _�cmq (0)

i
�� ���00

+2�
CL�
�

U
n
v (0) _�cm + 2b� (0) _�cmq

o
�2�

CL�
�

U
3X
j=1

�v2jB1j � 2�
CL�
�

U
3X
j=1

��2jB2j

= (1� ��)
h�
v002 � w002��� v00 w00i
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+j�

24 sZ
0

(v00 w00)��ds� ( _v0 w0)�
35

+ (j� � j�) �� _v02 � _w02
�
�� _w0 _v0

�
+ez

241
2
v0

sZ
0

�
v02 + w02

���
ds� 1

2

�
v02 + �2

�
�v

35
+ez

0@�� sZ
0

v00 w0 ds

1A �w; (44)

where the aerodynamic coe�cient, �, is:

�v1j = bjc�
�
�j
U
b

�2

; and

��1j = b�j
�
U
b

�2

(2bjcq�j � bjc�) ; (45)

�v2j = bjcm
�
�j
U
b

�2

; and

��2j = b�j
�
U
b

�2

(2bjcmq�j � bjcm) : (46)

The resulting aeroelastic equations represent both
bending-bending and bending-torsion coupling terms,
fully linear and nonlinear contributions of the mass
imbalance, and both quadratic and cubic nonlinear
terms due to curvature and inertia as well as the
unsteady indicial aerodynamic features.

2.4. Discretizing the equations of motion
The partial di�erential Eqs. (42){(44) are �rst con-
verted into the corresponding ordinary di�erential
equations using separation of variables and Galerkin's
method, and the resulting equations are then expressed
in matrix form. Finally, the response analysis can be
carried out based on various time domain numerical
integration approaches. To this end, it is assumed that
the displacement variables can be expressed in the form
of a series composed of a linear combination of mode
shape functions satisfying the geometric boundary
conditions multiplied by time-dependent generalized
coordinates as:

w (s; t) =
1X
j=1

Wj (s)wj (t) ; (47)

v (s; t) =
1X
i=1

Vi (s) vi (t) ; (48)

� (s; t) =
1X
k=1

Ak (s)�k (t) ; (49)

where vi(t), wj(t), and �k(t) are generalized coordi-
nates of the system and Vi(s), Wj(s), and Ak(s) are
the corresponding mode shape functions, which can be
derived from bending, bending, and torsional motions
of a cantilever beam, respectively, as follows [48]:

	r (s) = cos zrs� cosh zrs

�cos zr + cosh zr
sin zr + sinh zr

(sin zrs� sinh zrs) ;

	 (s) = W (s) and V (s) ; (50)

Ak (s) = sin
�

1
2

(2n� 1)�s
�
: (51)

Recall that zr is a root of the characteristic
equation, 1 + cos z cosh z = 0, and the non-dimensional
natural frequencies of vibration of a cantilever beam
can be expressed as:

!v=z2; !w=z2p��; !�=
1
2

(2n�1)�

s
��
j�
:
(52)

Substituting the series form of displacements, Eqs. (50)
and (51), into the governing equations of motion,
Eqs. (42){(44). and following the Galerkin procedure,
one can obtain a set of ordinary di�erential equations
describing the in-plane bending, out-of-plane bending,
and torsional motions. In matrix form, these equations
may be expressed as:

[M] f�qg+ [K] fqg = [Ma] f�qg+ [Ca] f _qg+ [Ka] fqg
+
�
Mnl� f�qg+

�
Cnl� f _qg+

�
Knl� fqg

+ [IC] fq (0)g+ [IT] fBg ; (53)

_Bxij (t) +
�
U
b
�j
�
Bxij (t) = xi (t) ;

i = 1 : : :m; j = 1 : : : 3; for x = v and �; (54)

where [M] and [K] are the linear mass and sti�ness
matrices;

�
Mnl� ; �Cnl� ; �Knl� and [Ma] ; [Ca] ; [Ka]

are the nonlinear and aerodynamic matrices, respec-
tively, including mass, sti�ness, and damping; and
[IC] and [IT] are the matrices containing the initial
condition and integral terms. The vector of generalized
coordinates is de�ned as:

fq (t)g=
�
w1 (t) ; w2 (t) ; : : : ; wl (t) ; v1 (t) ; v2 (t) ; : : : ;

vm (t) ; �1 (t) ; �2 (t) ; : : : ; �n (t)
�T

; (55)
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and:

Bxij (t) =
tZ

0

xi (�) e�Ub �j(t��)d�;

x = v and �: (56)

Each of the above matrices is given in the Ap-
pendix. It should be noted that some of the matrices
involved in Eq. (53) are time-invariant and therefore,
they can be evaluated only once, while some other ones
are time-variant and should be computed at every time
step. Let the state vector be de�ned as:

fX (t)g =
�
wi (t) ; vj (t) ; �k (t) ; _wi (t) ; _vj (t) ;

_�k (t) ; Bwip (t) ; Bvjp (t) ; B�kp (t)
�T

;

i = 1 : : : l; j = 1 : : :m; k = 1 : : : n; p = 1 : : : 3;

or:
fX (t)g =nfq (t)gT ; f _q (t)gT ; Bwip (t) ; Bvjp (t) ; B�kp (t)

oT
;

i=1 : : : l; j=1 : : :m; k=1 : : : n; p=1 : : : 3; (57)

where l;m and n represent the numbers of in-plane,
out-of-plane, and torsional modes, respectively.

Similarly to the conventional process of converting
two-dimensional di�erential equations to a set of cou-
pled �rst-order di�erential equations, using the concept
of the state space formulation, the governing equations
of motion Eqs. (53) and (54) could be rewritten as�

MTV (t)
� n _X (t)

o
=
�
KCTV (t)

� fX (t)g
+
�
ICTI (t)

� fX (0)g ; (58)

where the time-variant matrices
�
MTV (t)

�
and

�
KCTV (t)

�
along with the time-invariant initial con-

dition matrix
�
ICTI� are squares on the order of and

can be assembled by Eq. (59) as shown in Box II,
where

P
= l + m + n represents the total number

of modes and [I] and [0] denote the unit and zero
matrices, respectively. It is noteworthy that the matrix
denoted by [B] should be constructed using the terms
on the right-hand side of Eq. (54). Now, the �rst-
order ordinary di�erential equations can be solved
numerically by applying the standard Runge-Kutta
time-marching scheme.

3. Results and discussion

To investigate the nonlinear aeroelastic behavior of
an HAR wing in the subsonic compressible ow, the
linear eigenvalue and response analyses are performed
in the time domain. For this purpose, consider two
wing models with di�erent geometric and material
properties: the modi�ed Daedalus Human Powered
Aircraft (HPA) [3] and the Goland Wing (GW) [49],
as shown in Table 3. The �rst one is usually used to
model the highly exible wings such as those utilized
in HALE aircrafts.

Validity of the method developed here can be con-
�rmed through comparing the aeroelastic behaviors of
the HPA wing, including the utter boundary and time
responses in the incompressible ight speed regime,
with those that are available in [3,30]. The same
unsteady aerodynamics as those in the aforementioned
resources are obtained using both circulatory and
non-circulatory parts of aerodynamic lift and moment
described by Eqs. (28)-(29) and Eqs. (35)-(36), re-
spectively, for which the approximating coe�cients are
taken from Tables 1 and 2 for the Mach number of zero.
Using the eigenvalue or the time response approach and
the HPA wing characteristics described in Table 3, the
linear utter boundary can be determined through the
governing aeroelastic equations given by Eq. (58). It

MTV (t) =

24 [I]��� [0]��� [0]��3�
[0]���

�
Ml �Ma �Mnl�

��� [0]��3�
[0]3��� [0]3��� [I]3��3�

35 ;
KCTV (t) =

24 [0]��� [I]��� [0]��3���Kl �Knl �Ka�
���

�
Cnl + Ca�

��� [IT]��3�
[B]3��� [0]3��� �Ub [�]3��3�

35 ;
ICTI (t) =

24 [0]��� [0]��� [0]��3�
[IC]��� [0]��� [0]��3�
[0]3��� [0]3��� [0]3��3�

35 : (59)

Box II
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Table 3. Wing model data.

Wing property HPA GW

Half-span (m) 16 6.096
Chord (m) 1 1.829
Mass per unit length (kg.m) 0.75 35.695
Moment of inertia (kg.m) 0.1, about mid-chord 8.694, about cg
Span-wise elastic axis (m) mid-chord 0.6096, from leading edge
Center of gravity (m) mid-chord 0.7925, from leading edge
Bending rigidity (N.m2) 2� 104 9:765� 106

Torsional rigidity (N.m2) 1� 104 0:989� 106

Chordwise bending rigidity (N.m2) 4� 106 9:765� 108

Flight condition:
Altitude 20 km 8 km
Density of air 0.0889 kg.m3 0.525 kg.m3

Table 4. Linear utter and nonlinear Limit Cycle Oscillation (LCO) boundary of Human Powered Aircraft (HPA) wing,
comparison of the present results with those of [3,30].

Initial disturbance v0 (m) Present Reference [3] Reference [30]

Flutter speed, Uf (m/s) { 32.60 32.21 32.71
Flutter frequency, !f (rad/s) - 22.39 22.61 22.05
LCO boundary, speed (m/s) 0.02 32.60 32.20 32.71
LCO boundary, frequency (rad/s) 0.02 22.38 22.61 22.05
LCO boundary, speed (m/s) 1 32.31 �= 32 31.94
LCO boundary, speed (m/s) 2 30.55 �= 30 30.00
LCO boundary, speed (m/s) 4 28.33 �= 28 28.13

should be noted that due to the decreasing e�ects of the
higher-mode contributions to the results [30], the �rst
two modes in each degree of freedom are considered to
investigate the interaction among the motions and de-
scribe the response. Moreover, the eigenvalue analysis
of bending-bending-torsion equations is converted into
that of bending-torsion ones by eliminating nonlinear
coupling terms and ignoring the e�ect of drag force.

The linear utter and nonlinear LCO boundaries,
speed, and frequency at which the LCO is initiated for
various ITDs are shown in Table 4 based on the present
study and those reported in [3,30]. It can be observed
that there is good agreement between the results.

For further comparison, system responses at the
ight speed of about 28 m/s for various initial distur-
bances are shown in Figure 5. It can be seen that
the wing tip response almost tends to identical LCO
oscillating with a mean of around 1.5 m for the initial
tip deection of 4 m, whereas it settles down to the
stable equilibrium state with the initial deection of
less than 1 m. These results are quantitatively and
qualitatively in good agreement with those reported
in the aforementioned references and hence, accuracy

Figure 5. Comparison of the nonlinear tip vertical
displacements between the present study and references [3,
30] for an initial disturbance of 4 m at the velocity of
about 28 m/sec.

and validity of the unsteady indicial aerodynamics,
nonlinear structural modelling, and consequently the
developed nonlinear aeroelastic model are con�rmed.
Note that the di�erences, though small, may be due to
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the di�erent aerodynamic models, the way of Wagner
function approximation, i.e. the four indicial functions
describing the unsteady aerodynamics in incompress-
ible ow instead of single Wagner function, the solution
approach, and the nonlinear terms which have been
taken into account.

Analysis of the results indicates that an LCO may
exist below the linear utter speed if su�cient (critical)
disturbance is applied to the system. Bellow this
critical value, the wing returns to its initial equilibrium
state and beyond it, an identical LCO seems to be
experienced by the wing. Such a behavior can be
classi�ed in detrimental nonlinearity [50]. Moreover,
at small oscillation amplitudes, the in-plane bending
modes seem not to be excited and therefore, the
response of the system, which oscillates about tip dis-
placement values near zero, may be determined using
aeroelastic equations describing out-of-plane bending
and torsional motions. However, the in-plane modes
considerably a�ect the behavior of the system as the
amplitude of oscillations increases. In fact, strong
nonlinear coupling between chord-wise bending and
torsion causes a signi�cant jump in the mean state
of oscillations [3]. Consequently, ignoring the in-plane
motion in such wings could result in not identifying the
oscillations about states, except for the zero deection
equilibrium state. On the other hand, the number of
modes being considered in spatial discretization could
a�ect the aeroelastic response behavior. The e�ect of
the number of modes on tip vertical displacement is
shown in Figure 6 at the velocity of 30.6 m/sec for

Figure 6. E�ect of the number of modes included in the
analysis of tip vertical displacement at the velocity of 30.6
m/sec for an initial disturbance of 2 m.

an initial disturbance of 2 m. Note that BBT denotes
out-of-plane bending-in-plane bending-torsion motion
analysis and each digit of the number denotes the
number of the corresponding mode being taken into
account. It can be seen that the wing tip displacement
tends to the same LCO in BBT222 and BBT232 cases,
whereas for BBT133, it cannot accumulate enough
energy to jump to an LCO and therefore, it returns
to the stable equilibrium state. For the BBT233 case,
the response loses its periodicity and becomes aperiodic
(chaotic). It should be noted that the two latter cases
indicate the system response before and after initiation
of the LCO at the given speed, that is, one can obtain
the same LCO as shown in Figure 6 by increasing and
decreasing the speed, respectively.

It should be noted that the aeroelastic analyses
generally involve the low-frequency modes, which have
the main contribution in the occurrence of critical
phenomena such as utter and LCO. In this study, a
linear modal analysis has been carried out to determine
natural frequencies of the wing for all three components
of motion including out of plane, in-plane, and torsion.
As it is shown in Table 5, the in-plane modes have much
higher frequencies than the other two components due
to higher in-plane sti�ness, especially in GW model.
Therefore, it would be reasonable not to take the
second and higher modes into account in areoelastic
investigations.

To investigate the aeroelastic behavior of HAR
wings experiencing speeds greater than Mach 0.3,
compressibility e�ects should be considered. The GW
model with the characteristics given in Table 3 has
a dynamic aeroelastic instability in the compressible
range and hence, it has been chosen as the second
case of study. The linear utter boundary of GW
in the incompressible ow regime reported in several
papers [49,51{53] along with the calculated values in
the present study is shown in Table 6, indicating
a very good agreement between the results. Note
that, as mentioned earlier, the results are same as
those of bending-torsion analysis. The values given in
Table 6 show that the utter speed occurs at subsonic
compressible ow regime. To provide a reasonable
description of the aeroelastic analysis, therefore, ap-
propriate Mach-dependent aerodynamic loads should
be taken into account. The approximating coe�cients
of the indicial functions associated with ight Mach

Table 5. Natural frequencies (Hz) of uncoupled in-plane bending, out-of-plane bending, and torsion for benchmark wing
models.

HPA GW
Mode In-plane out-of-plane Torsion In-plane out-of-plane Torsion

1 5.048 0.357 4.941 78.761 7.876 13.832
2 31.636 2.237 14.823 493.589 49.359 41.496
3 88.582 6.264 24.705 1382.064 138.206 69.160
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Table 6. Flutter speed and frequency of Goland Wing (GW) model according to various references and the present study.

Reference Flutter speed
(m/s)

Error
(%)

Flutter frequency
(rad/s)

Error
(%)

Goland [51] (Exact) 137.25 | 70.67 |
Gern and Librescu [52] 137.11 0.10 75.52 6.82
Patil et al. [53] 137.26 0.00 70.18 0.71
Fazelzadeh et al. [49] 137.01 0.17 69.93 1.07
Present 137.04 0.15 69.93 1.05

number could be taken from the curves shown in
Figure 4. Considering the point mentioned about
virtual mass e�ect in the compressible unsteady aero-
dynamic theory, the aerodynamic loads are obtained
from Eqs. (28) and (29).

Now, dynamic instability and aeroelastic time
responses of GW in subsonic compressible region are
investigated by Eigen-analysis and time integration of
the governing �rst-order ordinary di�erential equations
(Eq. (58)). Note that since lift curve slope and air
density are functions of ight conditions such as free
stream Mach number and altitude, they should be
modi�ed through variation of ight conditions. On
the other hand, considering the dependency of aerody-
namic loads on Mach number in the compressible ow,
the utter boundary has to be determined through
an iterative process using the appropriate indicial
functions. To investigate the e�ect and importance
of compressibility, the LCO boundary of the GW
model (i.e. the speed and frequency in which LCO
occurs) is determined in di�erent ight conditions. A
comparison of the results is given in Figure 7 for both
the incompressible and compressible cases.

The results indicate an increasing di�erence in
LCO boundaries evaluated in both cases as the Mach
number increases. It can be seen that for the GW
model, this increasing di�erence may reach up to
12 percent in the considered ight conditions in this

study. Thus, considering the compressibility e�ects
is required to achieve a more realistic model of the
behavior of an HAR wing. As shown in Figure 7,
ight at higher altitudes increases the speed by which
an LCO initiated. Moreover, the ight conditions such
as altitude and Mach number a�ect the amplitude of
an LCO. In this regard, for the compressible case, as
shown in Figure 8, it can be said that the amplitude of
an LCO experiences an increase at higher ight speeds,

Figure 8. Amplitude of the Limit Cycle Oscillation
(LCO) for various ight conditions in the compressible
ight speed regime.

Figure 7. Limit Cycle Oscillation (LCO) boundary of the Goland Wing (GW) model at given altitudes for both
compressible and incompressible ows: (a) Air speed, and (b) frequency of LCO.
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Figure 9. E�ect of Initial Tip Disturbances (ITDs) on tip vertical displacement of the Goland Wing (GW) model at the
velocity of 183 m/s: (a) Transient response and (b) steady-state response.

Figure 10. Tip vertical response of the Goland wing at the ight condition with the Mach of 0.4 and altitude of 8 km for
various Sti�ness Ratios (SRs): (a) Transient response and (b) steady-state response.

whereas it can signi�cantly decrease through increase
in the ight altitude.

It should be noted that, contrarily to the HPA
model in which LCOs are expected to begin before
the linear utter speed for some initial disturbances,
the GW model has almost the same linear utter and
LCO boundaries. To investigate the initial conditions
for the aeroelastic behavior of the GW model, the time
responses of such a model at the ight condition given
in Table 3 to various ITDs are shown in Figure 9.
Despite oscillations with di�erent amplitudes in the
transient part of response, they go into identical LCO
with the same amplitude and frequency in the steady-
state response, which means that the initial distur-
bances cannot change the characteristics of LCO. The
SR between the out-of-plane and in-plane bending mo-
tions, i.e. ��, plays an important role in the dynamics of
a nonlinear system [4]. Figure 10 shows the SR e�ect
on the post-utter response of the GW model at the
ight condition given in Table 3. It can be observed
that the amplitude of LCO decreases with increase in

the SR and it reaches its minimum value when the out-
of-plane mode e�ect can be ignored due to high rigidity.

Now, the linear and nonlinear time responses of
the GW model are to be investigated for the speci�c
ight condition with initial disturbances of 0.1 m and
3 degrees in tip vertical displacement and twist, re-
spectively. Note that, as there are linear and nonlinear
coupling terms in the governing aeroelastic equation
of motions, all the modes are excited by each of the
aforementioned initial conditions. The utter and post-
utter time responses along with their corresponding
phase plane diagrams at the ight speeds of 197.5 and
200 m/s, respectively, and altitude of 10 km are shown
in Figures 11 and 12(a). Although the linear model
shows constant and exponentially increasing amplitude
oscillations at the utter and post-utter speeds, re-
spectively, a nonlinear mechanism, as expected, limits
the linear response to a stable LCO about the initial
equilibrium state. It can be inferred that there are
two stable attractors in the nonlinear GW model, a
�xed point and a limit cycle, which are distinguished
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Figure 11. The linear and nonlinear time responses of the Goland Wing (GW) model to initial disturbances of v0 = 0:1 m
and �0 = 3� at the ight altitude of 10 km: (a) Flutter speed of 197.5 and (b) post-utter speed of 200 m/s.

Figure 12. Phase plane plots at the utter and post-utter speeds of 197.5 m/s (dashed) and 200 m/s (solid),
respectively: (a) v and � versus _v and _� and (b) tip vertical displacement versus tip twist.

from each other by an unstable LCO at the linear
utter speed. In other words, the wing tip oscillations
can settle down in an equilibrium and the speci�c
periodic state below and beyond the linear utter
speed, respectively, with various initial disturbances of
v0 and �0. It is noteworthy that, contrarily to the HPA
wing model, this system has no LCO below the linear
utter speed and hence, its dynamic behavior falls
into the benign nonlinearity category [50]. Figure 2(b)
presents the phase plane plot of LCO describing tip
vertical displacement versus tip twist at the post-utter
speed of 200 m/s. The ellipsoid form of phase plane
diagrams indicates that the oscillations are sinusoidal.
Following the investigation into various parameters
of the dynamic behavior of the GW, the e�ects of
nonlinearity due to inertia and mass imbalance have
also been studied in the present work. The results
indicate the negligible contribution of these terms to
the dynamic response of the system. In other words,
the structural nonlinearities have a dominant e�ect on
overall nonlinearity in such a wing model (Figure 13).

4. Concluding remarks

Nonlinear aeroelastic behavior of High-Aspect-Ratio
(HAR) wings undergoing large deection in the un-
steady subsonic ow regime was considered in the
present study. Hence, adopting the nonlinear beam
theory and the unsteady indicial aerodynamics, a non-
linear formulation describing dynamic response of HAR
wings was �rst derived valid over the entire range of
subsonic ow, i.e. 0 �M � 0:8. The developed nonlin-
ear structural model included the in-plane and out-of-
plane bending and torsional motions, all nonlinearities
up to cubic order arising from large deformation, mass
distribution, and mass imbalance at the cross section
of the wing. On the other hand, comprehensive
and e�cient unsteady aerodynamic loads based on
indicial functions were introduced. Unique represen-
tation of the indicial functions about any arbitrary
axis of rotation, uni�ed aerodynamic formulations for
both incompressible and subsonic compressible ows,
appropriate form of unsteady aerodynamic loads to
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Figure 13. Tip vertical response of the Goland wing at the ight condition with the Mach of 0.4 and altitude of 8 km.
Case 1: all nonlinear terms have been considered; Case 2: nonlinearities due to inertia and mass imbalance have been
ignored: (a) Transient response and (b) steady-state response.

be applied to the structural model, and reduction in
the complexity of governing aeroelastic equations and
consequently, in the computational cost of time integra-
tion in the analysis of nonlinear aeroelastic behavior
were some advantages of the applied method. The
veri�cation process was carried out through comparing
the dynamic behaviors of two benchmark wing models
in the present study and those reported in other refer-
ences. Good agreement was obtained, which con�rmed
the nonlinear structural, indicial aerodynamic, and
consequently nonlinear aeroelastic modelling.

Another aim of the present work was to inves-
tigate the e�ect of various parameters including the
wing characteristics, initial disturbances, and ight
conditions on the nonlinear dynamic response of the
system. It was shown that compressibility could a�ect
the Limit Cycle Oscillation (LCO) boundary up to 12
percent (over the range of ight speed studied here)
in comparison with the incompressible case. That
is, appropriate Mach-dependent aerodynamics could
lead to a more reasonable and realistic description
of the dynamic behavior of the system. Beyond the
linear utter speed, in both cases of study, almost
the same LCOs were observed for various Initial Tip
Disturbances (ITDs). However, under su�ciently large
disturbances, as it was shown in the Human Powered
Aircraft (HPA) wing model analysis, one could detect
an LCO below the linear utter speed, whereas such
behavior was not observed in the Goland Wing (GW)
model. Amplitude of the LCOs decreased with increase
in the magnitude of Sti�ness Ratio (SR) up to its
minimum in the condition in which the out-of-plane
mode e�ect could be ignored due to its high rigidity.
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Appendix

Let l;m and n denote the numbers of in-plane w, out-
of-plane v, and torsional � modes, respectively. The
elements of linear matrices are de�ned as follows:

Mi;j =
1Z

0

Wi (s)Wj (s) ds = �ij

1 � i � l; 1 � j � l;

Ml+i;l+j =
1Z

0

Vi (s)Vj (s) ds = �ij

1 � i � m; 1 � j � m;

Ml+i;l+m+j = �e
1Z
0

Vi (s)Aj (s) ds

1 � i � m; 1 � j � n;

Ml+m+i;l+j = �e
1Z

0

Ai (s)Vj (s) ds

1 � i � n; 1 � j � m;
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Ml+m+i;l+m+j = �j1
1Z

0

Ai (s)Aj (s) ds = �j1�ij

1 � i � n; 1 � j � n;

Ki;j = �z

1Z
0

Wi (s)W iv
j (s) ds = �zz4

j �ij

1 � i � l; 1 � j � l;

Kl+i;l+j = �z

1Z
0

Vi (s)V ivj (s) ds = �zz4
j �ij

1 � i � m; 1 � j � m;

Kl+m+i;l+m+j = ��y
1Z

0

Ai (s)A
00
j (s) ds = �y�2

j�ij

1 � i � n; 1 � j � n;

Ci;j = cwi

1Z
0

Wi (s)Wj (s) ds = cwi�ij

1 � i � l; 1 � j � l;

Cl+i;l+j = cvi

1Z
0

Vi (s)Vj (s) ds = cvi�ij

1 � i � m; 1 � j � m;

Cl+m+i;l+m+j = c�i

1Z
0

Ai (s)Aj (s) ds = c�i�ij

1 � i � n; 1 � j � n:
Note that the linear matrices are squares on the

order of l+m+n and the subscripts represent the row
and column of each element. Similarly, the elements of
nonlinear matrices may be determined as:

Mnl
i;j = j2

1Z
0

WiW 00jds�
lX

p=1

lX
q=1
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1
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l+i;j =�

mX
p=1

lX
q=1

1Z
0

Vi

0@Vp0 sZ
1

sZ
0

Wj
0Wq

0dsds

1A0dsvpwq
�ez

nX
k=1

lX
p=1

1Z
0

Vi

24Ak0@ sZ
0

Wj
0Wp

0ds�W 0pWj

1A350

ds�kwp � ez
mX
p=1

1Z
0

Vi
�0@Vp0 sZ

1

Wj
0ds

1A0
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�
sZ

0

Vp0Wj
00ds
�
ds vp

1 � i � m; 1 � j � l;

Mnl
l+i;l+j=j3

1Z
0

ViVj 00ds+ez
lX

p=1

1Z
0

Vi

sZ
0

Vj 0Wp
00dsdswp

�
mX
p=1

mX
q=1

1Z
0

Vi

0@Vp0 sZ
1

sZ
0

Vj 0Vq 0ds ds

1A0dsvpvq
�ez

mX
p=1

nX
k=1

1Z
0

Vi
��
Ak

sZ
0

Vj 0Vp0ds�AkVp0Vj

�Vp0
sZ

1

Vj 0Akds
�0

+ Vj 0Vp0Ak
�
ds vp�k

1 � i � m; 1 � j � m

Mnl
l+i;l+m+j =

ez
2

mX
p=1

mX
q=1

1Z
0

Vi
�
2

0@Vp0 sZ
1

Vq 0Ajds

1A0

�Vp0Vq 0Aj
�
ds vpvq

�1
2
ez

nX
p=1

nX
q=1

1Z
0

ViAjApAqds�p�q

1 � i � m; 1 � j � n;

Mnl
l+m+i;j = j1

mX
p=1

1Z
0

Ai

sZ
0

Vp0
0
Wj
0

dsds vp + ez
mX
p=1

lX
q=1

1Z
0

Ai
�
Vp0

sZ
0

Wj
0Wq

0ds

�Wj

sZ
0

Vp0
0
Wq
0ds
�
dsvpwq

+ez
nX
k=1

1Z
0

AiAkWjds�k

1 � i � n; 1 � j � l;

Mnl
l+m+i;l+j = j1

lX
p=1

1Z
0

Ai

24 sZ
0

Vj 00Wp
0ds� Vj 0Wp

0
35

dswp�vj +
1
2
ez
� mX
p=1

mX
q=1

1Z
0

AiVp0

242
sZ

0

Vj 0Vq 0ds� Vq 0Vj
35 dsvpvq�vj

�
nX
k=1

nX
p=1

1Z
0

AiAkApVjds�k�p
�

1 � i � n; 1 � j � m;

Cnli;j =�
lX

q=1

lX
p=1

1Z
0

Wi

0@Wq
0
sZ

1

sZ
0

Wp
0Wj

0ds ds

1A0

vdswq _wp + 2ez
lX

p=1

1Z
0

WiWj
0Wp

0ds _wp

�2ez
mX
p=1

nX
k=1

1Z
0

WiAk

sZ
0

Vp00Wj
0dsds

( _�kvp + �k _vp)

1 � i � l; 1 � j � l;

Cnli;l+j=�
lX

q=1

mX
p=1

1Z
0

Wi

0@Wq
0
sZ

1

sZ
0

Vj 0Vp0dsds

1A0

dswq _vp + ez
mX
p=1

1Z
0

WiVj 0Vp0ds _vp

+2ez
lX

p=1

nX
k=1

1Z
0

Wi

�0@Wp
0
sZ

1

V 0jAk

1A0

�Ak
sZ

0

Vj 00Wp
0ds
�
dswp _�k

1 � i � l; 1 � j � m;

Cnli;m+l+j = ez
nX
k=1

1Z
0

WiAkAjds _�k _�j

1 � i � l; 1 � j � n;
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Cnll+i;j = �
mX
p=1

lX
q=1

1Z
0

Vi

0@Vp0 sZ
1

sZ
0

Wj
0Wq

0ds ds

1A0

ds vp _wq�ez
nX
k=1

lX
p=1

1Z
0

Vi

0@Ak sZ
0

Wj
0Wq

0ds

1A0

ds�k _wp + 2ez
mX
p=1

1Z
0

Vi

sZ
0

Vp0Wj
00dsds _vp

1 � i � m; 1 � j � l;

Cnll+i;l+j = �
mX
p=1

mX
q=1

1Z
0

Vi

0@Vp0 sZ
1

sZ
0

Vj 0Vq 0dsds

1A0

dsvp _vq�ez
mX
p=1

nX
k=1

1Z
0

Vi
�0@Ak sZ

0

Vj 0Vp0ds

1A0

+Vj 0Vp0Ak
�
ds _vp�k + 2ez

mX
p=1

nX
k=1

1Z
0

Vi

240@Vp0 sZ
1

Vj 0Akds

1A0 � Vj 0Vp0Ak35 ds vp _�k

1 � i � m; 1 � j � m;

Cnll+i;l+m+j = �ez
nX
p=1

nX
q=1

1Z
0

ViAjApAqds _�p�q

1 � i � m; 1 � j � n;

Cnll+m+i;j =
mX
p=1

1Z
0

Ai
�
j1

0@2
sZ

0

Vp00Wj
0ds� Vp0Wj

0
1A

� (j2 � j3)Vp0Wj
0
�
ds _vp

� (j2 � j3)
lX

p=1

nX
k=1

1Z
0

AiWj
0Wp

0Akds _wp�k

+ez
mX
p=1

lX
q=1

1Z
0

AiVp0
sZ

0

Wj
0Wq

0dsds vp _wq

1 � i � n; 1 � j � l;

Cnll+m+i;l+j=(j2�j3)
mX
p=1

nX
k=1

1Z
0

AiVj 0Vp0Akds _vp�k

+ez
mX
p=1

mX
q=1

1Z
0

AiV 0p
sZ

0

Vj 0Vq 0dsds vp _vq

1 � i � n; 1 � j � m;

Knl
i;j = ��z

lX
p=1

lX
q=1

1Z
0

Wi

h
Wj
0�Wp

0Wq
00�0i0dswpwq

+ (�z � 1)
nX
k=1

nX
p=1

1Z
0

Wi
�
Wj
00AkAp

�00ds�k�p
�

mX
p=1

mX
q=1

1Z
0

Wi

�
�zWj

0�Vq 0Vp00�0
� (�z � 1)Vq 000

sZ
0

Vp0Wj
00ds
�0
ds vpvq

1 � i � l; 1 � j � l;

Knl
i;l+j=

nX
k=1

1Z
0

Wi

h
�y
�
Ak0Vj 00

�0+(�z�1)
�
Vj 00Ak

�00i
ds�k 1 � i � l; 1 � j � m;

Knl
l+i;j = �

nX
k=1

1Z
0

Vi
�
�y
�
AWj

00�0
� (�z � 1)

�
Wj
00Ak

�00�ds�k
�

mX
p=1

lX
q=1

1Z
0

Vi
�
Vp0
�
Wj
0Wq

00�0
+ (�z � 1)

0@Wj
000

sZ
0

Vp00Wq
0ds

1A�0ds vpwq
1 � i � m; 1 � j � l;

Knl
l+i;l+j = �

mX
p=1

mX
q=1

1Z
0

Vi
h
Vj 0
�
Vp0Vq 00

�0i0ds vpvq
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� (�z � 1)
nX
k=1

nX
p=1

1Z
0

Vi
�
Vj 00AkAp

�00ds�k�p
1 � i � m; 1 � j � m;

Knl
l+m+i;j = � (1� �z)

� lX
p=1

nX
k=1

1Z
0

AiWj
00Wp

00Ak

dswp�k +
mX
p=1

1Z
0

AiVP 00Wj
00ds vp

�
1 � i � n; 1 � j � l;

Knl
l+m+i;l+j = (1� �z)

mX
p=1

nX
k=1

1Z
0

AiVj 00Vp00Akds vp�k

1 � i � n; 1 � j � m:
To obtain the elements of aerodynamic mass,

damping, and sti�ness matrices, the following integral
statements can be evaluated:

Ma
l+i;l+j = ��

1Z
0

Vi (s)Vj (s) ds

1 � i � n; 1 � j � m;

Ma
l+i;m+l+j = �ab

1Z
0

Vi (s)Aj (s) ds

1 � i � m; 1 � j � n;

Ma
l+m+i;l+j = �ab

1Z
0

Ai (s)Vj (s)

1 � i � n; 1 � j � m;

Ma
l+m+i;l+m+j = ��b2

�
1
8

+ a2
� 1Z

0

Am (s)Ak (s)

1 � i � n; 1 � j � n;

Cal+i;l+j = �ca�c� (0)
1Z

0

Vi (s)Vj (s) ds

1 � i � m; 1 � j � m;

Cal+i;l+m+j = � [�U + 2cab�cq (0)]
1Z

0

Vi (s)Aj (s) ds

1 � i � m; 1 � j � n;

Cal+m+i;l+j = 2bca�cm (0)
1Z

0

Ai (s)Vj (s) ds

1 � i � n; 1 � j � m;
Cal+m+i;l+m+j =

�
4b2ca�cmq (0) + �abU

�
1Z

0

Ai (s)Aj (s) ds

1 � i � n; 1 � j � n;

Ka
l+i;l+j = �ca _�c� (0)

1Z
0

Vi (s)Vj (s) ds

1 � i � m; 1 � j � m;
Ka
l+i;l+m+j = �ca

h
U�c� (0) + 2b _�cq (0)

i
1Z

0

Vi (s)Aj (s) ds

1 � i � m; 1 � j � n;

Ka
l+m+i;l+j = 2bca _�cm (0)

1Z
0

Ai (s)Vj (s) ds

1 � i � n; 1 � j � m;
Ka
l+m+i;l+m+j = 2bca

h
U�cm (0) + 2b _�cmq (0)

i
1Z

0

Ai (s)Aj (s) ds

1 � i � n; 1 � j � n:
Finally, the initial condition matrix [IC] can also

be determined as:

ICl+i;l+j = ca _�c�

1Z
0

Vi (s)Vj (s) ds

1 � i � m; 1 � j � m;

ICl+i;l+m+j = 2cab _�cq

1Z
0

Vi (s)Aj (s) ds

1 � i � m; 1 � j � n;
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ICl+m+i;l+j = �2bca _�cm

1Z
0

Ai (s)Vj (s) ds

1 � i � n; 1 � j � m;

ICl+m+i;l+m+j = �4b2ca _�cmq

1Z
0

Ai (s)Aj (s) ds

1 � i � n; 1 � j � n:
It should be noted that all the elements not

mentioned in the above matrices are zero.
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