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Abstract. This study proposed the heat transfer correlation for a surface �tted with
rectangular ribs by solving the continuity, momentum, energy, and turbulence equations
by the �nite volume approach. Extensive computations were performed to modify both the
duct Reynolds number (ReDh;duct) and the nozzle Reynolds number (ReDh;nz ) in the range
of 6,000{20,000. The volume fraction (�) and the Prandtl number (Pr) of the nanouid
varied in the range of 0 to 5% and 7.288 to 9.92, respectively. The number of protrusions
(n) varied from 1 to 4. The data collected from numerical experimentation were regressed
nonlinearly using Levenberg and Marquest (L-M) method to obtain an empirical correlation
for the Nusselt number. The Nusselt number predicted from the correlation was compared
with its value obtained from the computations. Close agreement between the predicted
and computed Nusselt numbers was observed. In terms of heat transfer augmentation, the
duct Reynolds number, the nozzle Reynolds number, and the volume fraction of nanouid
were found to be some of the signi�cant inuencing parameters in heat transfer.
© 2020 Sharif University of Technology. All rights reserved.

1. Introduction

The e�ective elimination of heat from a heated surface,
especially from electronic processors, is becoming pop-
ular and demanding due to the shift in the paradigm
of technology from macro to mini sizes. A continuous
reduction in size, the increasing demand for faster
operating speed, and the longer durability of devices
further necessitate the invention of new technologies
and methods for e�ective cooling so as to safeguard the
devices and perform a hassle-free operation. In this
context, several new methodologies have been tried.
The innovative design of thermal equipment and the
use of high heat transfer uids are a few examples of
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attaining a higher degree of heat dissipation. Recently,
nanouids have been extensively used for augmenting
heat transfer in micro-sized devices (i.e., micro chan-
nels, microelectronic systems, and MEMS) to macro-
sized devices (i.e., heat exchangers, power plants, and
solar applications). Nanouids have been found to be
widely applicable by di�erent researchers since their
�rst use in modern technology by Choi [1]. Generally,
the water suspended with solid metallic oxides pos-
sesses higher thermal conductivity than the usual pure
water and ethylene glycol. Thus, the enhancement of
heat transfer by these uids is greater than that by
water due to their better thermal capability [2-6]. A
number of researchers have developed empirical corre-
lations to look into the thermo-hydraulic characteristics
of nanouids in both the force and free convection
regimes. An empirical correlation for Nusselt number
was proposed by Pak and Cho [7] using two di�erent
water-soluble nanouids (i.e., Al2O3- and TiO2-water)
for a turbulent bend tube. It was demonstrated that
Re and � of the nanouid inuenced the heat transfer
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signi�cantly. Wen and Ding [8] studied the heat
transfer of nanouids experimentally, which is higher
than that of water, and obtained similar observations.
Empirical correlations for heat transfer of CuO, TiO2,
and Al2O3 nanouids in both laminar and turbulent
regimes were developed by Li et al. [9]. For Cuo-
water nanouid turbulent ow in a pipe, Xuan and
Lee [10] developed an empirical correlation for Nusselt
number in terms of the Reynolds number, Prandtl
number and Peclet number, and volume fraction of
the nanoparticle. Vijjha et al. [11] proposed another
correlation for Nusselt number of Al2O3 and CuO
nanouids in a turbulent regime. Moreover, Suresh et
al. [12] obtained the fully developed heat transfer cor-
relation for a laminar ow of a hybrid-class nanouid
(i.e., Al2O3-Cu/water) in a tube subjected to uniform
heat ux. Xuan and Roetzel [13] included the e�ect
of thermal dispersion of nanoparticles in their heat
transfer correlation. For CuO nanoparticle dispersed in
the oil, the heat transfer correlation was also developed
by Raji et al. [14] in round and attened tubes. Heat
transfer correlation for Al2O3-water nanouid ow in a
microchannel was proposed by Zhang et al. [15]. Using
the regression analysis of the data, Jafarimoghaddam
and Aberoumand [16] obtained a heat transfer cor-
relation for Cu/ethylene glycol nanouid owing in
a concentric annular tube applied to a uniform wall
heat ux. The empirical correlation was found to have
limited applications since both the Reynolds number
(Re � 160) and the nanouid volume fraction (0.011
� � � 0.171) were in narrow ranges. Sajadi and
Kazemi [17] developed a correlation for heat transfer
in the turbulent regime of TiO2-water nanouid from
their experimental data. For TiO2-water nanouid,
empirical correlations for heat transfer and uid fric-
tion were proposed by Duangthongsuk and Wongwises
[18] and Abbasian Arani and Amani [19]. Through a
series of careful experimental observations, Anoop et
al. [20] proposed a heat correlation for a laminar ow
(500 � Re � 2; 000) of alumina-water nanouid in the
developing region (50 < X=D < 200). Their empirical
correlation suggests a higher level of heat transfer
with smaller particles than the larger ones. Moreover,
Lattice Boltzmann Method (LBM) was applied by
Sheikholeslami et al. [21] and Nemati et al. [22] to study
the MHD natural convection of nanouid with di�erent
con�gurations. It was concluded that � inuenced
heat transfer, whereas the magnetic �eld suppressed
the heat transfer enhancement due to the opposing
action of the Lorentz force to the motion of uid. A
numerical study was carried out by Khorasanizadeh
et al. [23] for a rectangular cavity with a conductive
ba�e placed at the bottom by implementing the
�nite volume method. They observed that, at a low
Rayleigh number, the mean Nusselt number decreased
by displacing the ba�e toward the center. They

claimed that the conduction heat transfer, which is
dominant at the low Rayleigh number, was reduced and
convection took over the conduction as the ba�e moved
to the center. Wei et al. [24] developed a model to
account for the nanouid thermal conductivity through
the fractal analysis. Their developed model is also
validated with the experimental results of the e�ective
thermal conductivity of the nanouid. Sivashi et al.
[25] investigated the e�ect of �, the number and length
of the porous �ns attached to one of the walls of a two-
dimensional rectangular domain on heat transfer from
the heated surface using porous and solid �ns. They
obtained better heat conduction for porous �ns than
solid/non-porous �ns, and concluded that heat transfer
with porous �ns was higher than that with non-porous
�ns. Moreover, their numerical study showed that
a higher level of heat transfer enhancement could be
obtained at high Darcy number than at low Darcy
number. At low Darcy number, the convection weakens
and, thus, the heat transfer reduces.

Recently, the authors [26] studied entropy gen-
eration in the case of heated surface by impinging
nanouid on trapezoidal protrusions using a similar
duct. Based on the previous literature, many studies
on nanouid have been carried out to use nanouid
for heat transfer augmentation in various engineering
applications. Moreover, a large number of heat transfer
correlations exist for nanouid as an alternative uid
in the open literature. However, according to the
literature survey, there exists no such empirical cor-
relation for a protruded surface with jet impingement
onto it. Therefore, the present study aims to develop
an empirical correlation for Nusselt number of the
protruded surface with the cross-ow jet impingement.
Rigorous and careful numerical simulations are carried
out in a commercial Computational Fluid Dynamics
(CFD) solver to capture the data and, then, a nonlinear
regression analysis is conducted to develop a heat
transfer correlation.

2. Numerical modeling

2.1. Model description with grid setup
Figure 1 shows the geometrical dimensions of the
physical model with di�erent boundary conditions. A
constant temperature (i.e., 353 K) was imposed on the
marked (with a dotted rectangle) region of the bottom
wall, as shown in Figure 2(a). Rectangular protrusions
were installed on the heated surface, maintaining an
inter-protrusion distance of 0.016 mm. All walls are
adiabatic, except the heated one.

A stream of Al2O3-water nanouid is allowed to
ow through the inlet at a uniform velocity. Moreover,
another stream of nanouid emanates from the nozzle
exit and mixes with the ow coming from the duct
inlet and, thus, forms a cross-ow with the jet ow.
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Figure 1. Geometrical dimension with boundary conditions (all dimensions are in m).

Figure 2. (a) Computational mesh and (b) enlarged
illustration of mesh around protrusions.

The cross ow is believed to improve the mixing of
cold and hot streams in close proximity to the heated
wall. Thus, a higher heat transfer rate with this
type of arrangement is expected. At upstream of the
heated surface, the duct is given an extra length (i.e.,
X=Dh = 10) in order to ensure a fully developed
ow (hydro-dynamically) on the heated surface. The
grid arrangement at the inlet, outlet, and bottom wall
is depicted in Figure 2(a). Figure 2(b) shows an

enlarged and cutaway illustration of the grid around
the protrusions.

2.2. Di�erent properties of nanouid
The nanouid is considered as single phased and
homogenous because (i) the particles are very small
in diameter (i.e., 100 nm [27]) and (ii) are thoroughly
mixed in water. The thermo-physical properties of
alumina nanoparticle and water (i.e., base uid) at
300 K and 101.325 kN/m2 are shown in Table 1.

2.2.1. Density
Eq. (1) shows a mathematical relationship among the
density of the nanouid, nanoparticle density, and
volume fraction. Eq. (1) is used [27{29] to calculate the
density of the nanouid. Thus, the nanouid density
can be calculated through this equation, as shown
below:

�nf = (1� �)�bf + ��p: (1)

2.2.2. Speci�c heat
The speci�c heat of the nanouid is computed through
Eq. (2) [7,27, and 29]:

cnf = (1� �)cbf + �cp: (2)

2.2.3. Dynamic viscosity
The dynamic viscosity is computed through Eq. (3),
which is similar to the equation proposed by Maiga et
al. [28] through the curve �tting of the data given in
[30{31]. Since the e�ects of the physical phenomena

Table 1. Thermo-physical properties [27].

Properties Al2O3-
nanoparicles (p)

Water (bf)

Density, � (kg/m3) 3880 998.2
Thermal conductivity, k (W/mK) 36 0.597
Sp. heat, c (J/kgK) 773 4182
Viscosity (kg/ms) { 9:93� 10�4
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such as the thermophoresis, the Brownian motion, and
the velocity slip are neglected, Eq. (3) is selected for
calculating the viscosity of the nanouid:

�r =
�nf
�bf

= 123�2 + 7:3�+ 1: (3)

2.2.4. Thermal conductivity
The nanouid thermal conductivity is calculated
through Eq. (4):

kr =
knf
kbf

= 4:97�2 + 2:72�+ 1: (4)

Maiga et al. [28] developed the above equation (Eq.
(4)) based on the experimental data of Wang et al. [30]
through curve �tting. According to Maiga et al. [28],
Eq. (4) is used to predict a lower thermal conductivity
rate of the nanouid since it is assumed that all the
nanoparticles suspended in the base uid are spherical.
However, this assumption may not be true in reality.
Since Eq. (4) is quite a simple model and can be easily
implemented in numerical computations, the proposed
model in our study is preferred.

3. Formulation of the computational study

3.1. Governing equations
The continuity, momentum, energy, turbulent kinetic
energy, and its dissipation rate equations were solved
iteratively in a 3D domain using �nite volume method.
The nanouid is assumed to be incompressible and
single phased. The physical properties such as ther-
mal conductivity (knf ), dynamic viscosity (�nf ), and
speci�c heat (cp;nf ) are kept constant throughout the
entire computational domain. Nanoparticles are very
�ne in size and well mixed in water. The diameter
of the nanoparticle for practical applications is usually
less than 100 nm. Thus, suspension behaves like a
single-phase continuum [32{33]. Since the proposed
objective is to develop an empirical relation in terms
of the independent variables, the thermohydraulic
properties are kept constant; otherwise, the number of
simulations may increase due to excessive complexity
and error in the correlation. Of note, velocity slip
between the continuous (i.e., water) and discrete (i.e.,
nanoparticles) phases is neglected, thus establishing a
thermal equilibrium between them. Moreover, particle
di�usion has been ignored in the present case. Di�erent
equations relevant to the present study are written as
follows:
@Ui
@xi

= 0; (5)

�nf Uj
@Ui

@xj
= �@P

@xi
+

@
@xj

(2�nf Sij � �nf u 0iu 0j ); (6)

�nf Uj
@T
@xj

=
@
@xj

�
�nf

cp;nf

@T
@xj
� �nf T 0uj

�
: (7)

The rate of the mean strain Sij is de�ned as follows:

Sij =
1
2

�
@Ui
@xj

+
@Uj
@xi

�
: (8)

The subscripts i and j are the notations used to rep-
resent a tensor, whereas nf represents the nanouid.
�, �, and c represent the thermal conductivity, the
dynamic viscosity, and the speci�c heat, respectively.
Since the ow in the duct is turbulent, the mean
pressure, temperature, and velocities are denoted by
P , T , and Ui, respectively, whereas the uctuating
temperature and velocity are denoted by T 0 and u0i.
Two physical quantities such as turbulent Reynolds
stress ( ��nfu0iu0j ) and turbulent heat ux ( ��nfu0iT 0)
have been obtained due to the averaging of the momen-
tum and energy equations. These two quantities are
modeled using Eqs. (9) and (10).

��nfu0iu0j = 2�tSij � 2
3
�nfk�ij ;

�ij = 0(i 6= j); (9)

��nfu0iT 0 =
�t
Prt

@T
@xi

: (10)

In Eq. (9), k, �t, and �ij represent the turbulent kinetic
energy, the eddy viscosity, and Kronecker delta (�ij =
1, if i = j; else, �ij = 0 if i 6= j), respectively. The
turbulent Prandtl number in Eq. (10) is kept constant
(Prt = 0:85). Since a series of protrusions were in-
stalled on the bottom hot surface, the ow recirculation
behind the protrusions was inevitable. Thus, it was
recommended that the SST k�! turbulence model [34]
be used for such ows with intense recirculation. The
kinetic energy (k) and its dissipation rate (!) for a
turbulent ow are given as follows:

@
@xi

(�nfkui) =
@
@xj

��
�nf +

�t
�k

�
@k
@xj

�
+ min(Pk; 10�nf��k!)� �nf��k!; (11)

@
@xi

(�nf!ui) =
@
@xj

��
�nf +

�t
�k

�
@!
@xj

�
+
�!
k
Pk � �nf�!2

+ 2(1� F1)
�nf�!;2

!
@k
@xj

@!
@xj

: (12)

The turbulent viscosity in SST k � ! is de�ned as:

�t = �nf
k
!

1

max
�

1
�� ;

SF2
a1!

� ;
where:
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S =
p

2SijSij ; a1 = 0:31;

F1 = tanh(�4
1
); F2 = tanh(�2

2);

�1 = min

"
max

 p
k

0:09!y
;

500�nf
�nfy2!

!
;

4�nfk
�!;2D+

! y2

#
;

and

�2 = max

"
2
p

k
0 :09!y

;
500�nf

�nf y2!

#
;

respectively. The positive cross-di�usion part is given
as:

D+
! = max

�
2�nf
�!;2!

@k
@xj

@!
@xj

; 10�10
�
;

and the production of Turbulent Kinetic Energy (TKE)
that appears in both Eqs. (11) and (12) is de�ned
as Pk = ��nfu0iu0j @ui@xi . In the SST k � ! model,
the viscosity is damped through a damping coe�cient
(��), which makes this model a better option over the
standard k � " model when a strong ow recirculation
appears in the computational domain.

�� = ��1
�
��0 + Ret=Rk
1 + Ret=Rk

�
: (13)

In Eq. (13), ��0 and Ret are de�ned as ��
0

= �i=3 and
Ret = (�nfk)=�nf!. Since the ow is assumed to be
incompressible, �� in Eq. (11) is equal to ��i , which is
de�ned as follows:

��i = ��1

 
4=15 + (Ret=R�)4

1 + (Ret=R�)4

!
: (14)

Di�erent constants used in SST k � ! model are as
follows:

��1 = 1; ��1 = 0:09; �i = 0:072;

�k;1 = 1:176; �!;1 = 2; �k;2 = 1;

�!;2 = 1:168; Rk = 6; R� = 8:

3.2. Boundary conditions
The numerical boundary conditions are illustrated in
Figure 1. Both the duct inlets are considered as
velocity inlet in the commercial ANSYS 15 software.
The bottom surface with protrusions is exposed to a
constant temperature, and the rest of the bounding
surfaces of the duct are adiabatic. The ow from
the duct exit is issued in the atmospheric condition,
where pressure is usually atmospheric. Therefore, the
pressure outlet boundary condition may be a natural
choice for the duct exit. The no-slip, adiabatic,

constant temperature and constant velocity boundary
conditions on di�erent surfaces [35] are given as follows:

At insulated walls:

@T
@x

=
@T
@y

=
@T
@z

= 0; and u = v = w = 0: (15)

At constant temperature wall:

T = Tw = 353 K; and u = v = w = 0: (16)

At inlet of the duct:

T = T1 = 300 K; u = uin: (17)

At inlet of the nozzle:

T = T1 = 300 K; v = �vin: (18)

Here, u, v, and w are the velocity components in the
x, y, and z directions, respectively.

At outlet:

T = T1; and p = p1: (19)

As the iterative solution progresses, the variables close
to the wall cells are linked to the value of those variables
on the wall via the standard wall function [36].

The logarithmic wall law is written as follows:

Upkp1/2c�1/4

�w=�nf
=

1
�

ln (Ey�) ; (20)

y� =
�nfkp1/2c�1/4yp

�nf
: (21)

The empirical constant (E) and von Karman constant
(�) in Eq. (20) are 9.793 and 0.418, respectively. Up
and y� represent the uid mean velocity at the point
`p' and the non-dimensional distance between the wall
and cell-centroid of the �rst cell near the wall. At
the nozzle inlet and duct inlet, the turbulent intensity
is required to be determined at the beginning of the
solution, which is computed as I = 0:016 Re�1=8, where
Re = ReDh;duct and Re = ReDh;nz , respectively.

3.3. Procedure for the numerical solution
Eqs. (5){(7) and (11){(12) have been solved itera-
tively in the �nite volume framework of ANSYS-Fluent
16.0 using the boundary conditions, as mentioned in
Section 3.2. The 2nd-order upwind and the central
di�erence schemes have been employed to discretize
the advection and di�usion terms in momentum and
energy equations. The discretization of the di�erential
equations yields algebraic equations that are solved to
obtain the desired solution variables using the whole
�eld residual method of ANSYS-Fluent 16.0. The
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pressure correction is achieved by the SIMPLE method.
The iterative solutions for mass, momentum, and
turbulence equations are considered to be converged if
the residuals fall below 10�4. However, the convergence
criterion for energy equation is set to 10�7. The
SST k � ! model has been preferred over the k � "
model owing to a strong ow recirculation behind the
protrusions. Moreover, the near-wall region in SST
k� ! model is resolved by using the blending function
(F1 and F2) and the cross di�usion term, whereas the
far-�eld region is resolved by the k�" model. The tur-
bulent jet impingement heat transfer has been studied
by a number of scholars [37{39] using SST k�! model.

4. Validation

The open literature on convection heat transfer by a
cross-ow jet using nanouid as a coolant is very lim-
ited in scope. However, many studies have investigated
the heat transfer characteristics of a pipe carrying
nanouid as a coolant. Therefore, the authors have
validated the present numerical methodology based on
the results of Pak and Cho [7] and Maiga et al. [27].
For validation, a circular tube of diameter 0.01066 m
and length 4.8 m was considered. The hydrodynamic
entry length of X=Dh = 157 was considered so as to
obtain a fully developed ow at the entrance of the
heated region (X=Dh = 330) of the pipe. A constant
wall ux was applied to the heating zone of the pipe.
The heat ux was calculated from the data given in [7].
Since the mean ow was turbulent, k � ! turbulence
model was incorporated into the numerical models to
obtain the turbulent quantities. Figure 3(a) shows
the comparison between the present numerical results
and the experimental results of [27]. Moreover, the
present computational results were also validated based
on the general-purpose heat transfer correlation given
by Maiga et al. [27].

A straight pipe subjected to a uniform wall heat
ux is considered for the present validation. The results

of the present numerical methodology are in agreement
with those of [27], limiting the error within 5%, which
is acceptable for engineering applications. Since this
study has used a cross-ow jet to impinge the uid
normal onto the main ow (see Figure 2(b)), it is
always helpful to validate the numerical schemes with
the studies involving jet impingement. Moreover, the
ow behavior for an impinging jet is quite di�erent from
a simple close conduct ow. Hence, a separate case of
validation is carried out with Sun et al. For this valida-
tion, a circular nozzle (diameter = 3 mm) was employed
to impinge CuO-water nanouid on a target plate kept
at 6 mm apart from the nozzle exit. In our numerical
validation, the diameter of the target plate was taken
to be 40 times greater than the diameter of the nozzle
so as to keep the ow recirculation at a minimum level.
The thermo-hydraulic properties of the nanouid were
derived from [40]. Figure 3(b) shows the experimental
results of Sun et al. and the numerical results.

The Nusselt number computed through the
present numerical scheme is in good agreement with
the results given in [40].

5. Results and discussion

5.1. Grid sensitivity test
Figure 4 shows the grid sensitivity test. Initially, the

Figure 4. Variation of NuDh;duct with number of cells.

Figure 3. Variations of (a) NuDh vs ReDh and (b) NuDh vs ReDh;nz
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computational domain is meshed with the coarseness of
cells (79,490 cells), and the average Nusselt number is
found to be 90. To incorporate a �ner mesh, the num-
ber of cells gradually increases in the computational do-
main until the solution variables show no or negligible
change. As can be observed in Figure 4, the rate of an
increase in Nusselt number diminishes with the number
of cells. According to Figure 4, an increment in the
Nusselt number is very low (i.e., 0.45%) as the number
of cells increases from 210,822 to 245,690. Beyond
145,690 cells, an increment in the Nusselt number is
even less signi�cant. Therefore, the computational
domain is considered to be grid independent at 210,822
cells. For further analysis, the computational domain
is deployed with the above-mentioned number of cells.
The present grid-independent study is carried out with
four surface protrusions with � = 5%.

5.2. E�ects of ReDh;duct and ReDh;nz on heat
transfer

The e�ects of both the nozzle and duct Reynolds
number on heat transfer from the protruded surface
are illustrated in Figure 5(a) and (b). It is noticed
that Nusselt number (NuDh) increases with the duct
Reynolds number (ReDh;duct). This observation is
quite obvious because of an enhanced heat dissipation
rate at high ReDh;duct. The increased ReDh;duct
improves the convection heat transfer due to the occur-
rence of ow recirculation in between the protrusions
(i.e., inter-protrusion gaps). The inter-protrusion re-
circulation imparts rigorous mixing of the hot and cold
uid streams, thereby breaking the thermal boundary
layer near the hot wall. For n = 4, the velocity vector
and contour plots (ooded with color code) are shown
in Figure 6(a) and (b), respectively. According to the

Figure 5. Variations of (a) Nu vs ReDh;duct and (b) Nu vs ReDh;nz .

Figure 6. Expanded and cutaway views of (a) velocity vector and (b) contours of velocity vector for � = 5%,
ReDh;duct = 20; 000, ReDh;nz = 8; 000, and n = 4.
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velocity vector plot, there exists a clockwise recircula-
tion in the inter-protrusion valleys, which could bring
the cold bulk uid into the valleys and carry heat along
with it. The thermal boundary layer, which is expected
to develop behind each protrusion, is broken up due
to the recirculation so as to improve the heat transfer
from the hot surface to the bulk uid. Moreover, the
local velocity increases as the ow approaches the �rst
protrusion due to a reduction in the ow area. The ow
accelerates near the �rst protrusion and decelerates as
it further approaches other protrusions and mixes with
ow coming from the jet exit (see Figure 6(b)). For
� = 5%, n = 4, and Pr = 9.72, the Nusselt number has
improved by 24.7% as increases from 6,000 to 20,000,
as shown in Figure 5(a). Since the Nusselt number is
the function of both ow and geometric variables, it is
expressed as NuDh = f(ReDh;duct ;ReDh;nz ;Pr; �; n).

A general heat transfer correlation equation was
developed by considering each of the independent
parameters through a non-linear regression analysis
based on the Levenberg-Marquardt (L-M) algorithm in
polymath software. Finite volume method of ANSYS
Fluent 16 was implemented to carry out extensive
numerical computations to collect data for the Nus-
selt number by modifying each of the independent
parameters. User-de�ned functions were formulated
by dependent variables and unknown correlation coef-
�cients. The square of the errors arising from CFD and
predicted values were minimized iteratively through
the L-M algorithm so as to achieve suitable correlation
coe�cients. It is worth mentioning that the total
number of CFD data used to develop the present
correlation is 576 (6 � 6 � 4 � 4). The correlation
developed using the above-discussed method is written
as follows:

NuDh =1:44Re0:2163061
Dh;duct Re0:577339

Dh;nz
0:6119346

Pr

(�0:03209�+ 0:0169756) + 7n: (22)

The valid ranges for Eq. (22) include 6; 000 �
ReDh;duct � 20; 000, 6; 000 � ReDh;nz � 20; 000,
7:2885 � Pr � 9:7212, 1% � � � 5%, and 1 � n � 4,
respectively.

A comparison between the predicted and com-
puted Nusselt numbers is made and shown in Figure 7.
Quite a limited amount of data is found to be outside
�10% error band. Table 2 shows the comparison
between the computed and predicted values of the
Nusselt number for di�erent combinations of the vari-
ables. Most of the data (i.e., 98.44%) fall inside �10%
error band, which may be quite acceptable for any
engineering calculation. The Nusselt number obtained
from the empirical correlation introduces fewer errors
(i.e., 4.37%) than that from the CFD solutions. A
comparison was made between the Nusselt number
obtained from the correlation (Eq. (22)) and CFD
solution, as shown in Figure 5(a) and (b), respectively.
It was demonstrated that the Nusselt number increased
with duct and nozzle Reynolds number. Nevertheless,
the predicted and computed values of the Nusselt
number are in agreement with each other. Thus, the

Figure 7. Comparison between the predicted and
computed Nusselt numbers.

Table 2. Sample data for the comparison of the computed and predicted Nusselt numbers.

ReDh;duct ReDh;nz Pr � n NuCFD NuCor
6,000 20,000 8.3072 3 3 192.1841 189.159
8,000 20,000 8.3072 3 3 202.913 199.9556
10,000 20,000 8.3072 3 3 213.1146 208.8051
12,000 20,000 8.3072 3 3 220.7246 216.3596
16,000 20,000 8.3072 3 3 230.4051 228.9026
20,000 20,000 8.3072 3 3 233.5806 239.1836
6,000 20,000 8.3072 3 4 194.54 196.159
8,000 20,000 8.3072 3 4 203.5 206.9556
10,000 20,000 8.3072 3 4 215.36 215.8051
12,000 20,000 8.3072 3 4 223.15 223.3596
16,000 20,000 8.3072 3 4 233.214 235.9026
20,000 20,000 8.3072 3 4 240.695 246.1836
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present correlation may be applied by the practicing
engineers to design thermal equipment.

In Figure 5(a) and (b), the e�ects of duct and
nozzle Reynolds numbers on Nusselt number are shown
for two volume fractions in order to maintain the
clarity of the plots. Since the properties for nanouid,
in general, are altered with the volume fraction, the
Prandtl number of the uid also increases with the
increasing volume fraction. Figure 5(a) illustrates a
greater heat transfer improvement at a high nanouid
volume fraction than at a low volume fraction. In ad-
dition, NuDh increases monotonously with ReDh;duct ,
as illustrated in Figure 5(b). Good agreement between
the CFD and predicted values of NuDh was established.
At a particular ReDh;nz, NuDh at a high ReDh;duct
is more than the value at a low ReDh;duct . This
is attributed to the strong convection heat transfer
because of a high ReDh;duct . At ReDh;duct = 12; 000,
the Nusselt numbers have improved by 73.1% as the
nozzle Reynolds number (ReDh;nz) changed from 6,000
to 20,000. Thus, it can be mentioned that ReDh;duct
and ReDh;nz a�ect the heat transfer signi�cantly.

5.3. E�ect of number of rectangular
protrusions on heat transfer rate

Figure 8 shows the e�ect of the number of protrusions

Figure 8. Variation of Nu with n.

on the heat transfer rate. For a particular volume
fraction, e.g., � = 1%, one could see a rise in
Nusselt number with the number of surface protrusions
installed on the heated surface. Due to the surface pro-
trusions, the ow in the rectangular duct becomes more
turbulent. Thus, the TKE has increased inside the
rectangular duct. For two di�erent volume fractions
(i.e., � = 5% and � = 1%), the evolution of TKE along
the centerline of the duct is shown in Figure 9(a) and
(b). In both of the cases, a strong variation in TKE has
been observed from X=Dh = 12:8 � 14, showing local
peaks in TKE. A higher TKE is expected when more
surface protrusions are added to the heated surface.
For n = 3, a higher local peak in TKE than that in the
case n = 1 is seen.

Therefore, when the number of protrusions in-
creases, the TKE also increases, leading to the emer-
gence of a higher local peak. Similar observations
have been noticed in both of the cases. Due to the
surface protrusions, TKE has increased, resulting in
a strong and rigorous mixture of the hot and cold
uid streams. Therefore, the heat from a hot surface
dissipates quite easily. The uid near the hot wall is
able to mix thoroughly and strongly with the incoming
bulk uid so as to facilitate the transfer of heat from
the hot uid to cold uid and, subsequently, a higher
amount of heat will be transferred from the heated
surface. Therefore, it can be stated that the presence
of surface protrusion always augments the transfer of
heat from a heated surface, which could be exploited to
cool the substrates such as electronic devices for their
safe operation and durability. Furthermore, the Nusselt
number predicted from the correlation equation is in
close agreement with the computed Nusselt number for
di�erent surface protrusions. According to Figure 9(b),
the TKE increases with the nanouid volume fraction.

5.4. E�ect of � on heat transfer rate
Figure 10 illustrates the e�ect of the nanouid vol-
ume fraction on NuDh for di�erent protrusions. The
thermal conductivity of the mixture (i.e., water and

Figure 9. Variation of centerline TKE along axial direction: (a) � = 5%, Pr = 9.72, and (b) � = 1%, Pr = 7.29.
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Figure 10. Variation of Nu vs �.

nanoparticle) is believed to improve with a higher
volume fraction. Thus, NuDh increases with the
volume fraction. In Figure 10, the dashed lines show
the predicted NuDh, very close to NuDh from the CFD
simulations. For n = 1 and n = 4, the error induced
in predicting the Nusselt number is about 2.54% and
2.7%, respectively, which can be considered for any
engineering calculation. Moreover, it is seen that the
Nusselt number increases signi�cantly with the number
of surface protrusions installed on the heated surface.

6. Conclusions

Extensive numerical computations were performed to
solve the continuity, momentum, energy, and turbu-
lence equations iteratively in a �nite volume solver to
obtain the Nusselt number for a heated surface. A
general empirical correlation was developed in terms of
di�erent pertinent parameters. The following conclu-
sions are drawn from this study:

(i) At a constant ReDh;nz and Pr, the heat transfer
increased monotonously with ReDh;duct. More-
over, the heat transfer rate improved signi�cantly
with �;

(ii) It was also observed that, for a particular �,
the Nusselt number increased with both of the
Reynolds numbers (i.e., the duct and the nozzle
Reynolds number). It is worth mentioning here
that � is the most signi�cant parameter in heat
transfer improvement, and the Reynolds number
is the second best parameter among all such
parameters considered in this study;

(iii) The number of protrusions (n) �tted to the hot
surface also a�ects the heat transfer rate. Ac-
cording to the results, a higher TKE is obtained
as increases and facilitates a mixture of cold and
hot streams to promote heat transfer;

(iv) A general-purpose correlation was developed in
terms of di�erent inuencing parameters in their

wide ranges, which would be handy and useful for
practical engineering applications.

Nomenclature

Dh;duct Duct hydraulic diameter (m)
I Intensity of turbulence
k Kinetic energy of turbulence (m2/s2)
n Number of protrusions

NuDh Average Nusselt number
ReDh;duct Reynolds number based on duct

hydraulic diameter (m)
ReDh;nz Reynolds number based on nozzle

hydraulic diameter (m)
Prt Turbulent Prandtl number
Pr Prandtl number
T1 Surrounding temperature (K)
Tw Isothermal wall temperature (K)
Tin Duct inlet temperature (K)
Tout Duct outlet temperature (K)
uin Velocity at duct inlet (m/s)
X Axial direction along the isothermal

surface (m)

Greek letters

k Thermal conductivity (W/mK)
� Dynamic viscosity of uid (kg/ms)

� Fluid density (kg/m3)
! Speci�c dissipation rate (1/s)
� Volume fraction

Subscripts

duct Duct
in Inlet
nf Nano uid
nz Nozzle
w Wall
1 Ambient
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