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Abstract. Shear behavior of Reinforced Concrete (RC) beams strengthened with Fiber
Reinforced Polymer (FRP) sheets is studied in this paper using Modi�ed Compression
Field Theory (MCFT). The beam was considered to be under the combined e�ects of
shear force and bending moment. Equilibrium and compatibility equations as well as
stress-strain relationships were developed for an element in the strengthened beam. Due
to the extensive computations, a computer program was developed to solve the governing
equations. The accuracy of the presented method was veri�ed by the experimental results
of 84 strengthened RC beams reported in the literature. Comparison between the measured
and predicted results showed that the method could predict the shear behavior of the beam
in its entire range up to failure. The method could also incorporate the e�ect of debonding
of the FRP sheets in the analysis. The results of a case study indicated that preventing
the debonding of FRP sheets in the web of the beam would signi�cantly increase the shear
capacity and, in certain cases, change the failure mode from brittle to ductile.
© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

Strengthening of RC members with FRP sheets has
attracted the attention of many researchers and en-
gineers in the past two decades. More attention has
been drawn by 
exural strengthening of RC beams
than by shear strengthening. Among the available
research on the behavior of RC beams strengthened
with FRP sheet for shear, very few analytical studies
can be found on the behavior of such beams throughout
the loading process from zero to failure. Most of the
research in this �eld has been focused on the ultimate
shear capacity of the beam and debonding strain of
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FRP rather than a comprehensive load-deformation
history [1-18]. Among the few studies that have
investigated the entire behavior of RC beams under
shear from the beginning of loading to failure is the
one by Malek and Saadatmanesh [19]. Gendron et al.
(1999) also studied the shear behavior of RC beams
strengthened with FRP sheets [20]. It is noteworthy
that debonding of FRP sheets was included in neither
of the aforementioned studies.

Shear transfer in RC beams is carried out by
several mechanisms including (a) shear resistance de-
veloped by the uncracked concrete in the compression
zone; (b) interfacial shear transfer by aggregate inter-
locking in the cracked concrete; and (c) dowel action of
the longitudinal reinforcement. Due to the complexity
of shear transfer mechanism in RC members, it is
di�cult to determine the actual stresses in di�erent
portions of the beam; therefore, taking advantage of
the lower-bound plasticity theory can be a unique
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procedure for overcoming such de�ciency. Based on
this theory, truss analogy model and compression force
path method are used to determine the internal stresses
and the ultimate shear capacity of the beam. In this
technique, each stress distribution that satis�es equi-
librium conditions can be assumed as internal stress
distribution without the need to satisfy deformation
compatibility. Based on the lower-bound plasticity
theory, the computed shear capacity using the assumed
stresses is in the safe margin if the redistribution of
stresses is possible (ductile behavior) [21]. Therefore,
the truss analogy model and the compression force path
method that only satisfy the equilibrium conditions
(without satisfying the deformation compatibility) are
only suitable for ductile members like under-reinforced
RC beams. However, in the case of strengthening of
concrete members with a brittle material like FRP com-
posites, the analysis of stresses cannot be performed
using the lower-bound plasticity theory. It is mostly
because FRP materials, despite their high strain capac-
ities, are non-ductile; thus, they cannot accommodate
any stress redistribution. Similarly, concrete is brittle;
therefore, stress redistribution cannot be developed in
concrete members strengthened with FRP sheets for
shear enhancement [21].

Modi�ed Compression Field Theory (MCFT) is
capable of determining the actual stresses in di�erent
portions of an RC beam by satisfying the equilibrium
and compatibility equations using stress-strain rela-
tionships of concrete and steel. Therefore, the use of
this theory in the analysis of concrete beams is not
contingent upon the general conditions of the lower-
bound plasticity theory, e.g., the ductile behavior of
the members; therefore, it is applicable in the stress
analysis of the RC beams strengthened with FRP
sheets for shear. In the MCFT, despite the compres-
sion �eld theory and the truss analogy model, tensile
strength of concrete is not neglected and there are no
simplifying assumption leading to the approximation
of the results [22]. In the present study, the MCFT
is used to investigate the behavior of strengthened
RC beams under shear and 
exure. In this method,
despite the procedures presented by other researchers,
the stress and strain variation through the beam height
is calculated and the tensile strength of the concrete is
not neglected. Any arbitrary section can be modeled
in this method and the FRP sheet can be modeled
in any two directions, if needed. Furthermore, this
method is able to predict the failure mode of the
beam, including debonding of FRP sheets. In fact,
there is not any simplifying assumption in the method
which causes noticeable approximation in the results.
To perform the analysis, the conventional equilibrium
and compatibility equations in the MCFT are modi�ed
and expanded for concrete members strengthened with
FRP sheets.

Figure 1. Shear strengthening patterns.

Figure 2. Di�erent con�gurations for shear strengthening
with FRP sheet: (a) Continuously with FRP sheets, and
(b) intermittently with FRP strips.

The more popular methods of strengthening RC
beams for shear using FRP are as follows:

1. Side bonding of FRP sheets (Figure 1(a)). Most of
the beams strengthened in this pattern fail due to
debonding of FRP sheets [2];

2. Full wrapping of FRP around beam section (Fig-
ure 1(b)). In most of the beams strengthened in this
pattern, due to concrete con�nement provided by
full wrapping, failure starts with diagonal crushing
of the concrete in the web and ends with fracture
of FRP sheets [2];

3. U-shape pattern of FRP composites (Figure 1(c)).
Beams strengthened through this method have
unpredictable behavior, i.e., they may fail due to
either debonding or fracture of FRP materials.

Note that each of the above strengthening pat-
terns can be used either continuously along the shear
span or intermittently with certain width and pitch.
Furthermore, FRP �bers can be used in one or two
directions. Figure 2 shows some of the possible
applications of the FRP sheet along the beam for shear
strengthening.

2. Expanding MCFT for members
strengthened with FRP sheets

In the modi�ed compression �eld theory, the behavior
of a membrane RC element with a grid of longitudinal
and transverse reinforcing bars is investigated. In this
section, the theoretical relationships of the method are
expanded for an RC element strengthened with FRP.
For this purpose, it is assumed that the membrane
element of concrete is strengthened with a layer of
FRP in addition to the reinforcing longitudinal and
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Figure 3. (a) Reinforced concrete element strengthened with FRP sheets. (b) Applied stresses to the element. (c)
Deformations due to applied stresses.

transverse steel bars. Orientation of the �bers of the
FRP sheets is assumed to be in two arbitrary angles of
�1 and �2, as shown in Figure 3(a).

The in-plane external stresses on the element and
the deformations due to the applied stresses are shown
in Figure 3(b) and (c), respectively. In these �gures,
fx and fy are the applied normal stresses to the RC
element in the x and y directions, respectively, "x
and "y are the strains of RC element in the x and y
directions, respectively, vxy is the applied shear stress
to the RC element, and 
xy is the shear strain of the
RC element. The stresses and strains in the load-
carrying components of this element are determined by
expanding the compatibility and equilibrium equations
and the stress-strain relationships for the strengthened
concrete element with an FRP layer.

2.1. Compatibility conditions
Assuming that there is no slip between the concrete and
the reinforcing bars as well as between the concrete
and FRP sheets, the concrete exhibits compatible
deformations with the longitudinal and transverse rein-
forcing bars and the FRP sheets at the interface. This
compatibility is expressed in Eqs. (1) and (2), in which
"x and "y are the strains of RC element in the two
perpendicular directions (x and y), "cx and "cy are the
strains of the concrete in the x and y directions, "sx and
"sy are the strains of longitudinal and transverse steel
bars in the x and y directions, and "fx and "fy are the
strains of �bers of the FRP in the x and y directions,
respectively:

"sx = "fx = "cx = "x; (1)

"sy = "fy = "cy = "y: (2)

Other compatibility expressions in the element
presented in Eqs. (3), (4), and (5) are derived from
the Mohr's circle of strains, as indicated in Figure 4,
in which "1 and "2 are the principal strains in concrete
element and � is the angle of plane of principal strain.


xy = 2 ("1 � "x) tan �; (3)

"x + "y = "1 + "2; (4)

Figure 4. (a) Mohr's circle of strain. (b) Mean strains in
RC element.

tan2�=
"x � "2

"y � "2
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"1 � "x =

"1 � "y
"y � "2

=
"x � "2

"1 � "x : (5)

To determine the stresses in FRP in �1 and �2
directions, the strains in these directions are needed.
If the three components of strain, namely "x, "y, and

xy, are determined, the strain values in any arbitrary
direction can be calculated using the Mohr's circle
of strains or the strain transformation relationships.
Thus, having "x, "y, and 
xy, the strain transformation
relationships can be used to determine the strain in
the FRP in �1 and �2 directions. The strain tensor
in LT coordinate system with rotation of � can be
calculated in accordance with Eq. (6), in which the
matrices ", "0, and r are the strain tensors in the xy and
LT coordinate systems and the rotation transformation
matrix, respectively:

["0] = [r]["][r]T )
�

"L 1
2
LT

1
2
LT "T

�
=
�

cos� sin�
� sin� cos�

�
�
�

"x 1
2
xy

1
2
xy "y

�
�
�

cos� � sin�
sin� cos�

�
: (6)

Performing the above matrix multiplication, the
strain values in the LT coordinate system are expressed
as follows:24 "L

"T

LT

35
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=
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�2 sin� cos� 2 sin� cos� cos2�� sin2�

35
�
24 "x

"y

xy

35
Thus, if the direction of �bers in the FRP sheets

is along the L axis, the strains in the FRP in the �1
and �2 directions can be calculated by Eqs. (7) and (8),
respectively:

"f1 = "xcos2�1 + "ysin2�1 + 
xy sin �1 cos �1; (7)

"f2 = "xcos2�2 + "ysin2�2 + 
xy sin �2 cos �2: (8)

2.2. Equilibrium conditions
Figure 5 illustrates the free body diagram of an RC
element strengthened with FRP sheets. The stresses
in the concrete, reinforcing bars, and FRP sheets due
to the applied stresses of fx, fy, and vxy are shown in
the �gure, where vcxy is the shear stress in concrete,
and ff1 and ff2 are the stresses in �bers in �1 and �2
directions, respectively. Equilibrium in this free body
diagram leads to Eq. (9):

fxA =fcxAc + fsxAsx + ff1 � 2d � tf1cos2�1

+ ff2 � 2d � tf2cos2�2; (9)

where Ac is the net section area of concrete in the RC
element and d is the element dimension. Neglecting
the decrease in the concrete section area by the section
area of the longitudinal reinforcing bars and assuming

A = Ac (A is cross section area of the RC element),
Eq. (9) can be manipulated in the form of Eq. (10):

fx=fcx+�sxfsx+�f1ff1cos2�1+�f2ff2cos2�2; (10)

where �sx is the ratio of the longitudinal reinforcing
bars, and �f1 and �f2 are ratios of the �bers in �1 and
�2 directions, respectively, i.e., �sx = Asx=A, �f1 =
2tf1=b, and �f2 = 2tf2=b, where Asx is the section area
of longitudinal reinforcing bars in the RC elements, b
is the thickness of the element, and tf1 is the thickness
of FRP in �1 direction.

Similarly, satisfying the equilibrium in y direction
for a section perpendicular to section 1-1 (Figure 5) in
the element leads to Eq. (11):

fy=fcy+�syfsy+�f1ff1sin2�1+�f2ff2sin2�2; (11)

where �sy = Asy=A is the ratio of the transverse rein-
forcing bars and Asy is the section area of transverse
reinforcing bars in the element. Neglecting the shear
resistance of longitudinal and transverse reinforcing
bars and FRP sheets, the shear stress in the concrete
equals the applied shear stress to the element, i.e.,
vcxy = vxy.

On the other hand, using the Mohr's circle of
stresses (Figure 6(a)) or the equilibrium equations in a
concrete element under the stresses of fcx, fcy, and vcxy
(Figure 6(b)), the equilibrium equations are obtained
in the form of Eqs. (12), (13), and (14):

fcx = fc1 � vcxy/tan �c; (12)

fcy = fc1 � vcxy tan �c; (13)

fc2 = fc1 � vcxy(tan �c + 1/tan �c); (14)

Figure 5. A typical strengthened element and associated free body diagram in section 1-1.
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Figure 6. (a) Mohr's circle of strain in concrete. (b) Stresses in concrete.

where �c is the inclination angle of the principal plane
of stress toward x axis, and fc1 and fc2 are the tensile
and the compressive principal stresses in the concrete,
respectively.

For the sake of simplicity, the principal planes of
stress and strain in concrete are taken identical (� =
�c). This assumption has experimentally been veri�ed
by Vecchio and Collins [22].

2.3. Stress-strain relationship
Based on the compatibility of deformations and equi-
librium of forces in an RC element strengthened with
FRP sheets, the stress-strain relationships of steel,
concrete, and FRP are used to relate the stress and
strain components in the element. Bilinear stress-strain
relationship in longitudinal and transverse reinforcing
bars is used, i.e., fs = Es"s � fy, where Es is
the modulus of elasticity of steel, and "s and fy are
the strain and yield strengths of the longitudinal or
transverse reinforcing bars, respectively.

To complete the model, the relationships between
the principal compressive and tensile stresses and
the principal compressive strains in the concrete are
needed. In the RC element under discussion, the
compressive strength of concrete is much less than
the compressive strength of concrete cylinder, partic-
ularly due to considerable amount of tensile strain
perpendicular to the compressive strain. For this
reason, Eqs. (15) and (16) are used as the stress-strain
relationships of concrete [22]:

fc2 = fc2 max

�
2(
"2

"0c
)� (

"2

"0c
)
2
�
; (15)

fc2 max =
f 0c

0:8� 0:34"1/"0c
� f 0c; (16)

where fc2 max is the compressive strength of concrete
when the tensile stresses are present in the perpen-
dicular direction, f 0c is the compressive strength of
the concrete cylinder, and "0c is the strain of concrete
corresponding to its compressive strength.

Eqs. (15) and (16) show that due to the presence
of tensile strains in the perpendicular direction to the
compressive strains, the compressive strength of the

element under investigation is less than the uniaxial
compressive strength of the concrete cylinder, and the
fc2 max=f 0c ratio decreases with an increase in "1.

Tensile strength of concrete is included in the
current study to increase the accuracy of the results.
It is neglected in many available models and methods,
including the compression �eld theory and the truss
analogy models. Therefore, the results of such methods
are considerably conservative. In the present study, the
relationship between the principal tensile stress and
strain in concrete is expressed by Eq. (17), which is
adopted from Vecchio and Collins [22]:

fc1 =

(
Ec"1 if "1 � "cr

fcr
1+
p

200"1
if "1 > "cr

(17)

where fcr and "cr are the stress and strain corre-
sponding to cracking of concrete in tension. Eq. (17)
expresses a linear stress-strain relationship up to crack-
ing of concrete in tension and a non-linear descending
branch for stress-strain relationship of concrete after
cracking.

A linear behavior up to failure is assumed for FRP
sheets as it is stipulated in ACI 440 [23], i.e., ff =
Ef"f , in which Ef is the modulus of elasticity of FRP,
and ff and "f are the stress and the strain in the FRP,
respectively.

3. RC beams strengthened with FRP sheets

After the expansion of equilibrium and compatibility
equations and the stress-strain relationships to an RC
membrane element strengthened with FRP sheets, the
behavior of a strengthened RC beam with FRP sheets
is investigated. To solve the equations and analyze the
beam, a layer model approach is used [24] in which the
beam section is divided horizontally into concrete and
steel layers and each concrete layer contains the FRP
bonded to the beam section sides (Figure 7).

To analyze the beam, an assumed strain diagram
is selected (Figure 7); then, the equilibrium and the
compatibility conditions in each layer (as a membrane
element) are satis�ed. Finally, the overall equilibrium
of the shear force, axial force, and bending moment
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Figure 7. layer model and longitudinal strain distribution in an RC beam strengthened with FRP sheets.

is checked. The analysis is performed under certain
forces applied to the beam, i.e., under certain shear
and axial forces and 
exure; then, the stress and strain
components at all layers are determined.

Calculation of the FRP reinforcement ratio in the
section of strengthened beam depends on the condi-
tion of continuity of the FRP sheets along the beam
length. If continuous FRP sheets are used for shear
strengthening (Figure 2(a)), the FRP reinforcement
ratio, �f , is computed as �f = 2tf=bw, where bw is
the web width and tf is the thickness of FRP sheets.
On the other hand, for RC beams strengthened for
shear with intermittent FRP sheets (Figure 2(b)), the
FRP ratio is computed as �f = 2tfws=bwsf , where wf
and sf are the width of the FRP sheets and spacing of
the sheets, respectively; both of them are determined
as shown in Figure 2(b) for the vertical or inclined
sheets.

A computer program named Shear Analysis 2
(SA2) was developed to perform the analysis. The pro-
gram performed high volume of calculations based on
trial and adjustment procedures to analyze a particular
strengthened RC beam.

The ultimate failure of FRP and its probable
debonding from the concrete surface have to be in-
cluded and checked in the analysis. Since in SA2
program, the information on the stresses and strains
is available for all load-carrying elements of the beam
(concrete layers, steel, and FRP), it is simply feasible
to limit the strains in FRP composites in each layer to
prede�ned strains corresponding to failure or debond-
ing of the FRP sheets. Many relations have been
presented in the literature to determine the limiting
strain corresponding to debonding of FRP sheets,
e.g., the equations suggested by Chen and Teng [25],
Khalifa et al. [26], Trianta�llou and Antonopuolos [11],
and ACI 440 [23]; all of them can be utilized in
SA2 program. However, the results presented in this
study are based on the model of Chen and Teng [25]
for the control of the debonding strain of the FRP
sheets.

4. Veri�cation of analytical procedures

The analytical procedures in the current study are
capable of determining the internal stresses and strains
at any point in the cross section of the strengthened
beams throughout the entire range of loading up to
failure. To verify the procedure, the results of 15 exper-
imental studies available in the literature are selected
and analyzed by SA2 program. General characteristics
of the selected beams are given in Table 1; more details
on each beam can be found in the original references.

In Table 1, the strengthening scheme for each
beam is characterized with 2 letters. The �rst letter
is S, U, or W with S representing the side bonding, U
standing for U-shape bonding, and W representing the
full wrapping of FRP around the beam section. The
second letter is C or S; C indicates that the FRP sheets
are continuous along the shear span and S shows that
strips of FRP sheets are intermittently used along the
shear span. For example, U-C strengthening scheme
presents the shear strengthening with continuous U-
shape FRP sheets.

The beams shown in Table 1 were analyzed using
SA2 program. The strains in the FRP sheets or
steel reinforcing bars corresponding to shear forces
in the section were obtained for the entire loading
history. A comparison between the experimental and
analytical results is given in Figure 8. As can be
seen, there is good agreement between the analytical
and experimental curves throughout the entire load
history in most cases. However, in specimens B80-1,
PU3, and PU4 (cases no. 11, 13, and 14 in Table 1),
despite good agreement between the experimental and
analytical curves of shear force versus strain in longitu-
dinal reinforcement, the calculated maximum strain in
longitudinal reinforcement of the beam is much larger
than that in the measured one. In other words, an
abrupt increase in the strain of reinforcing bars is
observed in the analytical results due to yielding of steel
in the aforementioned specimens, while the reinforcing
bars in the actual tests did not yield. More scrutiny of
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Table 1. Details of the design of the selected beams.

Ref. Specimen bw (mm) Strengthening
schemens

Fibers
orientation

Fiber�

1 Adhikary et al. [27] C-1 300 U-C 90� C

2 Adhikary et al. [27] C-4 300 W-C 90� C

3 Adhikary et al. [27] A-1 300 U-C 90� A

4 Adhikary et al. [27] A-4 300 W-C 90� A

5 Adhikary and Mutsuyoshi [28] B-4 150 S-C 90� C

6 Adhikary and Mutsuyoshi [28] B-5 150 S-C 0�/90� C

7 Adhikary and Mutsuyoshi [28] B-6 150 S-C 0�/90� C

8 Adhikary and Mutsuyoshi [28] B-8 150 U-C 90� C

9 Khalifa and Nanni [29] SO3-4 150 U-C 90� C

10 Khalifa and Nanni [29] SW3-2 150 U-C 0�/90� C

11 Li et al. [32] B80-1 130 U-C 45�/135� C

12 Li et al. [32] B80-2 130 U-C 45�/135� C

13 Diagana et al. [33] PU3 130 U-S 45� C

14 Diagana et al. [33] PU4 130 U-S 45� C

15 Diagana et al. [33] PC4 130 W-S 45� C

� C: Carbon; A: Aramid.

the experimental results of these specimens indicates
that although the maximum strain of the longitudinal
bars has passed the reported yield strain of the steel
("y = 0:0026), the actual test results do not indicate
yielding of the bars. To justify this behavior, it can
be stated that probably the actual yield strain of the
reinforcing bars used in the tests is somewhat higher
than the reported yield strain. Therefore, the lack
of agreement between the analytical and experimental
curves in Figure 8 for specimens B80�1, PU3, and
PU4 in the last steps of the loading history can be
attributed to the assumption of a lower yield strain
for the reinforcing bar than for actual tests. Overall,
it can be concluded that the analytical procedures
presented here based on MCFT and SA2 program are
capable of predicting the behavior of the RC beams
strengthened with FRP sheets for shear throughout the
entire loading history.

The theoretical procedures discussed above as well
as the SA2 program are capable of predicting the
ultimate shear capacity of the RC beams strengthened
with FRP sheets. To evaluate the accuracy of the
method for such prediction, 69 RC beams were selected
from the published test results. The beams were
strengthened with FRP sheets and loaded up to failure.
The details of these beams and the FRP sheet used for
strengthening are presented in Table 2. It is observed
from the table that the selected beams cover a rather
full range of the e�ective parameters on the behavior
of the beam, including the cross section of the beam,

the strengthened con�guration, the inclination of the
FRP sheets, and the shear span-to-depth ratio a=d.
The parameter Vex in Table 2 is the reported shear
capacity of the strengthened beam. Although only the
shear forces in the shear span at the failure of the beam
have been reported as shear capacity in the original
studies, in the analysis presented here, the capacity is
the outcome of the combined e�ects of shear force and
bending moment at critical sections.

The ultimate capacity of the RC beams deter-
mined based on the analytical methods strongly de-
pends on the limit state conditions. The limiting state
conditions are determined based on di�erent expected
modes of failure. Here, three possible modes of failure
are shear failure, 
exural failure, and debonding of
FRP layers from the concrete surface. The shear
failure occurs when the equilibrium and compatibil-
ity equations as well as the stress-strain relationship
presented for the RC element strengthened with FRP
sheets are not satis�ed at least in one of the layers
of the beam. Such conditions are provided when the
tensile strains in the concrete increase considerably.
On the other hand, the 
exural failure happens when
the extreme compressive strain of concrete reaches its
ultimate strain at failure, "cu. In the current analysis,
the ultimate strain of concrete is taken as "cu =
0:0035, as a rather realistic value for most practical
cases.

The debonding mode of failure occurs when the
strain in the �bers reaches a limiting strain correspond-



D. Mosto�nejad and M. Noormohamadi/Scientia Iranica, Transactions A: Civil Engineering 26 (2019) 634{649 641

Figure 8. Comparison between analytical and experimental results for beams.

ing to debonding of the sheet from concrete. Many
recommendations are found on the limiting strain of
debonding of FRP sheets in the literature; some of the
related references including ACI 440 [23] were referred
to in the previous section. Here, the e�ect of debonding
is �rst excluded and then included in the analysis, as
described in the following:

1. The analyses are �rst performed neglecting the
debonding mode of failure and including both shear
and 
exure modes of failure. This assumption
is justi�ed by noticing that some reports indicate
combined shear and debonding failures, and/or
combined 
exure and debonding failures [27-31].

The predicted shear capacities of the selected
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Figure 9. Comparison between analytical and
experimental results without e�ect of debonding.

beams computed by SA2 program are shown in
Table 2 with Vpr in the column titled \without
debonding" and the ratios of experimental to pre-
dicted shear capacities, Vex=Vpr, in the next column
of the table. The mean value is 1.04 and the
corresponding standard deviation is 0.026.

Furthermore, a comparison between the pre-
dicted and experimentally observed shear capacities
is presented in Figure 9. The accuracy of the
analytical procedure presented in this paper for the
shear analysis of RC beams strengthened with FRP
sheets can be demonstrated by the results of Table 2
and/or Figure 9.

It is observed from Figure 9 that the beams
under investigation can be categorized in two
groups:

(a) The specimens for which the estimated shear
capacities are higher than their measured ca-
pacities (points above inclined line in Figure 9);

(b) The specimens for which the calculated shear
capacities are in the safe margin and lower
than their experimentally measured capacities
(points below inclined line in Figure 9).

However, it can be noted that in the speci-
mens of group (a), debonding of FRP sheets from
concrete has been reported as an integral mode
of failure in most cases. For such cases, it is
evident that since the analytical results in Figure 9
are only based on inclusion of shear and 
exural
modes of failure without considering the e�ect of
debonding of FRP composites, the predicted results
are larger than the observed shear capacities. This
means that the inclusion of the debonding mode
of failure in SA2 program leads to more reliable
predictions of shear capacities of strengthened RC
beams with FRP sheets, as can be seen in the
following.

2. The analyses are also performed with the inclusion
of all possible modes of failure. To include the
e�ect of debonding, a limiting state of strain for
debonding of the FRP has to be de�ned. Here, the

Figure 10. Comparison between analytical and
experimental results with e�ect of debonding.

strain of the �bers corresponding to their debond-
ing is arbitrarily computed with the expressions
suggested by Chen and Teng [25]. The selection
is partly because the model of Chen and Teng
includes more parameters a�ecting the debonding
limiting strain than other available models do. The
calculated strains in the �bers corresponding to
the debonding of FRP composites for the selected
beams are shown in Table 2 with variable "u.
Furthermore, the predicted shear capacities of the
selected beams computed by SA2 program with the
inclusion of the e�ect of debonding of FRP sheets
are shown in Table 2 with the variable Vpr in the
column titled \with debonding." Also, the ratios
of the experimentally observed to predicted shear
capacities, Vex=Vpr, are presented in the last column
of the table; the mean value and the corresponding
standard deviation are 1.26 and 0.043, respectively.
Figure 10 provides a comparison between the ob-
served and predicted results when debonding of
FRP sheets is included as a failure mode in the
analysis. The results presented in Table 2, or in
Figure 10, show that if debonding mode of failure
is included in the analytical procedures for shear
analysis of concrete beams strengthened with FRP
sheets, the method is capable of good and safe
prediction of the ultimate shear capacity of the
beam. However, the accuracy of the results in
this case depends on the suitability and capability
of the model for debonding failure of the FRP
sheets.

5. A case study of the e�ect of debonding of
FRP sheets on shear capacity of
strengthened RC beams

Debonding of FRP sheets from the surface is an
important phenomenon a�ecting the expected 
exural
and shear capacities of the RC beams strengthened
with FRP composites. In fact, debonding of FRP
sheets from concrete surface prevents full development
of the tensile strength of the �bers. Here, the e�ect of
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Figure 11. Geometrical and mechanical properties of
beams B1 and B2: h = bw = 300 mm; Es = 200 GPa;
Ef = 230 GPa. Top longitudinal reinforcement = 4�22;
and bottom longitudinal reinforcement = 4�32. FRP ratio
= 0.0011; f 0c = 28 MPa; and fy = 300 MPa. Steel shear
reinforcement: B1: 0.00063 (�6@300 mm), and B2: 0.0025
(�6@75 mm).

Figure 12. Shear force versus FRP strain history for
beam B1.

debonding of FRP sheets on the ultimate shear capac-
ity as well as the ductile behavior of the strengthened
RC beams is studied using the procedures of analysis
discussed before and the SA2 program.

RC beams B1 and B2 are de�ned with their
dimensional and mechanical characteristics given in
Figure 11. It is seen in Figure 11 that the only di�er-
ence between beam B1 and beam B2 is the transverse
reinforcement ratio, where the interval of shear stirrups
in beam B2 is four times tighter than that of beam B1.
The limiting strain of �bers corresponding to debond-
ing of FRP sheets from concrete surface of both beams
B1 and B2 is computed as "u = 0:00357, using the
model suggested by Chen and Teng [25]. The beams
are analyzed by the SA2 program, with and without
debonding of FRP sheets. The analysis without the
inclusion of debonding mode of failure is interpreted
as the real behavior of the beams when debonding is
prevented by means of mechanical anchorages of the
FRP sheets or nailing the sheets into the concrete.
The variations of the shear forces in beams B1 and
B2 versus the maximum vertical strain in FRP for
the entire loading history are shown in Figures 12 and
13, respectively. Each �gure shows the results of the
analysis with and without inclusion of debonding mode
of failure; however, the analytical curves with the e�ect

Figure 13. Shear force versus FRP strain history for
beam B2.

of debonding included are horizontally shifted 100 units
to the right for clarity.

It is observed in Figure 12 that the shear failure
of beam B1 is sudden and brittle due to debonding of
FRP sheets. However, when debonding of FRP sheets
from the surface of the sides of the beam is prevented,
both higher shear capacity and ductile behavior before
failure of the beam are observed. On the other hand,
Figure 13 indicates that beam B2 has the same shear
capacity and is ductile before impending shear failure,
no matter if debonding of FRP sheets is prevented
or permitted. In other words, special provisions to
prevent occurrence of debonding of FRP sheets in beam
B2 are e�ective neither in increasing the ultimate shear
capacity nor in the mode of failure, although they
increase the shear ductility of the strengthened RC
beam to some extent.

The results of analyses of the strengthened beams
B1 and B2 show that preventing debonding of FRP
sheets neither increases the shear capacity nor changes
the failure mechanism in all cases. In fact, if a strength-
ened beam fails due to debonding of the sheets, while
the longitudinal reinforcement has yielded, preventing
debonding of the sheets by mechanical anchorages or
any other means does not improve the ultimate shear
capacity of the beam. On the other hand, in the
case of brittle failure mechanism, i.e., the failure of
the strengthened RC beam due to debonding of the
FRP sheets while the longitudinal reinforcing bars have
not yielded, special provisions to prevent debonding of
FRP sheets simultaneously increase the ultimate shear
capacity and change the failure mechanism from brittle
to ductile behavior. Preventing debonding in this case
can be considered economical and useful for higher
shear capacities and for achieving a ductile failure.

Di�erent variables a�ect the yielding of the lon-
gitudinal reinforcement prior to shear failure, e.g.,
the transverse reinforcement ratio, the a=d ratio, the
longitudinal reinforcement ratio, the ratio of FRP, and
the mechanical properties of the materials used. The
analytical procedures presented in this paper as well as
the SA2 program provide an e�ective tool to determine
the ranges of the variables in which preventing of
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debonding of FRP sheets for shear strengthening is
economically justi�able and structurally suitable.

6. Results and discussions

In this study, the modi�ed compression �eld theory
was used for the analysis of RC beams externally
strengthened for shear with FRP sheets. The equilib-
rium and compatibility equations and the stress-strain
relationships of constituent materials were extended
to a membrane element of RC strengthened with
FRP sheets. Then, the relations were developed for
the whole beam by dividing the beam section into
separate layers. A computer program was developed
based on this procedure. Comprehensive analyses
were performed �rst on test results available in the
literature for 15 RC beams and then on additional 69
RC beams. All beams had been strengthened for shear
capacity with FRP sheets and monolithically loaded
up to failure. Comparison between the experimentally
observed and analytically predicted results showed
close agreement within the entire range of loading up
to the failure of the beams. It was also shown that the
e�ect of debonding of the FRP sheets from concrete
surfaces could be easily included in the analytical
procedures using an appropriate model for estimation
of the limiting strain of the �bers corresponding to the
debonding of the sheets.

A complementary case study performed on a
sample beam showed that inclusion of debonding of
the FRP sheet in the analysis of the strengthened RC
beams neither increased the shear capacity nor a�ected
the failure mechanism in some cases. An important
conclusion of this study is that preventing debonding
of the FRP sheets from side faces of the beam by
means of mechanical anchorage is rational and useful
only if longitudinal tensile reinforcements yield prior
to debonding of the sheets. Such conditions can be
veri�ed by performing the analysis for the particular
combination of the longitudinal and transverse rein-
forcement, the a=d ratio, and using the mechanical
properties of the materials.

Nomenclature

�1 Orientation of the �bers of FRP sheets
fx Applied normal stresses in x direction
"x Strains in RC element in x direction
vxy Applied shear stress to the RC element
"cx Strain in the concrete in x direction
"sx Strain of longitudinal steel bars
"fx Strain of �bers of the FRP in x

direction
"1 Tensile principal strain in concrete

element

� Angle of plane of principal strain
ff1 Stress in �bers in �1 direction
Ac Net section area of concrete
�sx Ratio of the longitudinal reinforcing

bars
�f1 Ratio of �bers in �1 direction
Asx Section area of longitudinal reinforcing

bars
�c Inclination angle of principal plane of

stress
fc2 Compressive principal stresses in the

concrete
"s Strain of the reinforcing bars
f 0c Compressive strength of the concrete

cylinder
"0c Compressive strain of concrete
fcr Stress corresponding to cracking of

concrete in tension
ff Stress in the FRP
tf Thickness of FRP sheets
wf Width of the FRP sheets
sf Spacing of FRP sheets
�2 Orientation of �bers of the FRP sheets
fy Applied normal stresses in y direction
"y Strains in RC element in y direction

xy Shear strain in the RC element
"cy Strain in the concrete in y direction
"sy Strain of transverse steel bars
"fy Strain of �bers of the FRP in y

direction
"2 Compressive principal strain in

concrete element
vcxy Shear stress in concrete
ff2 Stress in �bers in �2 direction
d Element dimension
A Cross section area
�f2 Ratio of �bers in �2 direction
b Thickness of the element
tf1 Thickness of FRP in �1 direction
Asy Section area of transverse reinforcing

bars
fc1 Tensile principal stresses in the

concrete
Es Modulus of elasticity of steel
fy Yield strength of the reinforcing bars
fc2 max Compressive strength of concrete while

the tensile stresses are present in the
perpendicular direction

"cr Strain corresponding to cracking of
concrete in tension
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"f Strain in the FRP
bw Web width of the beam
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