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Abstract. The current article presents a numerical study for local solutions of Sisko liquid

ow by a bidirectional stretched surface. In addition, the analysis of relaxation times for
the heat and mass transfer mechanisms is conducted by utilizing modi�ed heat 
ux and
mass di�usion models. These improved relations are the generalized form of Fourier and
Fick's laws in which the time-space upper-convected derivative is employed to portray
the heat conduction and mass di�usion mechanisms. Appropriate transformations lead
to a strongly nonlinear di�erential system of equations that are then solved numerically
by employing the applications of bvp4c package in Matlab software. Another numerical
method, namely shooting technique, with RK45 Fehlberg and Newton-Raphson method is
utilized to authenticate the results. Graphical illustrations demonstrating the impacts of
sundry physical parameters with required discussion highlighting their physical e�ects are
also a part of this exploration. It is perceived that the temperature and concentration of
Sisko liquid are the diminishing functions of relaxation times for the heat and mass transfer
mechanisms. It is also fascinating to note that the temperature and concentration of Sisko
liquid are higher in the classical form than that in the improved constitutive relation.
© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

Heat conduction and mass di�usion are broad mech-
anisms in nature and have received great attention
from researchers and engineers owing to their extensive
range of applications in industrial and engineering
projects such as cooling of nuclear reactors, heat
conduction in tissues and electronic devices, power
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generation, etc. Characteristics of heat and mass
transfer phenomena have been explored adequately
based on the Fourier and Fick's laws for the heat
conduction and mass di�usion, respectively, in recent
years. Several researchers have presented a study on

ow and heat and mass transfer. In this regard, Liao
and Pop [1] analytically discussed similarity boundary
layer equations explicitly. Alam and Ahammad [2]
addressed the features of variable heat and mass
transfer and 
uxes over an inclined stretching sheet.
Isaa et al. [3] considered exponential variations of
bounded permeable shrinking sheet during the bound-
ary layer 
ow of Casson 
uid with magnetic and mixed
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convection e�ects. Ramly et al. [4] investigated the
impacts of thermal radiation on the boundary layer

ow over a radially stretching surface with zero and
non-zero 
uxes. Khan [5] examined a series solution
of visco-elastic 
uid 
ow over the shrinking/stretching
surface with magnetic �eld e�ect. Furthermore, many
researchers [6-8] focused their attention on such types
of work to �ll the gap.

However, the aforementioned studies su�er from
a drawback, that is, these classical laws contradict the
principle of causality and produce parabolic energy and
concentration equations. The propagation speed of
heat and mass disturbance is �nite when introducing
the thermal and concentration relaxation times in the
Fourier and Fick's models. Cattaneo [9] revised the
Fourier's law by using a relaxation time-dependent
term in the energy equation to evade the paradox of
heat conduction appliance. It is estimated that the
addition of time-dependent relaxation to the energy
equation converts the parabolic equation into a hyper-
bolic energy equation due to which heat energy is trans-
ported with limited speed in the form of propagation of
thermal waves. Furthermore, these waves have numer-
ous applications in areas such as nano
uids and skin
burns. Christov [10] modi�ed the Cattaneo relation
that e�ciently preserved the material-invariant formu-
lation. Ciarletta and Straughan [11] demonstrated the
uniqueness and stability of the modi�ed heat conduc-
tion and mass di�usion relation. Hayat et al. [12]
inspected the features of the developed heat conduction
relation on an Oldroyd-B 
uid by using chemical
processes. They perceived from their observations that
the temperature of Sisko liquid experiences fallo� for
boosted values of relaxation time parameter. Khan and
Khan [13] analyzed the characteristics of 3D 
ow of
Burgers liquid for the developed heat conduction rela-
tion. They detected from their observations that the
temperature of the Burgers liquid extensively a�ected
the augmented values of relaxation time parameter.
Waqas et al. [14] investigated the characteristics of
variable thermal conductivity and developed the heat
conduction relation for generalized Burgers liquid. Sui
et al. [15] studied the impact of developed double
di�usion relations for the Maxwell nano
uid. The
features of the developed heat conduction relation on
magneto viscoelastic liquid over a stretched surface
were explored by Liu et al. [16]. The e�ects of improved
heat conduction and mass di�usion models on 3D
Burgers 
uid 
ow by utilizing chemical processes were
investigated by Khan et al. [17]. Malik et al. [18]
presented a numerical study of magneto-Casson 
uid

ow with variable viscosity and Cattaneo-Christove
heat 
ux model. Muhammad et al. [19] scrutinized
the features of Cattaneo-Christove heat and mass 
ux
models in squeezing nano
uid 
ow. The characteris-
tics of non-Fourier and Fick's laws respecting Je�ery

nano
uid 
ow over an inclined stretching surface were
illustrated by Khan et al. [20].

The massive utility of nonlinear materials has
substantially involved scientists and engineers in their
study during the past few decades. In particular,
such nonlinear liquids are involved in paper production,
oil reservoir engineering, geophysics, bioengineering,
chemical and nuclear industries, polymer solution and
cosmetic processes, etc. As a consequence, di�erent
types of non-linear relations have been suggested ac-
cording to the features of nonlinear liquids. Amongst
these nonlinear materials, Sisko liquid relation is con-
sidered to predict the shear thinning and shear thick-
ening properties of 
uids. Munir et al. [21] scrutinized
the characteristics of convective 
ow with the heat
conduction mechanism over a bidirectional stretching
surface for Sisko liquid 
ow. Khan et al. [22] explored
the features of the convectively heated surface for the
Sisko liquid. Malik et al. [23] inspected the features
of random motion and thermophoresis for the Sisko
liquid 
ow. Khan et al. [24] studied the numerical
analysis of improved heat conduction and mass di�u-
sion models for 
ow of Sisko liquid. They concluded
from their graphical observations that the temperature
and concentration pro�les were signi�cantly a�ected by
the power-law index when it intensi�ed from n < 1
to n > 1. The numerical investigation of radiative
magneto-Sisko nano
uid 
ow was reported by Khan et
al. [25]. Furthermore, a large number of attempts were
made to study such 
uids 
ow, heat, and mass transfer
phenomena; many of them are addressed in [26-28].

To study the impact of thermal relaxation param-
eters on 3D steady Sisko liquid 
ow, the Cattaneo-
Christove model is utilized. Likewise, this 
uid model
is considered to incorporate the shear thinning (0 <
n < 1) and shear thickening (n > 1) properties of 
uids
in the presence of generalized Fourier and Fick's laws.
Fourier [29] suggested a well-known law of heat con-
duction, which is commonly used for heat conduction
aspects when revealed up in the literature. Later on,
this phenomenon has come to be commonly recognized
as the paradox of heat conduction. Throughout the
literature, no available study considers exploring the
characteristics of thermal and concentration di�usions
introduced by Cattaneo-Christov 
uxes. However,
the phenomena of heat and mass transfer arise when
there exist temperature and concentration di�erences
between the components of a similar body. These
phenomena have massive technological and industrial
use, e.g., in cooling of atomic reactors, microelectron-
ics, pasteurization of food, fuel cells, power generation,
energy production, etc. This impact on the 
uid

ow is responsible for the temperature balance in the

ow of 
uid. Every 
ow parameter with a signi�cant
in
uence is studied through the graphs of temperature
and concentration. To model internal temperature
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pro�les, an accurate determination and distribution
of heat source along with thermal conductivities of
various components is required. Owing to the role of
this source, the cooling system is maintained on the
external side of the battery or external side of the bat-
tery pack. In addition, enhanced thermal management
will promote the maturing conception of neighborhood
instrument and may increase superior battery outlines
and upgraded lifetimes. At last, considering interior
temperature pro�les at high current densities provides
a chance to anticipate and stay away from conditions
for thermal escape, which is a key well-being constraint
for LIBs amid procedure at the existing high densities.
The second important e�ect of this physical property
has been utilized in this work for the �rst time in the

ow of 3D steady Sisko liquid.

Regarding the aforesaid studies and their enor-
mous applications, the intention of the current article
is to intensely explore the impact of modi�ed heat 
ux
and mass di�usion models on 3D Sisko liquid 
ow. The
problem under consideration is modeled in the form of
a set of highly nonlinear Partial Di�erential Equations
(PDEs), which are then transformed into coupled
nonlinear Ordinary Di�erential Equations (ODEs) by
utilizing appropriate transformations. The numerical
results are achieved by utilizing the bvp4c function
in Matlab. In addition, graphical illustrations that
emphasize the e�ects of various prominent parameters
with their physical importance are given.

2. Mathematical formulation

Let us consider the 3D 
ow of Sisko liquid in the
region z > 0. The 
ow is induced by a bidirectional
stretched surface with velocities u = cx and v = dy,
where c and d are taken as constants, as shown in
Figure 1. The velocity, temperature, concentration,
and stress �elds are assumed to be dependent on
x, y, and z. The features of relaxation times of

Figure 1. Flow geometry for the bidirectional stretching
surface.

heat conduction and mass di�usion are taken in the
energy equation to visualize the impact of these time-
dependent terms on the energy and concentration
involving Sisko liquid. On the stretched surface, the
temperature and concentration of Sisko liquid take
the value (Tw; Cw), while the concentration of Sisko
liquid far away from the stretched surface takes these
values (T1; C1), respectively. Based on the overhead
assumptions, the governing equations [15,24] for Sisko
liquid 
ow can be expressed as follows:

divV = 0; (1)

�f (V:r) V = �rp+r:S; (2)

�cf (V:r) T = r:q; (3)

(V:r) C = r:J; (4)

where:

S =

24a+ b

�����r1
2
tr (A1)2

�����n�1
35A1: (5)

In Eq. (5), A1 = (gradV) + (gradV)T is the �rst
Rivilin-Ericksen tensor. The general form of modi�ed
Fourier and Fick's laws is considered in [15], as written
in the following:

q+�E
�
@q
@t

+ V � rq� q � rV + (r �V)q
�

= �k (T )rT; (6)

J+�C
�
@J
@t

+ V � rJ� J � rV + (r �V)J
�

= �DrC; (7)

where k (T ) is the temperature-dependent thermal
conductivity as follows:

k (T ) = k1
�

1 + "
�
T � T1
Tw � T1

��
: (8)

Eqs. (1) and (2) are reduced in the form of Eqs. (9)
and (10). While energy and concentration conservation
laws de�ned in Eqs. (3) and (4) take a form de�ned
through Eqs. (12) and (13) (shown in Box I) by
eliminating q from Eqs. (3) and (6) and J from Eqs. (4)
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@y2 + w @2T

@z2

+2uv @2T
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2T
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+
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u@u@x + v @u@y + w @u

@z

�
@T
@x

+
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u @v@x + v @v@y + w @v

@z
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@T
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+
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@z

�
@T
@z
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1

(�cp)f
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@z
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@z

�
; (12)
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@C
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+ �C

2666666664
u2 @2C
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@y2 + w @2C

@z2

+2uv @
2C

@x@y + 2vw @2C
@y@z + 2uv @

2C
@x@z

+
�
u@u@x + v @u@y + w @u

@z

�
@C
@x

+
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u @v@x + v @v@y + w @v

@z

�
@C
@y

+
�
u@w@x + v @w@y + w @w

@z

�
@C
@z

3777777775 =
D

(�c)f

@2C
@z2 : (13)

Box I

and (7) and will take the following form:

@u
@x

+
@v
@y

+
@w
@z

= 0; (9)

u
@u
@x

+ v
@u
@y

+ w
@u
@z

=
a
�f
@2u
@z2 � b

�f
@
@z

�
�@u
@z

�n
;
(10)

u
@v
@x

+ v
@v
@y

+ w
@w
@z

=
a
�f
@2v
@z2

+
b
�f

@
@z

�
�@u
@z

�n�1 @v
@z
: (11)

The corresponding boundary conditions are stated as
follows:

u = Uw = cx; v = Vw = dy; w = 0; T = Tw;

and C = Cw at z = 0; (14)

u! 0; v ! 0; T ! T1; C ! C1

as z !1: (15)

The �nal 
ow equations for such a 
uid model
are obtained while using suitable transformations as
de�ned below:

u = cxf 0 (�) ; v = cyg0(�),

w = �c
�
cn�2

�f
b

� 1
n+1

(4)�
2n
n+ 1

f (�) +
1� n
1 + n

�f 0 (�) + g(�)
�
x
n�1
n+1 ;

� (�) =
T � T1
Tw � T1 ;

� (�) =
C � C1
Cw � C1 ;

� = z

 
c2�n
b
�f

! 1
n+1

x
1�n
1+n : (16)

By considering the transformations de�ned in
Eq. (16), which identically satis�ed Eq. (9) and
Eqs. (10) to (13) along with the imposed boundary
conditions de�ned through Eqs. (14) and (15), the
dimensionless variable, �, can be obtained as follows:

Af 000 +
�

2n
n+ 1

�
ff 00 + n (�f 00)n�1 f 000 + gf 00

�f 02 = 0; (17)

Ag000 +
�

2n
n+ 1

�
fg00 + (�f 00)n�1 g000 � g02

�(n� 1)g00f 000 (�f 00)n�2 + gg00 = 0; (18)

(1 + "�) �
00

+ "�02 + Pr
�

2n
n+ 1

�
f�0 + Pr g�0

�Pr�E
��

2n
n+ 1

f + g
�2

�
00

+
�

2n
n+ 1

f 0 + g0
�

�
2n
n+ 1

f + g
�
�0
�

= 0, (19)
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�
00 � Sc�C

��
2n
n+ 1

f + g
�2

�
00

+
�

2n
n+ 1

f 0 + g0
�

�
2n
n+ 1

f + g
�
�0
�

+ Sc
�

2n
n+ 1

�
f�0

+Scg�0 = 0, (20)

f(0) = 0; f 0(0) = 1; g(0) = 0; g0(0) = �;

�(0) = 1; �(0) = 1, (21)

f 0 ! 0; g0 ! 0; � ! 0, �! 0

as � !1: (22)

Here, all of the 
ow parameters are de�ned as follows:

Local Reynold numbers:

Rea =
Uwx�f
a

; Reb =
U2�n
w xn�f

b
;

Material parameterof Sisko liquid:

A =
Re

2
n+1
b

Rea
:

Stretching ratio parameter:

� =
d
c
:

Generalized Prandtl number:

Pr =
�cpxUw
k1

Re
� 2
n+1

b :

Generalized Schmidt number:

Sc =
xUwRe

� 2
n+1

b
D

:

Relaxation parameters:

�E =
Uw�E
x

; �C =
Uw�C
x

:

3. Physical quantities

Physical quantities involved in the 
ow problem have a
special interest, as presented in this illustration. These
physical quantities include the resistive forces and the
rate of heat and mass transfer and can be expressed in
the form of local skin friction, local Nusselt, and local
Sherwood numbers. Moreover, the local Nusselt and
Sherwood numbers can be obtained in the absence of

relaxation parameters �E and �C . These are further
de�ned as follows:

Cfx =
�xz

1
2�U2

w
; Cfy =

�yz
1
2�U2

w
; (23)

Nux = � x
(Tf � T1)

�
@T
@z

�����
z=0

; (24)

3Shx = � x
(Cw � C1)

�
@C
@z

�����
z=0

: (25)

The above expressions in dimensionless variables are
given as follows:

1
2
Re

1
n+1
b Cfx = Af 00(0)� (�f 00(0))n; (26)

1
2
Re

1
n+1
b Cfy=

Vw
Uw

h
Ag00(0)+(�f 00(0))(n�1)g00(0)

i
;
(27)

Re� 1
n+1Nux = ��0 (0) ; (28)

Re� 1
n+1Shx = ��0 (0) : (29)

4. Numerical scheme

The approach used for �nding the computational re-
sults of the problem is one of the well-known collocation
techniques known as bvp4c. If the computational
results obtained during each iteration process are close
to the exact results, then such a perception of closeness
is stated as numerical stability. This closeness of
the approximations results from the use of symmet-
ric points at each subinterval of the whole interval.
Moreover, a single solution rather than dual solutions
generated by this technique will always be a more stable
solution by keeping the step size smaller at the interval.

The transformed problem through Eqs. (17) to
(20) along with the boundary conditions (21) and
(22) is �rst converted into �rst-order ODEs by using
some new variables. In this work, the tolerance level
is �xed up to 10�6. The main procedures of the
aforementioned method are as follows:

f = x1; f 0 = x2; f 00 = x3; f 000 = x03; (30)

g = x4; g0 = x5; g00 = x6; g000 = x06; (31)

� = x7; �0 = x8; �00 = x08; (32)

� = x9; �0 = x10; �00 = x010; (33)

then:

x03 =
�� 2n

1+n

�
x1x3 + x2

2 � x4x3

A+ n (�x3)n�1 ; (34)
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x06 =

h
(n� 1)x03 (�x3)n�2 � � 2n

1+n

�
x1 � x4

i
x6 + x2

5

A+ (�x3)n�1 ; (35)

x08 =
"x2

8 � Pr
h�

2n
1+n

�
x1 + x4

i
x8 + Pr�E

hn�
2n

1+n

�
x1 + x4

on�
2n

1+n

�
x2 + x5

o
x8

i
1 + "x7 � Pr�E

n�
2n

1+n

�
x1 + x4

o2 ; (36)

x010 =
Sc�C

hn�
2n

1+n

�
x1 + x4

on�
2n

1+n

�
x2 + x5

o
x10

i
+ Sc

h�
2n

1+n

�
x1 + x4

i
x10

1� Sc�C
n�

2n
1+n

�
x1 + x4

o2 : (37)

Box II

Eqs. (35)-(37) are shown in Box II. Then, with the
associated boundary conditions:

x0(1) = 0; x0(2) = 1; x1(2) = 0; (38)

x0(4) = 0; x0(5) = �; x1(5) = 0; (39)

x0(7) = 1; x0(9) = 1; (40)

x1(7) = 0; x1(9) = 0: (41)

5. Testing of code

The graphical outcomes, as shown in Figures 2(a),
(b) and 3(a), (b), that are obtained during the
implementation of two di�erent techniques, namely
bvp4c package and shooting technique, with RK45
Fehlberg and Newton-Raphson method are in excellent
agreement. In the absence of thermal relaxation
times parameter, the resistive forces and the rate of
heat and mass transfer are calculated by means of

Figure 2. Comparison between bvp4c and shooting method.

Figure 3. Comparison between bvp4c and shooting method.
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Table 1. A comparison of di�erent values of parameters � and A when �E = �C = 0, " = 0:2, Pr = 1.0, and Sc = 0:7.

�1
2Re

1
n+1
b Cfx

n = 0:5
�1

2Re
1

n+1
b Cfx

n = 1:5
A � bvp4c results Shooting results bvp4c results Shooting results
0.0 0.5 1.13996 1.13996 1.080836 1.081467
0.3 1.319315 1.319315 1.219016 1.219016
0.6 1.466857 1.466857 1.347461 1.347461
0.9 1.595912 1.595912 1.467824 1.467826
0.3 0.2 1.272579 1.27258 1.150458 1.150458

0.4 1.304217 1.304217 1.196803 1.196803
0.6 1.334019 1.33402 1.240703 1.240703
0.8 1.362413 1.362413 1.282728 1.282728

Table 2. A comparison of di�erent values of parameters � and A when �E = �C = 0, " = 0:2, Pr = 1.0, and Sc = 0:7.

�1
2Re

1
n+1
b Cfy

�
Uw
Vw

�
n = 0:5

�1
2Re

1
n+1
b Cfy

�
Uw
Vw

�
n = 1:5

A � bvp4c results Shooting results bvp4c results Shooting results
0.0 0.5 0.4880151 0.4880155 0.4631148 0.4631760
0.3 0.5612967 0.5612971 0.5226291 0.5226290
0.6 0.6219364 0.6219369 0.5781403 0.5781402
0.9 0.6580686 0.6580693 0.6301397 0.6301409
0.3 0.2 0.1808517 0.1808520 0.1683653 0.1683653

0.4 0.4227907 0.4227911 0.3926630 0.3926630
0.6 0.7098639 0.7098643 0.6633788 0.6633786
0.8 1.0338740 1.0338740 0.9748519 0.9748517

Table 3. A comparison of di�erent values of parameters �, A, ", Pr, and Sc when �E = �C = 0.

�Re
� 1
n+1

b Nux
n = 0:5

�Re
� 1
n+1

b Nux
n = 1:5

� A " Pr bvp4c results Shooting results bvp4c results Shooting results
0.2 0.3 0.2 1.0 0.5027945 0.5027942 0.6291291 0.6291288
0.4 0.5629547 0.5629544 0.6791365 0.6791362
0.6 0.6149866 0.6149863 0.7244819 0.7244812
0.5 0.2 0.2 1.0 0.5821947 0.5821945 0.6925467 0.6925461

0.4 0.5964440 0.5964438 0.7109888 0.7109881
0.6 0.6077180 0.6077177 0.7258383 0.7258395

0.5 0.3 0.0 1.0 0.6743011 0.6743008 0.8055851 0.8055847
0.2 0.5897737 0.5897734 0.7022954 0.7022948
0.4 0.5272804 0.5272802 0.6256381 0.6256379

0.5 0.3 0.2 1.0 0.5897737 0.5897734 0.7022954 0.7022948
1.2 0.6606327 0.6606324 0.7929611 0.7929601
1.4 0.7261042 0.7261038 0.8762091 0.8762076

bvp4c, shooting technique, and the Homotopy Analysis
Method (HAM), as shown in Tables 1 to 6. The results
are found to be in excellent correlation. Furthermore,
the tabular values, as shown in Table 7, are of high
con�dence that can validate the present work in the
form of the rate of heat conduction with the result
reported by [21].

6. Results and discussion

The focus of the current research work is to inspect the
features of the developed heat conduction and mass
di�usion relations for Sisko liquid over a bidirectional
stretched surface. In this research work, the Matlab
package bvp4c is implemented to �nd the numerical
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Table 4. A comparison of di�erent values of parameters �, A, and Sc when �E = �C = 0, " = 0:2, and Pr=1.0.

�Re
� 1
n+1

b Shx
n = 0:5

�Re
� 1
n+1

b Shx
n = 1:5

� A Sc bvp4c results Shooting results bvp4c results Shooting results
0.2 0.3 0.7 0.4586049 0.4586047 0.5640612 0.5640610
0.4 0.5136857 0.5136855 0.6096096 0.6096094
0.6 0.5610952 0.5610950 0.6508408 0.6508405

0.3 0.7 0.5381442 0.5381440 0.6306739 0.6306736
0.6 0.5560509 0.5560507 0.6564534 0.6564526
0.9 0.5695241 0.5695238 0.6759027 0.6759031

0.2 0.3 0.5 0.4318077 0.4318076 0.4935355 0.4935353
0.7 0.5381442 0.5381440 0.6306739 0.6306736
0.9 0.6313370 0.6313368 0.7505632 0.7505627

Table 5. A comparison of di�erent values of parameter � when �E = �C = 0, A = 0:2, " = 0:2, Pr = 1.0, and Sc = 0:7.

�1
2Re

1
n+1
b Cfx

n = 1
�1

2Re
1

n+1
b Cfy

�
Uw
Vw

�
n = 1

� bvp4c results HAM results bvp4c results HAM results
0.2 1.138711 1.1387099 0.1629324 0.16293310
0.4 1.178466 1.1784669 0.3825393 0.38253890
0.6 1.215886 1.2158860 0.6468921 0.64689201
0.8 1.251533 1.2515337 0.9494035 0.94940360

Table 6. A comparison of di�erent values of parameters " and Sc when �E = �C = 0, A = 0:2, � = 0:5, and Pr = 1.0.

�Re
� 1
n+1

b Nux
n = 1

�Re
� 1
n+1

b Shx
n = 1

" bvp4c results HAM results Sc bvp4c results HAM results
0.0 0.7569521 0.75694510 0.8 0.6531602 0.65315552
0.2 0.6606232 0.66061711 1.0 0.7569521 0.75694440
0.4 0.5892427 0.58928410 1.2 0.8509975 0.85105154
0.6 0.5338282 0.53382249 1.4 0.9375449 0.93773120

Table 7. A comparison of the present work and the published data for di�erent values of � when �E = �C = Sc = " = 0,
A = 1:5, and Pr = 1.0.

�Re
� 1
n+1

b Nux
n = 0:5

�Re
� 1
n+1

b Nux
n = 1:5

� Present results Munir et al. [21] Present results Munir et al. [21]
0.2 0.6218029 0.62074 0.7892013 0.78919
0.4 0.6956284 0.69468 0.8486394 0.84864
0.6 0.7604169 0.75957 0.9028750 0.90287
0.8 0.8190204 0.81827 0.9532423 0.95324

solution of the problem. Furthermore, the prime
emphasis of the following debate is to investigate the
impact of the governing physical parameters on the
heat and mass transfer mechanisms for the Sisko liquid.
Such parameters include power-law index (n), material
parameter (A), stretching ratio parameter (�), vari-
able thermal conductivity ("), Prandtl number (Pr),
thermal and concentration relaxation time parameters
(�E ; �C), and Schmidt number (Sc).

7. Temperature pro�le

7.1. E�ect of n and " on temperature pro�les
Figure 4(a) and (b) represents the impacts of n and
" on the temperature pro�le of Sisko liquid 
ow.
Based on these plots, one may recognize that the
temperature of Sisko liquid decreases for the two cases,
i.e., pseudoplastic as well as dilatant 
uids with the
increasing values of n. Signi�cant results are obtained
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Figure 4. Impact of the power-law index and thermal conductivity parameter on temperature �(�).

Figure 5. Impact of the material parameter and stretching ratio parameter on temperature �(�).

with respect to pseudo-plastic liquid (0 < n < 1)
as compared to dilatant (n > 1) liquid. Then, the
temperature pro�le of the Sisko liquid is enhanced with
the raising values of variable thermal conductivity. The
numerical value " = 0 shows that the Sisko liquid has
constant conductivity. Besides, a low temperature is
detected for the constant thermal conductivity and a
higher temperature for variable thermal conductivity.
Escalation of " enhances the temperature pro�le of
the liquid along with the thermal boundary layer
thickness.

7.2. E�ect of A and � on temperature pro�les
The impact of material parameter A on the tem-
perature pro�le is shown in Figure 5(a) and (b).
Based on these �gures it is presumed that the tem-
perature of the liquid is declining with associated
thermal boundary layer thickness, while using the
growing values of A and �. The power-law index
in this plot is considered based on the conditions of
pseudoplastic (0 < n < 1) and dilatant (n > 1)
liquids. From a physical perspective, the diminishing
impact of the temperature of the liquid results from
higher shear rate that produces low viscosity and, also,
from the low shear rate that produces high viscosity

with the rising values of A. Another variation in
parameter � demonstrates a critical physical outcome.
In other words, at any point, as the stretching on
the surface builds up, the separation between the
liquid particles expands, which is the reason why the
temperature of the liquid abatements and the thickness
of the thermal boundary layer are additionally decreas-
ing.

7.3. E�ect of �E and Pr on temperature
pro�les

Figure 6(a) and (b) exhibit the e�ect of the thermal re-
laxation parameter, �E , and Prandtl number Pr on the
temperature pro�le. Based on these representations, an
increase in �E prompts a decrease in the temperature
pro�le and the thickness of the related thermal bound-
ary layer. Physically, this is the direct result of the
way that 
uid particles require more opportunities for
the exchange of heat to the closest adjoining particles
of the liquid. The increase of �E demonstrates a
non-conductor property of the liquid that causes a
decrease in the temperature pro�le. The growing values
of Pr cause a decrease while the temperature pro�le
and related thermal boundary layer thickness are also
reduced. Physically, this is the direct result of the



M. Khan et al./Scientia Iranica, Transactions C: Chemistry and ... 26 (2019) 1516{1528 1525

Figure 6. Impact of the relaxation time parameter and Prandtl number on temperature �(�).

modi�ed rate of heat dissemination with the raising
values of Pr. For the higher values of Prandtl number,
the di�usivity of liquid appears small; as a result, a
reduction in the temperature �eld curves is depicted.

8. Concentration pro�le

8.1. E�ect of n and A on concentration
pro�les

The vacillation resulting from n and A in concentration
pro�le and the related boundary layer thickness is
shown in Figure 7(a) and (b). According to these
graphs, the concentration pro�le and related concen-
tration boundary layer thickness are reduced as the
values of n increase. An extremely signi�cant outcome
is observed during the variations in power-law index
n between 0 and 1. In this plot, a reducing behavior
in the dimensionless concentration pro�le and related
boundary layer thickness for the particular values of A
is illustrated. From a physical viewpoint, this is the
direct result of the low share rate with higher viscosity
of the liquid; accordingly, the low rate of mass di�usion
is observed.

8.2. E�ect of Sc and �C on concentration
pro�les

Various higher values of Sc and �C on concentra-
tion pro�le are shown in Figure 8(a) and (b). A
decreasing behavior of the concentration pro�le and
related concentration boundary layer thickness is seen
because of the rising values of Sc and �C . The
aforementioned �gures are plotted while keeping n
denoted by the physical properties of power-law liquids,
i.e., pseudoplastic and dilatant liquids. Physically,
an immediate connection between Sc and molecular
di�usivity is found; at whatever point, the values of Sc
are uplifted and an increase in the molecular di�usivity
of the liquid arises and, accordingly, the concentration
pro�le decreases.

9. Concluding remarks

In the present exploration, the characteristics of the
boundary layer 
ow of 3D Sisko liquid over a bidirec-
tional stretched surface were scrutinized. Additionally,
the impacts of Cattaneo-Christov heat and mass 
ux
models were also considered here. The numerical

Figure 7. Impact of the power-law index and material parameter on concentration �(�).
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Figure 8. Impact of the Schmidt number and relaxation parameter on concentration �(�).

technique, namely Matlab function bvp4c, was used
to solve the modeled problem. Moreover, another
computational method, namely shooting technique,
was implemented to obtain the results. Interesting
insights regarding the in
uence of various physical
parameters that govern the problem were extracted.
Signi�cant �ndings of the problem are presented as
follows:

� The power-law index caused a reduction in the
temperature distribution;

� The temperature distribution declined with the
larger value of thermal relaxation time;

� Temperature distribution was the declining function
of the generalized Prandtl number;

� It was anticipated that the concentration pro�le
diminished with the increase of the concentration
relaxation time;

� A signi�cant growing e�ect was noticed during the
increasing values of variable thermal conductivity
while plotting temperature pro�le.
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Nomenclature

u; v; w Velocity components
a; b; n Physical quantities of Sisko liquid
x; y; z Cartesian coordinate system
Uw; Vw Stretching velocities
S Extra stress tensor

r Nabla
V Velocity �eld
p Fluid Pressure
T;C Temperature and concentration of 
uid
�f ; cf Fluid density and speci�c heat
�1 Thermal di�usivity
D Di�usion coe�cient
T1 ; C1 Ambient temperature and

concentration of 
uid
cp Speci�c heat at constant pressure
f; g Dimensionless stream functions
(�c)f Heat capacity of base 
uid

�; � Dimensionless temperature and
concentration

� Dimensionless variable
" Thermal conductivity of 
uid
k1 Thermal conductivity of 
uid at

in�nite distance
� Kinematic viscosity
c Constant
q;J Normal heat and mass 
uxes
t Time
�E ; �C Relaxation times of heat and mass


uxes
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