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Abstract. This paper investigates the e�ects of thermal radiation, Dufour, and Soret
e�ects on doubly di�usive convective heat transfer of nanoliquid over a wedge in the
presence of wall suction. The governing equations are transformed to nonlinear ordinary
di�erential equations using similarity transformation. The resulting system is solved
numerically by the fourth-order Runge-Kutta-Gill method with a shooting technique and
a Newton-Raphson method. The solutions are expressed in terms of velocity, temperature,
solutal concentration, and volume fraction pro�les. The e�ects of pertinent parameters
involved in the problem such as wedge angle, thermal radiation, Brownian motion,
thermophoresis, Soret number, and Dufour number on the skin friction coe�cient, local
Nusselt number, and local Sherwood number are discussed in detail.
© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

Fluid ow and energy transport characteristics of
nanoliquid have received extensive attention. This
attention stems from a wide range of engineering
applications such as machine cooling, cooling of heat
exchanging devices, electronics and transformer, im-
proving diesel generator pro�ciency, improving energy
transport e�ciency of chillers, and cooling in nuclear
reactor [1-4]. Nanoliquid is a di�usion of metallic or
non-metallic nano-particles in a base liquid, resulting
in the modi�cation of the uid properties such as
viscosity, density, and thermal conductivity. Unques-
tionably, nanoliquids exhibit some distinctive features

*. Corresponding author. Tel.: +966 546649072
E-mail address: sd.siva@yahoo.com (S. Sivasankaran).

doi: 10.24200/sci.2018.20997

that are quite dissimilar to colloidal suspensions [4-
6]. Numerous studies have been conducted on the
modeling of convective heat transfer in nanoliquid,
e.g., Buongiorno [1], Sivasankaran and Pan [2], Kho-
rasanizadeh et al. [3], Sivasankaran et al. [4], Abdul
Hakeem et al. [5], Hayat et al. [7], and Sheikholeslami
and Ganji [8].

Furthermore, the problem of doubly di�usive
convection saturated with nanoliquid has been exten-
sively investigated. Bhuvaneswari et al. [9] indicated
that double-di�usive e�ect was a subject of intensive
research due to a wide range of applications in en-
gineering and technology. These include geophysics,
oceanography, isotope separation, oil-reservoirs, and
mixture between gases. Kuznetsov and Nield [10]
explored the doubly di�usive convection of nanoliquid
past a vertical plate. The Cheng-Minkowycz problem
for the doubly di�usive natural convective boundary
layer ow of nanoliquid in a porous medium was
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studied by Nield and Kuznetsov [11]. They attained
correlations for heat transfer data in terms of the
reduced Nusselt number. They witnessed that the
reduced Nusselt number increased with an increase in
buoyancy ratio.

Dufour or di�usion-thermal e�ect is the contribu-
tion to the thermal energy ux due to concentration
gradients. From another point of view, mass uxes
can be generated by temperature gradients referred to
as Soret or thermo-di�usion e�ect [12-14]. It is well
known that thermal radiation alters the temperature
distribution by playing a role including controlling
energy transport process, polymer processing, and
nuclear reactor cooling system [15-18]. Furthermore,
according to Ahmed et al. [19], that part of radiation
required for designing several advanced energy convec-
tion systems that function well at high temperatures
is of signi�cance. Bhuvaneswari et al. [20] mentioned
that the study of convective energy transport involved
in the occurrence of thermal radiation has been brought
into many scholars' attention due to its wide range of
applications. Lee et al. [21] used Lie group analysis to
investigate the e�ect of radiation on free convection
ow past an inclined plate in a saturated porous
medium. The e�ects of radiation and Hall currents
on MHD ow over a plate were investigated by Das
et al. [22]. Nandy and Pop [23] studied the MHD
stagnation-point ow and energy transport of nanoliq-
uid past a shrinking surface in the presence of thermal
radiation. They established that the reduced Nusselt
number increased with a rise in radiation and magnetic
�eld parameters. Hayet et al. [24,25] explored the e�ect
of thermal radiation on convective ow of boundary
layer ow.

A milestone contribution in wedge ow was made
by Falkner and Skan [26] who �rst published their
boundary layer solutions. Since then, the boundary
layer ow and energy transport along a wedge have
been greatly developed and widely applied to many
�elds of geophysical and engineering, for example, in
drying processes, geothermal and petroleum reservoir
operations, building construction, and solar collectors.
Hossain et al. [27] deliberated the forced convection
non-Darcy ow over a wedge in a porous medium.
They examined the e�ects of connective inertia, solid
boundary, porous inertia, and Darcy ow resistance
for uids of Prandtl number ranging from 0.7 to 100.
Uddin and Kumar [28] investigated the inuence of
Hall and ion-slip e�ects on MHD boundary layer ow
of a micro polar uid past a wedge. They observed
that the local skin friction coe�cient raised by growing
the wedge angle and Hall e�ect parameters. Yih [29]
investigated the radiation e�ect on combined convec-
tion over a wedge in a porous medium, and found that
the local Nusselt number increased with the growing
radiation parameter. Watanabe et al. [30] inspected

the combined convection over a wedge in the occurrence
of injection/suction. Their results indicated that the
skin friction and energy transport rate increased with
an increase in the suction value. Kasmani et al. [31]
studied the e�ect of chemical reaction on convective
energy transport of nanoliquid over a wedge with heat
generation/absorption and suction. They found that
the solutal concentration declined with the growing
chemical reaction parameter. Chamkha et al. [32]
inspected the combined convection of nanoliquid over a
wedge in a porous medium in the occurrence of thermal
radiation.

Motivated by these studies, the present paper
has undertaken to explore the combined e�ects of
Dufour and Soret on doubly di�usive convective ow of
nanoliquid over a wedge in the occurrence of thermal
radiation and suction. In addition, the pertinent
parameters of wedge angle, Brownian motion, and
thermophoresis are also considered here.

2. Mathematical formulation

This study considers the steady, two-dimensional,
incompressible, laminar ows and energy transport
of nanoliquid over a wedge with thermal radiation,
suction, Dufour, and Soret e�ects. The nanoliquid is
a dilute liquid-solid mixture with an identical volume
fraction of nanoparticles dispersed within the base
liquid. The base liquid and nanoparticles are in
thermal equilibrium. The e�ects of Brownian motion
and thermophoresis are included for the nanoliquid.
Figure 1 demonstrates the model and physical con�g-
urations. The x-axis is taken along the wedge surface
and y-axis normal to the wedge surface. The ow is
assumed to be in the x-direction. The total angle of the
wedge is denoted by 
 = ��, where � is the Hartree
pressure gradient. The wedge surface is presumed to
be permeable so as to permit for possible wall suction,
�0. The thermal-di�usion (Soret) and di�usion-thermo
(Dufour) e�ects are considered in this study [12,13,33].
Thus, in accordance with these assumptions and by
employing the usual boundary layer approximations,

Figure 1. The physical con�guration of the wedge.
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along with Boussinesq's approximation, the governing
model following Kuznetsov and Nield [10] can be
written as follows:
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subject to the following boundary conditions:

u = 0; v = v0; T = Tw; C = Cw;

S = Sw; at y = 0; (6)

u! U; T ! T1; C ! C1;

S ! S1; as y !1; (7)

where U = axm is the potential ow velocity, and m =
�=(2��) � 0 is a wedge angle parameter. The radiative
heat ux, qr = �(4�=3K�)(@T 4=@y), is employed by
utilizing the Rosseland approximation. The uid-phase
temperature di�erences in the ow are presumed to be
su�ciently small so that T 4 can be written as a linear
function of temperature by using Taylor's series about
the free stream temperature, T1, and disregarding the
higher-order terms to yield T 4 �= 4T 31T � 3T 41. By
applying this approximation, the radiative heat ux in
Eq. (3) becomes qr = �(16�T 31=3K�)(@T=@y).

It is convenient to nondimensionalize the equa-
tions by introducing the following variables [31]:

 = f(�)
r

2U�x
m+ 1

; � = y
r
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The stream function ( ) is de�ned by v = �@ =@x and
u = @ =@y. Substituting Eq. (8) into Eqs. (2)-(7), the
following non-dimensional equations can be obtained
as follows [10,31]:

f 000 + ff 00 + 2m
m+ 1

(1� f 02) = 0; (9)�
1+

4
3R

�
�00+NB�0�0+NT �02+NTC00+Pr f�0=0;

(10)

00 + Pr Lef0 + LeNCT �00 = 0; (11)

�00 + Pr Lnf�0 + NT
NB

= 0; (12)

with the following boundary conditions:

f = 2Fw=(m+ 1); f 0 = 0; � = 1;  = 1;

� = 1; at � = 0; (13)

f 0 ! 1; � ! 0;  ! 0; �! 0;

as � !1; (14)

where prime indicates the partial di�erentiation with
respect to �. The non-dimensional parameters include
Prandtl number (Pr = �=�), Lewis number (Le =
�=DS), nanoliquid Lewis number (Ln = �=DB),
radiation parameter (R = K�k=4�T 31), Brownian
motion (NB = �DB(Sw � S1)=�), thermophoresis
parameter (NT = �DT (Tw � T1)=�T1), Dufour-type
parameter (NTC = DTC(Cw � C1)=�(Tw � T1)),
suction parameter (Fw = �v0Re1=2

x =U), Soret-type
parameter (NCT = DCT (Tw � T1)=�(Cw �C1)), and
Reynolds number (Rex = Ux=�).

The local skin friction coe�cient, Cfx, the local
Nusselt number, Nux, and the local Sherwood number,
Shx, can be de�ned as follows:

Cfx =
�w
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xqw
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are shear stress and heat and mass uxes, respectively.
By employing the variables in Eq. (8), the local skin
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friction and Nusselt and Sherwood numbers can be
written respectively as follows:

Cfx
p

Rex = f 00(0)
r
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; (17)
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2
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3. Numerical method

The nonlinear ordinary di�erential equations (9)-(12)
subject to the boundary conditions (13) and (14) are
numerically solved by the fourth-order Runge-Kutta-
Gill method combined with the shooting and Newton-
Raphson methods. The complete method for the
solution can be found in our recent paper [33].

The justi�cation of the in-house code is a key
factor in mathematical simulation. Therefore, an
inspection of the present outcomes against the existing
results for validating the correctness of the current code
has been concluded. Table 1 shows the comparison
of the current results for f 00(0) and ��(0) and those
obtained by Watanabe et al. [30] for several values
of wedge angle (m) when Pr = 0.73. Good agreement
between the results is observed, as indicated in Table 1.
In this way, our mathematical calculations are indeed
veri�ed.

4. Results and discussion

The controlling parameters and the range of values
in the study are the wedge angle parameter (0 <
m � 0:5), suction parameter (0 � Fw � 2), thermal
radiation (0 < R � 4), Brownian motion parameter
(0 < NB � 0:6), thermophoresis parameter (0 <
NT < 1), Soret-type parameter (0 � NCT � 1),
and Dufour e�ect (0 � NTC < 0:5). Figures 2-8
display the e�ects of all thermo-physical parameters

on dimensionless ow, thermal and solutal �elds, local
skin-friction, and Sherwood and Nusselt numbers.

Figure 2(a) and (b) show the impact of wedge
angle parameter (m) and suction parameter (Fw),
respectively. Both �gures show that the velocity of the

Figure 2. The velocity, temperature, solutal
concentration, and volume fraction pro�les with R = 1,
NB = 0:2, NT = 0:1, NCT = 0:5, NTC = 0:1, Le = 5, and
Ln = 6 for di�erent values of (a) m when Fw = 0:2 and
(b) Fw when m = 0:2.

Table 1. Comparison of f 00(0) and ��0(0) for various values of m when Pr = 0:73 with. Fw = R = NB = NT = NCT =
NTC = Le = Ln = 0.

f 00(0) ��0(0)
m Watanabe et al. [30] Present Watanabe et al. [30] Present

0 0.46960 0.46960 0.42015 0.42016
0.0435 0.56898 0.56898 0.43548 0.43548
0.0909 0.65498 0.65498 0.44730 0.44730
0.1429 0.73200 0.73200 0.45693 0.45694
0.2000 0.80213 0.80213 0.46503 0.46503
0.3333 0.92765 0.92765 0.47814 0.47814
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liquid increases with an increase in m and Fw. That
is, the velocity pro�le goes closer to the wedge surface
and the hydrodynamic boundary layer diminishes for
higher values of m and Fw. It can be understood
from Figure 2(a) that the rise of wedge angle causes
an increase in thermal and solutal �elds. Furthermore,
Figure 2(b) shows that the solutal, temperature, and
nanoparticle volume fraction pro�les diminish when the
suction parameter increases. This situation results in
an increase in the sheer stress on the wedge surface.
Moreover, it is observed that the imposition of suction
on the wedge surface diminishes the region of viscous
domination close to the wall, leading to a decrease
in the liquid's solutal, temperature, and nanoparticle
volume fraction distributions.

The inuence of thermal radiation (R) on tem-
perature and volume fraction pro�les is depicted in
Figure 3(a). A growth in the thermal radiation leads to

Figure 3. The inuence of R on (a) temperature and
nanoparticle volume fraction pro�les and (b) solutal
concentration pro�le when m = 0:2, Fw = 0:2, NB = 0:2,
NT = 0:1, NCT = 0:5, NTC = 0:1, Le = 5, and Ln = 6.

an increase in nanoliquid temperature. Hence, this will
enhance the temperature at each point away from the
wedge surface. The higher value of radiation parameter
implies greater surface heat ux. This situation is
accompanied by a growth in thermal boundary layer
and the convection e�ect. In addition, Figure 3(a)
shows that the nanoparticle volume fraction decreases
upon increasing R. The e�ect of � with R is in-
signi�cant compared to � on R. Even though the
parameter R is not involved in the nanoparticle volume
fraction equation, there is a small change in the �
pro�le. Figure 3(b) displays the solutal �eld for various
values of thermal radiation. It is witnessed that the
solutal concentration distribution decreases with the
rising radiation parameter.

The random movement of nanoparticles within
the base liquid is called Brownian motion. The
inuence of Brownian motion (NB) is shown in Fig-
ure 4(a). It can be seen that the uid temperature
is found to increase with a growth in the Brownian
motion parameter. This means that the thickness of
thermal boundary layer increases as NB grows, which
eventually enhances the temperature. The increase
of the temperature distribution results from incessant
collisions among the nanoparticles and the molecules
of the water. In Figure 4(a), we detected that the
solutal concentration and nanoparticle volume fraction
decrease with a rise in Brownian motion parameter. A
rise in NB represents a growth in the intermolecular
space of nanoparticles. Thus, this situation results in
lowering the nanoparticle volume fraction distribution
and the nanoliquid concentration.

Figure 4(b) presents the distribution of temper-
ature, solutal concentration, and nanoparticle volume
fraction against � for several values of thermophore-
sis parameter (NT ). Thermophoresis is referred to
as the transport of the nanoparticles in base uid
due to the temperature gradient under the inuence
of the thermophoretic force. It is witnessed that
a rise in NT leads to an increase in both liquid
temperature and nanoparticle volume fraction. This
phenomenon shows that the nanoparticles' molecules
carry high kinetic energy that result in a net force
on the particles. These enhancements are subject to
the nanoparticles of high thermal conductivity being
driven away from the hot surface to the quiescent
nanoliquid. This net force is called thermophoretic
force. In addition, according to Figure 4(b), the solutal
concentration decreases as the value of NT increases.
This speci�es that the thermophoresis parameter works
to increase the volume fraction and thermal boundary
layer thickness and diminishes solutal boundary layer
thickness.

Figure 4(c) depicts the temperature, solutal con-
centration, and nanoparticle volume fraction pro�les
for various values of Soret-type parameter (NCT ). It
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Figure 4. The distribution of �, , and � with m = 0:2 , Fw = 0:2, R = 1, Le = 5, and Ln = 6 for di�erent values of (a)
NB when NT = 0:1, NCT = 0:5, NTC = 0:1, (b) NT when NB = 0:2, NCT = 0:5, NTC = 0:1, (c) NCT when NB = 0:2,
NT = 0:1, NTC = 0:1, and (d) NTC when NB = 0:2, NT = 0:1, NCT = 0:5.

is detected that a rise in the Soret-type parameter
leads to a decrease in the thermal �elds. The so-
lutal concentration and nanoparticle volume fraction
increase as the value of NCT grows. In Figure 4(d),
the temperature distribution of the uid rises when the
value of NCT rises, which in turn leads to a decrease
in nanoparticle volume fraction and the lowering of the
concentration of species.

The inuence of local skin friction versus suction
parameter (Fw) for several values of wedge angle (m)
is shown in Figure 5(a). It is found that a rise in wedge
angle parameter leads to an approximate growth in
the local skin friction when Fw < 1:4. The opposite
behavior is detected for Fw > 1:4. Figure 5(b) exhibits
the variation of local Nusselt number for various values
of m. It can be seen that the value of local Nusselt
number shows di�erent behavioral patterns before and
after certain points of Fw as the wedge angle parameter
rises, particularly when Fw = 0:45. Before Fw � 0:5,
the local Nusselt number rises and, after this point,
it decreases. The variation of local Sherwood number
for various values of m is displayed in Figure 5(c).
The local Sherwood number decays as the wedge angle
parameter rises with a rise in suction parameter. The
local mass transfer rate vanishes when the suction
parameter approaches zero (i.e., Fw ! 0).

The variations of local Sherwood and Nusselt
numbers are plotted against NB in Figure 6(a) and

(b), respectively, for various values of thermal radiation
(R). It is observed that an increase in Brownian
motion parameter obviously decreases the local Nusselt
number, whereas the reverse e�ect is seen in the local
Sherwood number. According to Figure 6, both the
local Nusselt and Sherwood numbers are enhanced
upon an increase in the value of thermal radiation.
The impacts of Brownian motion and thermophoresis
parameters on local Nusselt and Sherwood numbers are
illustrated in Figure 7(a) and (b), respectively. The
local Nusselt number diminishes as both the Brownian
motion and thermophoresis parameters rise. Mean-
while, the local Sherwood number increases as NB and
NT increase. This is due to the fact that an increase
in energy exchange rate causes an enhancement in the
random movement of nanoparticles and promotes heat
conduction.

The impacts of local Nusselt and Sherwood num-
bers are plotted in Figure 8(a) and (b), respectively,
against NCT for various values of Dufour-type param-
eter (NTC). The graphs show that the local Nusselt
number decays as the value of NTC rises, while a
converse tendency is detected for the local Sherwood
number. Figure 8(b) indicates that the local Sherwood
number increases as the Dufour-type parameter grows.
According to Figure 8(a), the local Nusselt number
increases upon an increase in the Soret-type parameter,
which provides additional mass di�usion. Thus, the
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Figure 5. The variations of (a) local skin friction
coe�cient, (b) local Nusselt number, and (c) local
Sherwood number against Fw for di�erent values of m
when R = 1, NB = 0:2, NT = 0:1, NCT = 0:5, NTC = 0:1,
Le = 5, and Ln = 6.

local Sherwood number reduces as the value of NCT
rises. According to the comparison of these Figure 8(a)
and (b), both parameters o�er contradictory tendencies
with respect to local mass and heat transfer rates.

5. Conclusions

In this work, the impacts of thermal radiation, Dufour,

Figure 6. The variations of (a) local Nusselt number and
(b) local Sherwood number against NB for di�erent values
of R when m = 0:2, Fw = 0:2, NT = 0:1, NCT = 0:5,
NTC = 0:1, Le = 5 and Ln = 6.

and Soret on the doubly di�usive ow of nanoliquid
over a wedge in the presence of suction are numerically
investigated. The e�ects of wedge angle, thermal
radiation, Brownian motion, thermophoresis, Soret,
and Dufour parameters are inspected. The results are
stated as follows:

� The velocity raises upon increasing the values of
wedge angle and suction parameters;

� The temperature distribution is enhanced as the
values of wedge angle, radiation, Brownian motion,
and thermophoresis parameters increase. It decays
when suction and Soret-type parameters increase;

� The solutal concentration increases when the wedge
angle and Soret-type parameter increase, whereas
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Figure 7. The variations of (a) local Nusselt number and
(b) local Sherwood number against NB for di�erent values
of NT when m = 0:2, Fw = 0:2, R = 1, NCT = 0:5,
NTC = 0:1, Le = 5, and Ln = 6.

it declines with an increase in suction, radiation,
Brownian motion, and thermophoresis parameters;

� The local skin friction increases upon the growth of
the value of wedge angle for and Fw < 1:4 decays
for Fw > 1:4;

� The local Nusselt number augments as wedge angle
rises when Fw < 0:5, and it diminishes for Fw >
0:5. The local Nusselt number is enhanced as
the e�ect of radiation and Soret-type parameter
increase; in addition, it reduces as Brownian motion
and thermophoresis parameter increase;

� The local Sherwood number decreases with an in-
crease in the wedge angle and Soret-type param-
eters. Meanwhile, it increases upon increasing suc-
tion, radiation, Brownian motion, and thermophore-
sis parameters.

Figure 8. The variations of (a) local Nusselt number and
(b) local Sherwood number against NCT for di�erent value
of NTC when m = 0:2, Fw = 0:2, R = 1, NB = 0:2,
NT = 0:1, Le = 5, and Ln = 6.
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