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Abstract. Settlement-based design of foundations, using subgrade reaction modulus
(Ks), is an important technique in geotechnical engineering. Plate Load Test (PLT) is one
of the most commonly performed tests to directly obtain Ks of soil. As the determination of
Ks by PLT -especially in greater depths- is both time-consuming and costly, it is necessary
to develop models that can easily handle measurable characteristics. The suitability of the
Group Method of Data Handling (GMDH) polynomial Neural Network (NN) to estimate
Ks of clayey soils was investigated in the present research. In order to develop the GMDH
models, 123 data sets from Qazvin, Iran, were applied. Predictability of the derived
equations was compared with those of other available equations for clayey soil. The results
demonstrated that an improvement in predicting Ks was achieved. Sensitivity analysis of
the best GMDH-based equation showed that the Liquid Limit (LL) of soil was the most
inuential parameter on the proposed GMDH model in predicting Ks of clayey soil.

© 2020 Sharif University of Technology. All rights reserved.

1. Introduction

Geotechnical properties are necessary for evaluating
the behavior of geo-materials in any geotechnical
project. Owing to the lack of rigorous theoretical
formulae between soil parameters and the results of
geotechnical tests, the only acceptable method is em-
pirical derivation. In recent years, various laboratory
and �eld investigations have been conducted to under-
stand the complex behavior of soil [1{3].

In engineering works, for the design of structure,
instead of modeling the subsoil with all its complex-
ity, a simpler geotechnical parameter called subgrade
reaction modulus (Ks) can be employed. Ks is the
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ratio of applied pressure to the soil through a loading
area to the settlement at a given point. The concept of
subgrade reaction was introduced by Winkler [4] into
applied mechanics. In the model, the assumption is
that soil acts as a bed of evenly spaced, independent,
and linear springs. It is also assumed that each spring
is deformed in response to the vertical stress directly
applied to it and no shear stress is transmitted to the
adjacent springs [5]. Vesic [6] and Biot [7] proposed
Ks as a function of relative rigidity of soil and the
foundation over it as well as the elastic parameters
of the soil. Biot's model, similarly to the theory of
elasticity solutions, does not estimate the maximum
deection. Furthermore, Vesic's model does not ensure
estimation of the maximum bending moment developed
on the footing, treated as a beam on elastic foundation.
Iskander and Gabr [8] and Klar et al. [9] made new
attempts to analyze soil-pipeline interaction due to
tunneling using Vesic's model and Winkler springs to
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predict Ks. The results showed that the equation
might not be suitable for such an analysis. Basudhar et
al. [10] developed a new model for expressing Winkler's
Ks, which resulted in simultaneous prediction of the
maximum values of bending moment and deection.

Ks is not constant for a given soil and it depends
on parameters such as the shape and width of the
foundation. Vesic [6] showed that Ks depended upon
sti�ness of the structure and soil, and structures with
the same size and di�erent sti�nesses would yield
di�erent values of Ks for the same applied load.
Farouk and Farouk [11] found that determination of
Ks by neglecting the rigidity of soil-footing system
was inappropriate. By neglecting soil plasticity in
the linear elastic model, the distribution of Ks at the
edges is inappropriate. Therefore, in order to get
an appropriate distribution of Ks, the use of non-
linear models is preferred. Terzaghi [12] proposed the
following equation for Ks in full sized footing in clayey
subgrade:

Ksf = Ks
Bp
Bf

; (1)

where Bf is width of the foundation, Bp diameter of
the plate, Ksf the desired value of subgrade reaction
modulus for the full-size foundation, and Ks the
subgrade reaction modulus for 0:3 m � 0:3 m bearing
plate.

Several researchers have considered some forms
of interaction among the spring elements that indicate
the soil continuum and have tried to make the Winkler
model more realistic and practical [13{18]. Recently,
Winkler model has widely been used in soil-structure
interaction problems under both dynamic and static
conditions [10,19{23].

Plate Load Test (PLT) is one of the most com-
monly employed tests to directly obtain Ks of soil.
In PLT, a plate 30 to 45 cm in diameter is loaded
through an incremental multi-step process and the
corresponding settlement is monitored step by step
(Figure 1). Recently, several researchers used PLT to
evaluate Ks of soil under certain conditions [22,24{27].

As PLT { especially in great depths { is both
time-consuming and costly, e�orts have been devoted
to proposing empirical equations based on the results
of Standard Penetration Test (SPT) [13,28{30].

SPT is one of the most frequently applied �eld
tests in geotechnical investigations. Thanks to its ad-
vantages, providing empirical relationships for the pre-
diction of mechanical and compressibility parameters of
soil through the results of SPT is an attractive subject
in geotechnical engineering. Almost all the available
empirical equations to predict soil modulus have been
established by using regression analysis [13,24,28{30].
The main drawback of such regression correlations is
that they cannot correctly take into account the highly

Figure 1. De�nition of Ks obtained by Plate Load Test
(PLT).

nonlinear interactions between Ks and soil parameters;
therefore, it is necessary to use more advanced meth-
ods.

Methods based on Computational Intelligence
(CI) { such as fuzzy inference system, support vector
machines, arti�cial Neural Network ( NN), adaptive
neuro-fuzzy system, etc. { can be good alternatives to
the traditional regression methods. In recent years,
CI methods have been used in several geotechnical
investigations [31{42]. Although CI methods have a
good performance, their main drawback is that they are
black box methods and cannot provide equations [43].

The Group Method of Data Handling (GMDH)
polynomial NN is a self-organizing approach, with the
help of which gradually complex models are produced.
Through such models, a set of multi-input single-
output data pairs (Xi; yi) (i = 1; 2; � � � ;M) are eval-
uated. This approach can be used to model complex
problems without having speci�c knowledge of them
in hand. GMDH aims to determine the functional
structure of a model through empirical data [44]. Using
the GMDH, a model can be developed as a set of neu-
rons in which various pairs in each layer are connected
via a quadratic polynomial. Thus, they generate new
neurons in the next layer. Such a method can be
used to process inputs into outputs of the model [45].
Genetic algorithms have been frequently used in the
GMDH modeling for each neuron to search for its
optimal set of connections with the preceding layer.
Various studies have been conducted of GMDH-type
NN optimized by genetic algorithms in geotechnical
applications in recent years [46{53].

The state of soil at any given time a�ects Ks. The
higher the density of the soil, the higher the value ofKs.
The organization of soil particles { which refers to the
soil structure { is another factor that a�ects Ks. The
nature of structural bonds of cohesive soil is a function
of their origin [54]. As the available equations for
prediction of Ks of clayey soil do not take into account
soil state and e�ects of nature, simultaneously, in this
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paper, GMDH polynomial NN { optimized by genetic
algorithms, which can consider nonlinear behavior of
the soil { is developed for predicting Ks of clayey soil.
In this network, N60 is the soil state characteristic and
LL and PI represent soil nature or type characteristic.

2. Review of existing relationships

The subgrade reaction modulus (Ks) depends upon
parameters such as the foundation shape and width
as well as the embedment depth of the foundation [55].
Vesic [6] proposed a semi-empirical equation to deter-
mine Ks in the Winkler model as follows:

Ks =
Es

B(1� �2)
: (2)

This relationship, however, requires Poisson's ratio (�)
of the soil and elasticity modulus (Es), which are
di�cult to estimate.

PLT is a traditional in situ test to determine
Ks [12]. The results obtained by PLT allow mini-
mization of the scale factor and soil sample disturbance
e�ects [56]. As it is costly and time-consuming to per-
form PLT, especially in great depths, some researchers
have proposed a simpler empirical equation for various
soils, which relates Ks to SPT (N60). Bowles [29]
proposed the following relationship for approximating
Ks from the allowable bearing capacity (qa):

Ks = 40(SF)qa: (3)

Scott [28] proposed the following empirical equation for
calculating Ks of sandy soil using (N60):

Ks (MN=m3) = 1:8N60: (4)

Ziaie Moayed and Janbaz [57] proposed the following
equation for cemented gravelly deposits of Tehran
alluvium:

Ks (MN=m3) = 2:82N60 + 79:6: (5)

Naeini et al. [30] presented the relationship between Ks
and N60 for clayey soils as follows:

Ks (MN=m3) = 0:96N60: (6)

Din�cer [24] { with the application of a regression
analysis { provided the two following relationships
between Ks and Field Moisture Content ( FMC) and
Field Dry Density (FDD) as well as Optimum Moisture
Content (OMC) in di�erent compacted soils (CH, CL,
GM, GC, GW, and GP-GM):

Ks (MN=m3) = 362:218� 9:432FMC; (7)

Ks (MN=m3) =150:878� 10:93FMC

+ 82:419FDD + 5:921OMC: (8)

Some researchers have proposed correlations between
elasticity modulus (Es) and SPT [29,58,59]. Therefore,
it is initially necessary to derive Ks in terms of Es in
accordance with Eq. (1) (Table 1). In Eq. (2), � of soil
is set to 0.3 and B of the plate is 305 mm.

3. Database compilation

123 datasets of geotechnical investigations in Qazvin,
Iran, were employed in the present study. The �eld
tests included SPT and PLT and the laboratory tests
included the Atterberg limits and grain size distri-
bution. PLTs were carried out in accordance with
ASTM D1194 [60] using rigid circular steel plates with
a diameter of 305 mm and thickness of 25.4 mm.
An example of a stress{settlement curve of a PLT
performed in this research is depicted in Figure 2. In
PLT, the plate is placed at the center of the borehole
and then, load is applied to the plate by means of a
jack in steps equal to about 20{25% of the predicted
ultimate load. During each loading step, settlement of
the plate is observed on dial gauges. At each step of
loading, the load is allowed to elapse at least 1 hour.
The test will continue until failure, or until the plate

Table 1. Ks �N correlations from Es �N relationships using Vesic's equation.

Es correlation Ks correlation Soil type Reference

Es = 0:32N55 + 4:8 Ks (MN=m3) = 1:17N55 + 17:6 Clayey sand Bowles [29]

Es = 0:33N60 + 1:66 Ks (MN=m3) = 1:2N60 + 6:07 Clayey sand Webb [58]

Es = 0:3N55 + 1:8 Ks (MN=m3) = 1:1N55 + 6:6 Silts, sandy silts, or clayey silts Bowles [29]

Es = 0:17N60 Ks (MN=m3) = 0:622N60 CL and CL-ML
Behpoor and

Ghahramani [59]
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Figure 2. An example of stress-settlement curve derived
from a Plate Load Test (PLT).

settles by at least 25.4 mm. In the present article,
the secant modulus to the maximum settlement point
(� 25:4 mm) was determined as Ks.

The SPTs were carried out in accordance with
ASTM D1586 [61], near the location of each PLT
and at the same depth. SPT, contrary to its name,
is not completely standard [62,63] and many factors,
including test equipment, drilling method, and soil
conditions and types a�ect its results. Therefore, the
results of SPT need to be corrected. It must also be
mentioned that most of the consultancy �rms in Iran
use safety hammers and the SPT sampler is not usually
�tted with liner. Also, in this study, as the borehole di-
ameter was less than 115 mm, borehole size correction
factor was not applied. Another correction factor that
can be considered for SPT results is the overburden
pressure factor (CN ). However, CN is intended to
evaluate the liquefaction potential of sands [61]. Due to
undrained condition during the test in �ne-grained soil,
CN correction factor is not justi�ed [64,65]. Therefore,
in the present article, the correction of SPT results
was carried out for the factors of energy ratio and rod
length.

The grain size distribution and Atterberg limits
tests were carried out according to ASTM D422 [66]
and ASTM D4318 [67], respectively. Figure 3 presents
the Grading curves of the used soil samples.

In this study, it is assumed that the soil Ks
is a�ected by three parameters: Liquid Limit (LL),
Plastic Index (PI), and SPT-N60, as summarized
in Table 2. The soils studied are classi�ed as CL

Table 2. Statistical characteristics of databases.

Parameter Min. Ave. Max.

LL (%) 23.2 37.5 69.3
PI (%) 6.2 16.1 39.2
N60 9 39 85
Ks (MN/m3) 21 34 50

Figure 3. Grading curves of the used soil samples.

and CH (according to the Uni�ed Soil Classi�cation
System). Parameters of the data sets are presented
in Figure 4 by frequency histograms. According to
Figure 4, the distributions of variables are not uniform.
The proposed model is expected to be more accurate
in areas with more data densities. The correlation
matrix between the soil parameters calculated from the
available data set is presented in Table 3. This makes it
di�cult to predict Ks using a single-variable regression
method. Therefore, it is necessary to use a more
complex and multi-variable method to predict Ks.

4. Estimation of Ks by GMDH

In order to evaluate ability of the GMDH polynomial
models to predict Ks of clayey soil, the dataset was
divided randomly into two separate data sets, including
the testing and training datasets. Statistical character-
istics of the used soils for modeling of the GMDH are
given in Table 4. In terms of statistical characteristics,
testing and training datasets are similar. In the present
study, among 123 datasets, 20 datasets at the testing
stage and 103 datasets at the training stage were used.

Parameters such as the number hidden layers
and generations, population size, and crossover and
mutation probabilities a�ect the GMDH prediction.
To design the GMDH models in this study, a 100-
individual-population { with mutation and crossover
probabilities of 0.01 and 0.95 { were applied in 300
generations for the population size, to which no further
improvement was made. Models without any hidden
layer and single-hidden-layer models were evaluated.

Table 3. Correlation matrix of the prediction parameters.

Parameter LL PI N60 Ks

LL 1 0.94 0.15 0.40
PI 1 0.14 0.37
N60 1 0.41
Ks 1
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Figure 4. Histograms of the soil parameters.

Table 4. Statistical characteristics of the soil parameters in Group Method Data Handling (GMDH) modeling.

Parameter
Training (103 data) Testing (20 data)

Min. Ave. Max. Min. Ave. Max.

Input
LL (%) 23.2 36.9 69.3 23.2 40.8 64.1

PI (%) 6.2 15.5 39.2 7.2 19.0 34.9

N60 9 38.9 85 11 37.9 77

Output Ks (MN/m3) 21 34.3 50 21 34.1 50

In the �rst part, models without hidden layer were
employed to estimate Ks. Using the no-hidden-layer
GMDH models, the model obtained by the combination
of PI and N60 as input parameters gives the best
performance equation as follows:

Ks =16:45 + 0:235N60 + 0:67PI� 0:0035N2
60

� 0:027PI 2 + 0:018N60:PI; (9)

In Figure 5, the actual output values from the PLT
and the predicted curve using the developed no-hidden-
layer model are shown.

In the next part, models with a single hidden layer
were adopted to predict Ks of clayey soil. Using the

single-hidden-layer GMDH models, the model obtained
by the combination of variables N60, LL, and PI as
input parameters has the best performance. Figure 6
shows the structure of the developed single-hidden-
layer model. The polynomials corresponding to this
model are as follows:

Ks =21:43� 0:25N60 � 0:0005Y 2 � 0:0033N2
60

+ 0:021Y:N60; (10a)

Y =27:06 + 0:058LL + 0:025PI� 0:025LL2

� 0:143PI 2 + 0:13LL:PI: (10b)
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Table 5. Statistical results of the proposed models.

Ks, model (stage) R2 MAPE RMSE MAD

Ks, no-hidden-layer GMDH (training) 0.96 16.36 6.67 5.61
Ks, no-hidden-layer GMDH (testing) 0.96 16.84 6.68 5.74
Ks, single-hidden-layer GMDH (training) 0.97 16.09 6.58 5.51
Ks, single-hidden-layer GMDH (testing) 0.97 15.95 6.20 5.44

Figure 5. Correlation of Ks using Eq. (9).

Figure 6. Structure of the developed single-hidden-layer
Group Method of Data Handling (GMDH) model.

Figures 7 and 8 show the measured (from PLT) and es-
timated Ks through the training and testing processes.
Table 5 shows the capabilities of the proposed models
in statistically predicting Ks of clayey soil. In this
table, MAPE, RMSE, MAD, and R2 are respectively
the Mean Absolute Percent Error, Root Mean Squared
Error, Mean Absolute Deviation, and absolute fraction
of variance and their corresponding equations are as

follows [48]:

R2 = 1�
"PM

1 (Kmi �Kpi)2PM
1 (Kmi)2

#
; (11)

MAPE =
PM

1 jKmi �KpijPM
1 Kmi

� 100; (12)

RMSE =

vuut 1
M

MX
1

(Kmi �Kpi)2; (13)

MAD =
PM

1 jKmi �Kmij
M

; (14)

where Kmi and Kpi are the measured and predicted
Ks, respectively.

It can be seen in Table 5 and Figures 7 and 8 that
Ks of testing data can be estimated with good accuracy
by the derived equations. Although the single-hidden-
layer model shows a little better result than the no-
hidden-layer one does, the no-hidden-layer model is
simpler and more generalized than the model with a
single hidden layer.

5. Comparison between the existing and
developed equations

In order to evaluate accuracy of the proposed GMDH-
based equations to predict Ks, a comparison between
their behavior and the previously proposed relation-
ships applying the whole data set has been made and
presented in Table 6. Among the equations presented
in the past, the equations proposed by Naeini et al. [30]

Table 6. Statistical results for the Ks equations.

Equation Eq. no. Reference R2 MAPE RMSE MAD
Ks (MN=m3) = 1:17N55 + 17:6 (15) Bowles [29] 0.08 96.03 36.61 32.88
Ks (MN=m3) = 1:2N60 + 6:07 (16) Webb [58] 0.54 56.52 23.84 19.35
Ks (MN=m3) = 1:1N55 + 6:6 (17) Bowles [29] 0.52 57.81 24.26 19.79
Ks (MN=m3) = 0:622N60 (18) Behpoor and Ghahramani [59] 0.85 34.29 13.6 11.74
Ks (MN=m3) = 0:96N60 (6) Naeini et al. [30] 0.87 28.09 12.76 9.62
No-hidden-layer GMDH (9) This study 0.96 16.44 6.67 5.63
Single-hidden-layer GMDH (10) This study 0.97 16.07 6.53 5.50
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Figure 7. Comparison between actual and predicted Ks values using no-hidden-layer model.

Figure 8. Comparison between actual and predicted Ks values using single-hidden-layer model.

(Eq. (6) in Table 6) have the highest R2 (0.87) and
the lowest MAPE (28.09), RMSE (12.76), and MAD
(9.62). MAPE, RMSE, and MAD have the lowest
values in both single-hidden-layer and no-hidden-layer
GMDH models. Therefore, the developed models
to predict Ks have a better performance than the
existing equations. The single-hidden-layer GMDH-
based equation (Eq. (10)) is the most accurate equation
and, by using it, Ks of clayey soil in the studied area
can be accurately estimated.

Figure 9 gives a graphical representation of the
accuracy of the proposed models compared with the
existing relationships by drawing the scaled relative
error (Er) versus Scaled Cumulative Frequency (SCF).

Er(%) =
(Kpi �Kmi)

Kmi
� 100: (19)

According to Figure 9, a wide range of errors in
estimating Ks of clayey soil occurs with equations
presented in the past compared with the GMDH-
based equations. As a result, the equations obtained
through the GMDH polynomial NN approach to the
prediction of Ks of clayey soil are more accurate than
those achieved by all of the other existing equations.

It should be noted that the relationships pre-
sented in this study are applicable to the calculation
of Ks for small plates (with the side dimension of
B = 0:305 m) and the values should be modi�ed for

Figure 9. Graphical representation of the accuracy of
equations for prediction of Ks.

size e�ects before they become applicable to general
foundation problems.

6. Sensitivity analysis

Because the proposed models to predict Ks of clayey
soil are complex and the e�ect of input parameters
on the output is not clear, a sensitivity analysis has
been carried out to evaluate the e�ect of each input
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Figure 10. E�ect of changes in input parameters on the output error.

parameter on the output. In the present study,
sensitivity analysis of the single-hidden-layer GMDH
model was carried out by changing each of the input
parameters at a constant rate, one at a time, while
other input parameters were constant [49]. The rate of
constant change of {10% to 10% was used. With the
change in every input variable, MAPE in the output
(Ks) was determined (Figure 10). In Figure 10, it
can be seen that Ks of clayey soil is signi�cantly
a�ected by variations in the LL value and MAPE
increases signi�cantly compared with PL and N60. For
instance, a 10% error in measuring LL may result
in approximately 17.43% error (MAPE = 17:43) in
estimating Ks by the GMDH-based equation (Eq. (9)).
Also, 10% variation in PI and N60 may result in
the MAPE of approximately 16.78 and 16.26, respec-
tively. Accordingly, higher precision is required in
determining LL than in determining the two other
parameters.

7. Conclusions

In this study, an attempt was made to estimate the
clayey soil subgrade reaction modulus (Ks) by the
Group Method of Data Handling (GMDH)-type Neural
Network (NN) simulation using a database consisting
of 123 data sets from Qazvin, Iran. In addition, a
sensitivity analysis of the best obtained model was
carried out to determine the e�ect of input parameters
on predicted Ks. The results showed that the Ks
predicted by GMDH-based equations was in good
agreement with the Ks obtained by the Plate Load
Tests (PLTs). Therefore, reliable estimation abilities
were achieved by GMDH approach. The GMDH-
derived equations were much more accurate than the
available equations. The developed single-hidden-layer
model showed a little better result than the no-hidden-
layer one did. However, the no-hidden-layer model was
simpler and more generalized than the model with a
single hidden layer.

The result of the sensitivity analysis showed that
Ks of clayey soil was signi�cantly a�ected by the
variation in the Liquid Limit (LL) value. Thus, the

determination of LL required more precision than two
other parameters (N60 and Plastic Index (PI)).

Here, it should be noted that the models pre-
sented in this study and their corresponding equations
were derived using a limited type of soil (clayey soil)
within the range of 21 � 21 � 50 MN/m3. Accordingly,
further studies of the other types of soil are needed to
verify validity of the equations.

Nomenclature

B Plate dimension
Es Modulus of elasticity
FDD Field Dry Density
FMC Field Moisture Content
i Number of the value considered in

cumulative probability P
Kmi Actual measured Ks output
Kpi Predicted Ks output
Ks Subgrade reaction modulus
LL Liquid Limit
M Total number of data sets
MAD Mean Absolute Deviation
MAPE Mean Absolute Percent Error
MDD Maximum Dry Density
N Standard penetration test blow counts
N60 Corrected N
n Total number of input variables
OMC Optimum Moisture Content
PI Plastic Index
qa Allowable bearing capacity
R2 Absolute fraction of variance
RMSE Root Mean Square Error
�s Settlement produced by load

application
SF Safety Factor
X Input variable
y Actual output
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�� Applied pressure to the bearing plate
� Poisson's ratio
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