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1. Introduction

Abstract. In the current competitive economy, investors are constantly facing growing
uncertainty when evaluating new investment projects. This uncertainty results from
insufficient information, oscillating markets, unstable economic conditions, obsolescence
of technology, and so on. Hence, uncertainty is inevitable in reality. In such conditions,
the deterministic models, while easy to use, do not perfectly represent the real situations
and might lead to misleading decisions. When the cash flows for an uncertain investment
project over a number of future periods are discounted by the traditional deterministic
approaches, investors may find it hard to have an accurate estimation of the project value.
Therefore, this paper utilizes the probability theory tools to derive a closed-form Probability
Distribution Function (PDF) and related expressions of the Net Present Worth (NPW),
as a useful and frequently used criterion, for the cost-benefit evaluation of projects. The
random cash flows follow normal, uniform or exponential distributions in our analysis.
The PDF of the NPW is an important tool that helps investors to accurately estimate
the probability of projects being economical; hence, it is an important tool for investment
decision-making under uncertainty.

(© 2020 Sharif University of Technology. All rights reserved.

and pre-known values. The values of these parameters
used in the analysis and the resulting outcomes are

An appropriate evaluation and selection of investment
projects is the most important financial factor in the
success of investors and is vital to being economical in
the current competitive environment [1]. Investors aim
to not only prevent projects’ failures but also select the
best alternatives among available investment projects
S0 as to gain more benefits and reach better results.
In the economic evaluation of investment projects, the
important parameters such as prices and quantities
have been treated so far based on the deterministic
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single values with perfect certainty. An investor
expects to achieve positive results from investment
projects. Under deterministic settings, these results
can be achieved unambiguously. However, under uncer-
tainty in the real-world conditions, there is usually the
lack of reliable information [2], and most investment
parameters are uncertain [3]. The future outcomes
have uncertainties, especially for long-term planning
horizons, and variability in the value of the future items
is inevitable. In the real world, uncertainty is always
present and, in some particular cases, due to the lack
of scientific information and technological innovation,
it is more difficult to make reliable decisions. For
example, the new products supplied to the market
might not gain sales at the expected levels; the profits
expected from international investments might not be
gained satisfactorily, or the investment might encounter
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an unexpected delay and take a long time to achieve
efficiency. The source of this uncertainty might be
the behaviors of customers, suppliers or employees,
or technical problems in processes. Due to complex
and fast-changing factors in decision-making, many in-
vestment decisions contain remarkable uncertainty and,
hence, suffer from high risks in outcomes. Therefore,
these uncertainties should be taken into account in the
economic evaluation of investment projects in order to
ensure reliable decisions and long-term achievements.

The cash flow analysis has been utilized to as-
sess the differences between investment projects and
provide a basis for project evaluation. In order to
financially evaluate investment projects, it is required
to assess the possible beneficiaries due to their cash
flows. To evaluate investment projects, the cash flow
analysis is carried out by the classic methods such as
Net Present Worth (NPW), Net Future Worth (NFW),
Net Equivalent Uniform Annual (NEUA), Internal
Rate of Return (ROR/IRR), payback period (PB),
etc. Among them, the NPW is one of the most useful
ones for determining the economic desirability of the
projects. The appropriate criterion for monitoring
and evaluating such projects is the NPW [4,5]. It is
considered to be a major tool for analyzing the cash
flow of projects during a long period [6]. It is the
most common method used by banks and large-sized
organizations to compare projects so as to select the
most economical one among them. To perform such an
analysis, the NPW of an investment project is defined
as the sum of present income cash flow minus present
cost cash flow during the project’s time horizon. Hence,
the NPW criterion can be calculated via:

NPW:XQW, (1)

where r; and ¢; indicate the values of income and cost
during the period ¢ respectively, ¢ indicates the discount
rate (minimum attractive rate of return), and n indi-
cates the project’s planning horizon. If the value of the
NPW is equal to or higher than zero, the project will be
economical and acceptable; if it is lower than zero, the
project will be uneconomical and, hence, unacceptable.
To incorporate the NPW in an uncertain environment,
different approaches have been used in the literature.
The most common methods are based on soft com-
puting approaches such as fuzzy sets and simulation
[2]. The fuzzy mathematical optimization [7], the fuzzy
data envelopment analysis [8], and the fuzzy AHP and
ANP [9] have attracted the most attention. Moreover,
different hybrid approaches [9,10] attempt to combine
these methods to reach better results. As another
frequently used approach, the simulation is utilized
in different ways. Some researchers have used the
simulation tool incorporated with the transformation

of fuzzy numbers to probability distributions [4], others
have utilized Monte-Carlo simulation to achieve sample
sizes [11], and others have applied fuzzy simulation
directly [12]. Naimi Sadigh et al. [13] proposed a hybrid
approach based on particle swarm optimization and
Hopfield neural network for a cardinality constrained
portfolio optimization problem. Salmasnia et al. [14]
proposed a robust approach to project evaluation with
time, cost, and quality considerations. Liu and Wu [15]
presented a portfolio evaluation and optimization in
electricity markets. Afshar-Nadjafi et al. [16] proposed
a generalized resource investment problem with dis-
counted cash flows and progress payment. Rebiasz and
Maciot [17] employed a multi-criteria decision-making
method and a fuzzy rule-based approach to evaluate
investment projects. Dai et al. [18] discussed a model
for renewable energy investment project evaluation
based on an improved real option approach. Kilic and
Kaya [19] investigated a decision-making methodology
for an investment project evaluation based on type-II
fuzzy sets. Kirkwood et al. [20] evaluated uncertainty
in the integrated maintenance of the UK rail industry
by net present value calculations. Tabrizi et al. [21]
presented a novel project portfolio selection by using a
fuzzy DEMATEL and goal programming. Fathallahi
and Naja [22] designed a hybrid genetic algorithm
to maximize the net present value of fuzzy project
cash flows in the resource-constrained project schedul-
ing problem. In addition, Dutta and Ashtekar [23]
considered a system dynamics simulation tool for the
project evaluation issue. Etemadi et al. [24] applied
a goal programming capital budgeting model under
uncertainty in the construction industry. Mohagheghi
et al. [25] suggested a new interval type-II fuzzy
optimization approach for R&D project evaluation and
portfolio selection. Awasthi and Omrani [26] developed
a scenario for the simulation approach to sustainable
project evaluation based on fuzzy concepts.

All of the above soft methods can be applied if
essential assumptions such as the existence of large
samples and data accuracy are assured. However,
another useful approach to handling uncertainty in eco-
nomic evaluation is estimating some prediction func-
tions like Probability Distribution Function (PDF).
It is an analytical approach, in contrast to soft ap-
proaches, to evaluating investment projects based on
the probability and statistical theory principles. In
this way, the PDF's for the estimation and prediction of
economic desirability NPW can be derived [27]. This
paper aims to derive the PDF of economic desirability
NPW for two classes of investment projects: (i) one-
period cash flows (three cases) and (ii) two-period cash
flows (six cases). In the deterministic environment,
under certainty, a project is evaluated as “economical”
or “uneconomical”. However, in stochastic environ-
ment, under uncertainty, we can just talk about the
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“probability of being economical” or “probability of
being uneconomical”, which can be calculated using
the analytical PDF of performance criterion NPW.
In deterministic economic evaluation problems, the
investor has his/her own Minimum Attractive Rate of
Return (MARR), which is used in his/her evaluations.
In stochastic problems considered in this paper, the
probability of being economical for an uncertain cash
flow is calculated. When this parameter is calculated,
the investor compares this parameter with his/her min-
imum probability of being economical. If the minimum
probability of being economical is satisfied, the project
is selected as economical; otherwise, it is rejected.
Hence, this paper helps the investor achieve the analyti-
cal function for estimating the economic performance of
investment projects. The probability theory tools such
as moment-generating function and the transformation
method will be used to derive the analytical and closed-
form functions for PDF of the NPW in investment
projects. This analysis will be performed for three
classes of investment projects: (i) one-period cash
flows, (ii) two-period cash flows, and (iii) multiple-
period cash flows, all with normal, exponential, and
uniform distributions of cash flows. The PDFs of
NPW will be derived for each case separately, which
can help investors accurately estimate the economic
desirability of investment projects under uncertain cash
flows. Since the cash flows follow continuous numbers,
we should consider continuous random distribution
functions. For this purpose, normal, exponential, and
uniform distributions are considered as well-known
and most frequently used continuous distributions for
addressing random cash flows.

The rest of this paper is organized as follows.
Section 2 provides one-period cash flow analysis, while
Section 3 discusses two-period cash flow analysis. Sec-
tion 4 investigates a multiple-period project cash flow
under uncertainty. In Sections 2-4, the PDFs are
derived for NPW in three distributions, i.e., normal,
exponential, and uniform, separately. Moreover, some
lemmas are proved to address the special cases of
PDFs. Section 5 presents the analysis and simulation
results to evaluate the performance of PDFs derived
and calculate the probability of being economical for
case examples in different situations. Finally, Section
6 concludes the paper and suggests some directions for
future studies.

2. One-period cash flow analysis

This section introduces and investigates an investment
problem consisting of a one-period project with the
initial cost, Ag, and income at the end of the period
A;. The value of the income, Ay, is usually larger than
that of the cost Agp; however, in the present paper,
our analysis allows A; to be smaller than Ay. The

economic desirability of the project NPW is a function
of both cash flows A; and Ag, which can be calculated
as follows:

Ay

NPW = —Aq + —.
" 1+4)

(2)

If the income, A;, is random, the economic desirability
NPW will be random too, and the mean and the vari-
ance of economic desirability NPW can be calculated
as follows:

HA,
E[NPW] = —Ag+ —2_,
[ ) O (1 +9)

2
O'Al

Var [NPW] = m,

(3)

where 14, and 0% indicate the mean and the variance
of the random income A, respectively.

2.1. Fixzed cost Ag and variable income A,
with normal distribution

In this case, according to the assumptions Ay, >

0,A; ~ Normal (ul,af), it can be concluded that

the economic desirability of the project NPW is also a

random variable with the following mean and variance:

_ H1
EINPW] = ~Ao+ 5

Therefore, according to the normal distribution, the
PDF of the income 4; can be calculated as follows:

PDF (Ar): fa, (01)=———EXP _(‘“_’“‘1)2]
(5)

V2o 20 f

In addition, its Moment-Generating Function (M GF')
can be calculated as follows:

2
MGFa, (H)=E(EXP[tA])=EXP {t,ul +’;Uf} .

(6)
By considering the fact that the economic desirability
of the project NPW is a function of variable A;, the
moment-generating function of NPW can, therefore, be
calculated as follows:

MGEnpw (t) = MGF_ , a, (). (7)

According to the knowledge of probability theory, it
has been proved for one random variable like Y and
two fixed numbers like a and b that:

MGFoy 4y () = EXPb] MGFy (2) . (8)
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Therefore, by using the above equation, the moment-
generating function of the economic desirability of this
project MGFypw (t) is obtained as follows:

MGFypw (1) = EXP [ Agt] MGFa, (1;) ()

By substituting the moment- generating function of the
income into the above equation, MG Fypw (t) can be
re-written as follows:

MGFnpw (t) =

(a2 ()]

By comparing the above MGFypw (t) with the
moment-generating function of the normal distribution
and based on the fact that the moment-generating
function is unique for every random variable, it can
be concluded that:

2
NPW ~ Normal (11“,—1407( i ) > (11)

EXP

+1 141

Therefore, the PDF of the economic desirability of this

the project NPW is estimated as follows:

_ (1+414)
V2roq

[—(v(l—l—i) — 1+ Ag (1 +1))?
20%

PDF (NPW) : fxpw (v) EXP

(12)

The importance of this function is that it can help
the investors estimate the economic desirability of
such projects by calculating the probability of being
economical. When the MARR of the investor is ¢, this
probability can be calculated as follows:

P(NPW >0i) =1— ¢ (A“(ltl)_’“) . (13)

where ¢(.) indicates the cumulative distribution func-
tion of the standard normal distribution. Obviously,
the projects with a higher value of P(NPW > 0|i) are
more economical and preferable.

2.2. Fixed cost Ay and vartable income A,
with exponential distribution

In this case, by taking into account the assumptions
Ag > 0,41 ~ EXP(B1), the mean and the variance
of the income A; are F[4] = p and Var[4,] =
B3%; consequently, the mean and the variance of the
economic desirability of the project NPW can be
calculated as follows:

- _ P
EINPW] = —Ao + 15
_ B
Var [NPW] = TG (14)

In addition, the PDF of the income A1, according to the
PDF of the exponential random variable, is obtained as
follows:
1 —a

PDF (Ay): fa,(a1) = —EXP |—]. (15)
b 63}
Further, the moment-generating function of the income
A is achieved as follows:

1
1— /it

By considering the fact that the economic desirability
of the project NPW is a function of random variable
A; and using Eq. (9), the moment-generating function
of the economic desirability NPW can be derived as
follows:

MGF,, (t) = E(EXP[tA)]) = (16)

(1+4)

MGFnpw (t) = Tvi— At

EXP[-Apt]. (17)
Since this function does not adapt to any of the
known random variables, it can be understood that
the economic desirability of such a project does not
have a standard pattern. However, for the purpose of
economic evaluation, we are looking for this unknown
pattern. Therefore, another probability theory anal-
ysis, i.e., the transformation method in the sequel, is
used [28]. To adopt this method, the reverse function of
economic desirability NPW ! is calculated as follows:

NPW™L: A = [NPW + Ao] (1 +1). (18)

In addition, the derivative of the reverse function
is calculated as (NPW=1)" = (1414). Therefore,
according to the transformation method, the PDF
of the economic desirability of the project can be
extracted as follows:

PDF (NPW) : fxpw (v)

= fa, (NPW™Y) (NPWY). (19)

After the mathematical simplification, the above PDF,
fnpw(v), can be re-written in its final form as follows:

PDF(NPW) : fNPVV (1)) =

(1;i)EXP[_(”+AOﬂ)1(1+i) (20

According to the above, if the income A; has its least
amount as zero, the economic desirability of the project
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NPW will be in its least amount, which is —Ay. In
other words, the range of NPW variations is as follows:

—Ag < NPW < +cc. (21)

Therefore, the condition of such a project being eco-
nomical, when the investor has a particular MARR, i,
can be calculated as follows:

+oo
POPW 2 000) = [ few (0)de, (22)
0

This probability is calculated and re-written as follows:
—Ap (1+ i)]
— 5 |

P(NPW >0|i) = EXP [
1

(23)
By using the above equation, investors can easily
predict the economic desirability of such projects and
make an appropriate economic decision.

2.3. Fixzed cost Ag and variable income A4
with uniform distribution
In this case, it has been assumed that Ay > 0, 4; ~
Uniform (aq, B1); then, the mean and the variance of
the income A; can be calculated as follows:
2
Bla] =0 = BT oy
2 12
Therefore, the mean and variance of the economic
desirability of the project NPW are achieved as follows:

BE[NPW] = —Ag + — (O‘“Lﬁl),

2\ 1+
1 (b1—«a 2
Var[NPW]:u< 11+¢1) . (25)

Moreover, the PDF of the income A; can be attained
as follows:

1

/51—CY17

PDF (A1) : fa, (a1) =

o1 <ap < By (26)

In addition, the moment-generating function of the
income A; can be computed by:

MGFy, (t) = E(EXP[tA]) =

EXP[tp1] — EXP [tn]
t(fL— o)

Therefore, by using Eq. (9), the moment-generating
function of the economic desirability of the project
NPW is obtained as follows:

MGFypw (t) =

(27)

EXP[t({£5 - 40)| - BXP [t (5 - 40)]

t (Ll. - Ll)
142 142

(28)

By comparing the above MGFypw (t) with the
moment-generating function of the uniform distribu-
tion and by considering the fact that the moment-
generating function is unique for every random vari-
able, it is revealed that:

NPW ~ Uniform ( b - — Ao) . (29)

aq
~_A07
142 1+

In addition, the PDF of the economic desirability of
this project is estimated as follows:

P.DF(NPW) : fNPW (U) = (6111—;1) B

4 - Ao S v S 161 T — Ao. (30)

141 +1

Consequently, the probability of such projects being
economical, when the investor has a particular maxi-
mum attractive rate of return i, is calculated as follows:

+oo
PPV 200 = [ few (0)do, (31)

This probability can be calculated and re-written as
follows:

Br — Ao (1 +1)

P(NPW > 0|i) = o
1 — @1

. (32)
Further analysis of the above equation reveals that it is
not valid for two special cases and more investigation is
required. For this purpose, two lemmas are presented
and discussed in the sequel.

Lemma 1: In a one-period project with a fixed
cost Ay and a variable income A; following uniform
distribution A; ~ Uniform (ai,B1),if 81 < Ag (1 + 1),
then this project is certainly uneconomical.

Proof: If the assumption of this lemma is true, it can
be concluded that 1’8—;1 — Ap < 0 and, by using the
fact a; < 0, it yields that f‘—;l — Ap < 0. Therefore,
both the upper bound and the lower bound of NPW
are negative, and there is no chance for the economic
viability of this project. We can represent the result of

this lemma in the mathematical form as given below:
P(NPW >0}i) =0 if B < Ag(1+14). (33)

Lemma 2: In a one-period project with a fixed cost
Ap and a variable income A; following uniform dis-
tribution 4; ~ Uniform (ag,B1), if a1 > Ag(1+1),
then the project is certainly economical.

Proof: If the assumption of this lemma is true, it can
be concluded that 3 — Ao > 0 and, by using the fact
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that ay < [y, it yields that 15—_;1 — Ag > 0. Therefore,
both the upper bound and the lower bound of the NPW
are positive, and the economic viability of this project
is certainly economical. It means that:

P(NPW >0[i) =1 if a1 > Ag(1+1). (34)

Therefore, according to both Lemmas 1 and 2, the
probability of such projects being economical is re-
written in the general form as follows:

P(NPW > 0]i) =
0 if B < Ag (1+1)
BoAollt) if oy < Ag (1+1) & B > Ao (1+1)
1 if ay > Ag (1+1) (35)

By using the above equation, the economic desirability
of such a project can be simply estimated.

The aim of this section is to determine the
probability of investment projects being economical
with one-period cash flow by deriving the analytical
equation of the NPW distribution function. For this
purpose, three cases were analyzed. These cases are
applicable in reality where the cost parameter Ag is a
fixed positive number and the income A; is a random
variable with three distinct cases: (i) normal, (ii)
exponential, and (iii) uniform distributions. For all
of the cases, the analytical PDF of NPW was derived
mathematically, which is a useful tool for investors to
evaluate uncertain projects over a one-period cash flow.

3. Two-period cash flow analysis

This section investigates an investment problem con-
sisting of a two-period project with an initial cost Ay,
an income at the end of the first period A;, and another
income at the end of the second period A,. In this
project, the economic desirability NPW is a function
of Ay, A1, and A, cash flows, which can be calculated
as follows:

Ay Az

NPW = —Ay + — + .
ST+ T 1+0)?

(36)

By taking into account the assumptions that the
incomes A1 and A, are random and independent vari-
ables, the economic desirability NPW will be, therefore,
random with the following mean and the variance:

EINPW] = —Ag + 1A 4 KA

(1414 (1+4)*
Var [INPW] = Uf‘{ . 03‘{ - (37)
(1+4) (1419)

where 114, and o% indicate the mean and variance
of the first random income A;, respectively, and p4,

and 0% indicate the mean and variance of the second
random income A,. The aim is to determine the
economic desirability of such a project through the
determination of analytical equation for the PDF of
NPW. To this end, six cases are analyzed in the sequel.
In all of these cases, the initial cost Ay is a fixed
positive number, and the incomes A; or A, are random
variables with (i) normal, (ii) exponential, and (iii)
uniform distributions.

3.1. Fixed cost Ag, fized tncome Aq, and
varitable tncome A, with normal
distribution

In this case, by considering the assumptions A, >

0, Ay > 0, and Ay ~ Normal (p2,03), it can be

concluded that the economic desirability of the project

NPW is also variable; then, the mean and variance of

NPW can be calculated as follows:

_ Ay M2
E[NPW] = AO+(1+i)+(1+i)27
Var [NPW] = T (38)

Moreover, the moment-generating function of the in-
come Ay can be calculated as follows:
t2
MGF,, (t)=E (EXP[tA)])=EXP {tu2+203} :
(39)

and the moment-generating function of the NPW is a
function of variable income As as given below:

MGFypw (t) = MGF[ (40)

5 t).
ot iy ] O

Therefore, by utilizing the probability theory princi-
ples, MG Fypw (t) can be calculated as follows:

]

t

which can be re-written by the mathematical simplifi-
cations as follows:

MGFypw (t) = EXP [—Aot +

Ay
T+9)

- (1 lfz')2> +§ ((1 izi)Q)Z]' 42)

Therefore, by comparing this function with the
moment-generating function of the normal distribu-
tion, it can be understood that:

MGFypw (£)=EXP [t(—Ao +
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NPW ~ Normal

2
A
—Ag+ 1, + M2‘27 02.2 .
(1+7’) (1+Z) (1+2) (43)
Consequently, the probability of such projects being
economical with MARR, i, is calculated as follows:

P(NPW >0[i) = 1

_¢<A0(1+i)2—141(1+@')—u2). ”

a2

3.2. Fixed cost Ag, variable income A, with

normal distribution, and fized income A,
In this case, we have the assumptions Aqg > 0, A1 ~
Normal (u1,01), and Ay > 0 similar to those in the
previous part; thus, it can be found that:

NPW ~ Normal

2
M1 Ay 01
—Ag + <~ + > - . (45
( P+ (149)? <1+2> ) (45)
Moreover, the probability of this project being econom-
ical with MARR, 4, can be estimated as follows:

g1

P(NPW >0i)=1—¢ ( . (46)

3.3. Fized cost Ay, fized tncome A, and
variable income A, with exponential
distribution

In this case, it is assumed that A9 > 0, 4; > 0, Ay ~

EXP (2); therefore, according to this, we have:

_ 1 B2
E[NPW] = —Ay + T T
Var [NPW] = 5 . (47)
(1+4)*

In addition, according to the exponential distribution,
the moment-generating function of the income A, can
be calculated as follows:
1
MGFy, (t) = E(EXP[tAs]) = . (48)
1 — Bot

By taking into account Eq. (9), the moment-generating
function of the economic desirability of the project
NPW can be computed as follows:

MGFypw (t) = EXP K—Ao + (1’4+1Z)> t}

t

By using mathematical simplifications, this function
can be expressed as follows:

MGFypw (t) = EXP [—Aot 7 1Ai.)]
s+ (50)
(1 + Z) — 62t

Since the above function is not similar to any known
moment-generating functions, it can be found that,
in this case, the economic desirability of the project
NPW does not follow a standard known distribution.
Therefore, to reach the analytical PDF of the NPW
in this case, the transformation method in the sequel
is used. For this purpose, the reverse function of the
NPW and its derivative are derived as follows:

Ay As

NPW = —Aq + . _,
T+ (144)?

(51)

Ay
(1+14)

NPW™': Ay = [NPW + A4y — 2

(1+14)

(NPW™Y) = (144)°.

Therefore, according to the transformation method,
the final form of the PDF for the economic desirability
NPW can be obtained as follows:

(141i)°

PDF (NPW) : fNPW (1)) = ﬁz

EXP

— (v + Ag) (140> — 4y (1 +14)
Ba

(52)

Since the value of the random income A, varies at an
interval of 0 < Ay < +00, the economic desirability
of the project NPW is also variable at the following
interval:

Ay
—A ———— < NPW . 53
0+(1+i)_ < 400 ( )

Further, the probability of such projects being econom-
ical with MARR, 7, can be calculated as follows:

+ oo
PP 2 00i) = [ few (0)do, (54)
0

By performing mathematical computations, this prob-

ability can be simplified to the following:

Ay (1+4)— Ag(1+4)°
B2

P(NPW > 0[i)=EXP

(55)

Additional investigations show that the above equa-
tion is not valid in one special case, as expressed in
Lemma 3.
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Lemma 3: In a two-period project with fixed cost
Ag, fixed income A;, and variable income As following
exponential distribution 4y, ~ EXP(3,), if % >
(1+1), then the project is certainly economical.

Proof: If the assumption of Lemma 3 is true, it can
be understood that the lower bound of the economic
desirability of the project NPW is always nonnega-
tive ( AO + 1+z
NPW > 0; hence, this project is certainly economical.
To analyze this lemma further, if we have ﬁ—; > (1+14),
then the income A; is enough by itself for the economic
viability of the project and that the economic viability
of the project is independent of the amount of the
income A,. By increasing the value of the income
Ay, economic desirability will increase; however, by
decreasing this desirability, the project does not quit
the economic range at all.

By using the result of Lemma 3, the probability
of such a project being economical would be re-written
as follows:

> O) Therefore, we always have

P(NPW > 0[i) =
{EXP [—A“l“);jw“)“] if AL < (14 14)
1 if%E(l—i—i) (56)

By using the above equation, investors can predict the
economic desirability of such two-period projects.

3.4. Fixzed cost Ag, vartable income A, with
exponential distribution, and fixed income
Az

In this case, it is assumed that Ay > 0, A; ~

EXP(B1), A2 > 0; thus, we have:

B Az
E[NPW] = -4+ ) + 110
Var [NPW] = pi . (57)
(1+1)°

In this case, similar to the previous case, for using the
transformation method, the reverse function NPW ~1
and its derivative can be derived as follows:

Ay Ay
NPW = -4+ 1 4 5, 58
T Tary %)
—1 A2 .
NPW™': Ay = [NPW + Ag— —2 | (141)
(1+14)

(NPW™Y) = (1+14).

Therefore, by adopting the transformation method,
the PDF of the economic desirability NPW will be
simplified in its final form as follows:

PDF (NPW) : fypw (v) = (1; Dpxp
—[(v+Ag) (1 +1i) — A/ (1 +1)]

59
B 59
Since the income A; varies at an interval of 0 <
A < 400, the economic desirability NPW varies in
the following range:

a 2,)2 < NPW < +o0. (60)
+1

Moreover, the probability of being economical with
MARR, i, can be calculated and simplified as follows:

+ oo
/ fNPW (’U) d’U
0

Az/ (1+i)—Ag (1+4)
B '
However, additional analysis shows that the above

equation is not valid in one special case, as expressed
in Lemma 4.

—Ag +

P(NPW > 0[i) =

:EXP[ (61)

Lemma 4: In a two-period project with fixed cost
Ay, variable income A; with exponential distribution
Ay ~ EXP (), and fixed income A,, if % >(1+ i)z,
then this project is certainly economical.

Proof: If the assumption of Lemma 4 is true,
it can be concluded that the lower bound of the
economic desirability NPW is always nonnegative

( Ag + —2 1+) > O) Therefore,

NPW > 0; hence, the probability of being economical

will be one. For further analysis of the result of this

lemma, it can be mentioned that if we have ﬁ—i >

we always have

(1 —i—i)z7 the income A, is by itself enough for the
economic viability of the project, and the economic
viability of the project is independent of the value of
the income A;. In other words, with an increase in
the value of Aq, the desirability will increase; however,
with its decrease, the project will not quit the economic
range at all.

By using the result of Lemma 4, the probability of
such a project being economical is re-written as follows:

P(NPW > 0|i) =
{EXP [—Az/‘”%j‘()(“i) if 42 < (1+1)?
1 if 42 > (1+1){62)

The above equation predicts the economic desirability
of the project and helps the investor with appropriate
decision-making.
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3.5. Fized cost Ay, fized income A, and
variable income Ay with uniform
distribution

In this case, it is assumed that Ay > 0,4, > 0,45 ~

Uniform (ag, B2); therefore, the mean and variance of

the economic desirability of the project NPW can be

calculated as follows:

BINFW] = —do + 5 + S
Var [NPW] = 112(5(2110‘)1)2 )

Furthermore, the moment-generating function of the
income A, can be achieved as follows:

MGPFy, (t) = E(EXP[tA,])

_ EXPtf] - EXP[tas]
B t(B2 — az)

According to Eq. (9), the moment-generating function
of the economic desirability can be calculated and
summarized by Eq. (65) as shown in Box I

By comparing MGFypw () with the moment-
generating function of the uniform distribution and
utilizing the fact that the moment-generating function
is unique for every random variable, it can be realized
that:

NPW ~ Uniform

( AO) ’
(66)

and the PDF of the NPW can be estimated as follows:

(64)

Ay B2 Ay

(25]
+h A 5+ -
141 0’(14_1')2 1+

(1+1i)°

1+i4)?
PDF(NPW) : fypw () = SF0°
52—042
22 A g<o< ’82,2 Ay, (67)
(1+4)" 1+ (144)° 1+

Therefore, the probability of such projects being eco-
nomical with a particular MARR, ¢, is calculated as

E: Industrial Engineering 27 (2020) 448-468

+oo
POVPIV 2 0) = [ few (0)do, (65)

This probability can be computed and summarized as
follows:
_ Bo Ay (144) — Ag (144)°

P(NPW > 0|i)= R
2 — 2

(69)

However, further analysis of the above formula reveals
that it is not valid in two special cases. Lemmas 5 and 6
discuss these cases analytically.

Lemma 5: In a two-period project with fixed cost Ao,
fixed income A;, and variable income As following the
uniform distribution Ay ~ Uniform (asq, Bs), if G2 <
Ao (1+14)> — Ay (1 +14), then the project is certainly
uneconomical.

Proof: If the agsumption of this lemma is true, then
Be ;+ AL — Ap < 0, and based on the fact that as <

(1+4)2 T 1+¢

B2, it is found that (lii)g + 1A—+11. — Ay < 0. Therefore,
both the upper bound and the lower bound of the NPW
are negative and, therefore, there is no possibility for

the economic viability of such a project. It means that:

P(NPW >0[i)=0 if fBo<Ag(1+i)°—A; (1+i).
(70)

Lemma 6: In a two-period project with fixed cost
Ap, fixed income A;, and variable income A, with
uniform distribution Ay ~ Uniform (az,B2), if ag >
Ao (141)* = Ay (1 +14), then the project is certainly
economical.

Proof: If the assumption of this lemma is true, it can

be understood that (1%)2 + % —Ag > 0, and based on
the fact that as < s, it is found that (1521,)2 + 1A+11_ _

Ay > 0. Therefore, both the upper bound and the
lower bound of the NPW are positive, and the project
is certainly economical. It means that:

P(NPW > 0[i))=1 if as > Ao (14> —A; (144).

follows: w
MGF (t)y=EXP A —I—L t| MGF .
rENnpw () = T (1+9) ’ A (1+1)°
B2 A _ ag A
B EXP [t ((1+1‘)” + 15 Ao)} EXP {t ((l+i)2 + 15 AO):| (65)
t (L - el 0) .
(141)? (141)®

Box I
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0 if By < Ag(1+0)* — Ay (1+1)
P(NPW > 0[i) = ﬂﬁAﬂl;gQ;jo““* if < Ag(1414)° — Ay (141) & B > Ao (1+1)° — Ay (1414)
1 if an > Ao (1+4)° — A; (144) (72)
Box 11
Therefore, according to the results of both Lemmas 5 economical can be calculated and simplified as follows:
and 6, the probability of such a project being econom-
ical is re-written by Eq. (72) as shown in Box II P(NPW > 0i)= Az/ (1+Z)ﬁ+ﬂ1_A0 (H'Z). (77)
1~
3.6. Fixed cost Ay, vartable income A, with
uniform dzstmbutlon’ and ﬁa)ed income A2 HOVVeVeI‘7 further analysis Of the abOVe fOrmula ShOWS
In this case, it is assumed that Ay > 0,4; ~ that it is not valid for the two special cases, which are
Uniform (ay, 31), Ay > 0; therefore, we have: presented in Lemmas 7 and 8.

(a1 + Br) Ay

E[NPW]=—A4y+ Lemma 7: In a two-period project with fixed cost

2(1+1) (1+ Z')p Ap, variable income A; with uniform distribution

9 Ay ~ Uniform (a1, 61), and fixed income A, if 81 <

Var [NPW] = i(&—i&z) (73) Ao (1+14) — A/ (1 +14), then this project is certainly
127 (1+44) uneconomical.

Similar to the previous case, the moment-generating

function of the economic desirability can be calculated Proof: If the assumptlon of this lemma is true, it can
and summarized by Eq. (74) as shown in Box III. By be understood that (1_|_ DLl 1'64:1 Ap < 0. By utilizing
comparing M GFypw (t) with the moment-generating this result and based on the fact that a; < 1, we find
function of the uniform distribution and by utilizing the that —2%5 + fj:l Ag < 0; in this case, both the upper

(1+ )
fact that the moment-generating function is unique for bound and the lower bound of the NPW are negative
every random variable, it can be found that: and, therefore, there is no chance for this project to
NPW ~ Uniform be economical. This lemma can be represented in the

following mathematical form.

Adr oy A B G ) g5y PINPW200) =0 5 <Ay (1+i)— Ao/ (140) . (78)
(14+7)" 1+ (141 ) 144

. Lemma 8: In a two-period project with fixed cost

Therefore, the PDF of the NPW can be estimated as

Ay, variable income A; with uniform distribution

follows: ) Ay ~ Uniform (aq, p1), and fixed income Ao, if a; >

PDF (NPW) : fxpw (v) = 1+ ’ (76) Ao (14+14) — Ay/ (1 +14), then this project is certainly
B —ay economical.

A . M Ay<uv< As s+ P - — A,. Proof: If the assumptlon of this lemnma is true, it can

(1+41) 1+ (1+41) 1+ be understood that (1+ )2 + 15 — Ao > 0. According

Consequently, when we have an investor with a partic- to this result and based on the fact that a; < 3, it

ular MARR, i, the probability of such a project being is revealed that (1+ o T 1+1 — Ay > 0. Thus, both

MGFypw (t) = EXP

As t
Ao+ —2 V4| maEs, [
( ’ <1+é>2> 8 (Hz)

_EBXP [t ((1“)2 + 15 Aoﬂ [ ( e it - AO)] (74)

t(1+z - 1oj|—11)

Box 111
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the upper bound and the lower bound of the NPW are
positive, and the project is certainly economical. In
other words:

P(NPW >0[i)=1 if a3 > Ao (1+i)—Az/(144) .(79)
Therefore, according to the results obtained by Lem-
mas 7 and 8, the probability of such a project being
economical can be re-written by Eq. (80) as shown
in Box IV. Eq. (80) can help the investor to simply
estimate the economic desirability of projects in this
case.

The aim of this section is to determine the
probability of investment projects being economical
with two-period cash flow by deriving the analytical
equation of the NPW distribution function. For this
purpose, six cases were analyzed. These cases are
applicable in reality where the initial cost A is a fixed
positive number and A; incomes As or are random
variables with (i) normal, (ii) exponential, and (iii)
uniform distributions. For all of the cases, analytical
PDF of NPW was derived mathematically, which is a
useful tool for investors to evaluate uncertain projects
over a two-period cash flow.

4. Multiple-period cash flow analysis

This section extends the one- and two-period problems
discussed in the previous sections to a general case
and, then, studies an investment problem consisting
of a multiple-period project with an initial cost Ay and
incomes at the end of the kth period A (k= 1,2,...,n).
The cash flow of such a project is shown in Figure 1.
In this project, the economic desirability NPW is
a function of Ag, A1, Ao, ..., A, cash flows, which can

A Az An

0

l 77/ '

Ao

—
W
3

Figure 1. A multiple-period cash flow diagram.

be calculated as follows:

By taking into account the assumptions that incomes
Ay, As, ..., A, are random and independent variables,
the economic desirability NPW is, therefore, random
with the following mean and the variance:

_HA,
NPW] = —A4g + ,
Bl ‘ Z 1+z
n O-i
e ;(Hi)“ =

where i, and 0%, denote the mean and variance of
the kth random income Ay, respectively. The aim is to
determine the economic desirability of such a project by
deriving the analytical equation for the PDF of NPW.
To this end, three cases are analyzed in the sequel.
In these cases, the initial cost Ay is a fixed positive
number, and the incomes A, are random variables
with (i) normal, (ii) exponential, and (iii) uniform
distributions.

4.1. Variable income with normal distribution
In this case, by considering the assumptions Ag > 0,
A > 0, and for a special period I, 4; ~ Normal(u,
o?), it can be concluded that the economic desirability
of the project NPW is also variable. By utilizing an
approach similar to that in the previous sections, it
can be concluded that:

NPW_—AOJrZﬁ
2

na,
(1+414)

~ Normal (—Ao +

n AL o3
oY A’.zl) (83)

thgny L+ (1+1)

Consequently, the probability of such projects being
economical with MARR, i, is calculated as follows:

P(NPW >0]i) =
0 if 61<A0(1+7:)
Az/(1+l?6)irftlz‘40(l+l) if o < Ao (1+1)
1 it ;> Ag(1+14)

— A/ (1+1)
— A/ (1 +1i) & B
—Ay/ (1 +1)

>Ag(1+1i)— As/ (1414) (80)

Box IV
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P(NPW > 0]i) =

1 n e
A() (1 + Z) - Zk:1|(k;él) (1+/:;k~—l — Ha,

4 (84)

4.2. Variable income with exponential
distribution

In this case, by considering the assumptions A4, >

0, A, > 0, and for a special period I, A, ~ EXP (),

it can be concluded that the economic desirability of

the project NPW is also variable. Therefore, we have:

By - Ay
E[NPW]=—-Ao+ — + N
Tty “%ﬂ) (1+0)F
5

In this case, similar to the previous exponential cases,
by using the transformation method, the reverse func-

tion NPW~! and its derivative can be derived as
follows:

NPW = — Ay + Z A

(1—|—z)
—1 - Ak
NPW™ i A = INPW + 4y - 3 —5
k=10 (17
(1+4),
(NPWY) = (1+4)". (86)

Therefore, by applying the transformation method,
the PDF of the economic desirability NPW will be
simplified into its final form as follows:

(1+44)"
B

- ((U +Ag) (1+1) = X4 1[(k#1) #;A—l)

PDF (NPW) : fxpw (v) = EXP

Since the income A; varies at an interval of 0 <
A; < 400, the economic desirability NPW varies in
the following range:

" Ay,
Z < NPW < +oo. (88)

—Ag +
k=ihen) (1 i)*

Moreover, the probability of such a project being eco-
nomic with MARR, 4, can be calculated and simplified
as follows:

P(NPW 2 O|Z) = / fNPW (D)d?} =FEXP

n Aj A\
Lok=1)(kt) gy — Ao (1+19)

B

(89)

However, the additional analysis shows that the above
equation is not valid in one special case, which is
expressed in Lemma 9.

In a multiple-period project with
fixed cost Ay, incomes Aj,As,...,A, in which
A (1 €{1,2,...,n}) is variable with exponential dis-
tribution 4; ~ EXP(8;), and the fixed income Ay

(k=1,2,....nlk £10),if +), > Ay, it can
k=1|(k#l) a
be concluded that this project is certainly economical.

Lemma 9:

Proof: If the assumption of this lemma is true, it can
be concluded that the lower bound of the economic
desirability NPW is always nonnegative:

> s

k=t (12)

— Ao +

Thus, we always have NPW > 0 and the probability
of this subject being economical will be one. According
to further analysis of the result of this lemma, if:

>

k=1|(k£l) (1+1)

2A07

then the incomes A, Ao, ..., A1, 4141, ..., A, may
be enough for the economic viability of the project, and
the economic viability of the project is independent of
the value of the income A;. In other words, with any
increase in the value of A;, the desirability will increase;
however, with its decrease, the project will not quit the
economic range at all.

By using the result of Lemma 9, the probability
of such a project being economical is re-written by
Eq. (90) as shown in Box V. Eq. (90) predicts the
economic desirability of the project and helps the
investor with appropriate decision-making.

4.3. Variable income with uniform distribution
In this case, by considering the assumptions A, >
0, A, > 0, and for a special period [, A4, ~
Uniform (o, B), it can be concluded that the eco-
nomic desirability of the project NPW is also variable.
Therefore, we have:

E[NPW]:—AO+M+ 3 A’“.,w
2(1+14) Kt (b 1) (1+14)
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DBy %—AO(H‘OI . n
EXP e if AL < A
1 (1+i)*
P(NPW > 0i) = k:1|7(ll\:;£l) (90)
1 if AL > 4
k=1](kt) T
Box V
Var [NPW] = i (B — 041)2’ (91) Consequently,' when there 1s an investor with. a pa,rt.ic—
127 (14 i)Ql ular MARR, i, the probability of such a project being

Furthermore, the moment-generating function of the
income A, can be achieved as follows:

MGFy, (t) = E(EXP[tA])

_ EXP[t3] - EXP[ta]
t(B — )

Therefore, the moment-generating function of the eco-
nomic desirability can be calculated and summarized
by Eq. (93) as shown in Box VI. By comparing
MGPFypw(t) with the moment-generating function of
the uniform distribution and by utilizing the fact that
the moment-generating function is unique for every
random variable, it can be found that:

NPW ~ Uniform

(92)

n

Ay
( Z k.k+ Oél,z_AO7
k=1|(k+l) (1+1) (1+4)
> L+ 51,1—140). (94)
ety L+ (1+7)

Therefore, the PDF of the NPW can be estimated as
follows:

economical can be calculated and simplified as follows:

P(NPW > 0[i) =

" : N
Zk:l\(k;ﬁl) (H’jﬁ + 06— Ao (1 +14)
B —ay '

However, further analysis of the above formula shows
that it is not valid for two special cases, which are
presented in the following Lemmas 10 and 11.

(96)

Lemma 10: In a multiple-period project with the
fixed cost Ay and incomes Ap,As,..,A, in which
A(le€{1,2,...,n}) is variable with uniform distri-
bution 4; ~ Uniform (ay, 8), if 8 < Ag (1—|—i)l —

(HA,#, then this project is certainly uneco-
k=1[(k#D)

nomical.

Proof: If the assumption of this lemma is true, then

n

A B _ e . .

eeiis T4F + T+l Ay < 0. By utilizing this

result and based on the fact that a; < [y, it is found
= Ay o

that k:l%c#l) Trr T Ay < 0. Therefore,

(1+ i)l both upper and lower bounds of the NPW are negative
PDE(NPW): fnpw (v) = B —a’ (95) and, therefore, there is no chance for this project to
be economical. This lemma can be represented in the
z”: Ap N a A following mathematical form.
N — — 4o
iy (LD (1+3) P(NPW > 0[i) =0 if < Ag(1+14)'
: Ay Bi . A
v ) ot A - 2 T (97)
e=tfezy (LHD7 (1+1) k=il (1 H9)
n A ) t
MGFxpw (t) = EXP | [ —Ao+ > P t| .MGEFy, < : [)
r=tgess) (1F2) (1+1)
n Ay B _ _ n Ap o _
_BXP [ (S e + iy — 4o)| — BXP [t (Sl i+ gy — 4] (93)
Bi '
t ((1+i)l (1+’i)’)

Box VI
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Lemma 11: In a multiple-period project with the
fixed cost Ap, and incomes A, As,...,A, in which
A (1€ {1,2,...,n}) is variable with uniform distribu-
tion A; ~ Uniform (ay, 5y), if:

n

Ag
>

ap > Ao (1+4) — :
k=iphzn) (L +7)

then this project is certainly economical.

Proof: If the assumption of this lemma is true, it can
be understood that:

Z Ay P

— — — Ay > 0.
K1) (1+14) (1+1)

Utilizing this result and the fact that a; < 3y reveals
that:

S Ay B
D R
k=1| (k1) (1+1) (1+14)

Therefore, both upper and lower bounds of the NPW
are positive, and the project is certainly economical. Tt
means that:

P(NPW >0i) =1 if a; > Ag(1+4)

Ay,
-y — (98)
r=tpess) (1F2)

— Ay > 0.

Therefore, according to the results obtained from
Lemmas 10 and 11, the probability of such a project
being economical can be re-written by Eq. (99) as
shown in Box VII.

Eq. (99) can help the investor to simply estimate
the economic desirability of projects in this case.

The aim of this section is to determine the
probability of investment projects being economical
with two-period cash flow by deriving the analytical
equation of the NPW distribution function. For this
purpose, three cases were analyzed. These cases are
applicable in reality, where the initial cost Ag is a fixed
positive number and income at the [th period A; is

random variables with (i) normal, (ii) exponential, and
(iii) uniform distributions. For all of the cases, the
analytical PDF of NPW was derived mathematically,
which is a useful tool for investors in evaluating
uncertain projects over multiple-period cash flows.

5. Analyses and simulation results

This section investigates the validity of the proposed
analytical equations derived in previous sections by
comparing them to the results of the simulation ap-
proach. For this purpose, numerical examples in each
following section are discussed separately:

One-period cash flows:

¢ Fixed cost Ag and variable income A; with normal
distribution;

e Fixed cost Ag and variable income A; with expo-
nential distribution;

e Fixed cost Ay and variable income A; with uni-
form distribution.

Two-period cash flows:

e Fixed cost Ay, fixed income A;, and variable
income A, with normal distribution;

e Fixed cost Ag, variable income A; with normal
distribution, and fixed income A,;

e Fixed cost Ay, fixed income A;, and variable
income A, with exponential distribution;

e Fixed cost Ag, variable income A; with exponen-
tial distribution, and fixed income As;

e Fixed cost Ag, fixed income A;, and variable
income A, with exponential distribution;

e Fixed cost Ag, variable income A; with uniform
distribution, and fixed income As.

5.1. Numerical examples for one-period cash
flows
o Fized cost Ag and variable income A1 with normal
distribution: Assume that in a project with a one-
period cash flow, the initial cost is Ay = 125, the

P(NPW > 0]i) =

AL Aj, D
Y B —Ag(144)
il (AHOF!

Br—ay
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variable income is A;~Normal(u; = 150, 0% = 2),
and an investor with MARR is ¢« = 0.1 while
evaluating such a project. In this case, the economic
desirability of such a project will be a function of
the variable income as NPW = —125 + 0.9091A4;.
According to this, the mean and the variance of the
economic desirability of the project are calculated as
E[NPW] =11.3636 and Var [NPW] = 1.6529. By
using the analytical equations derived in Section 3.1,
the NPW of this project is a random variable with
distribution NPW ~ Normal (11.3636,1.6529) and
PDF as follows:

PDF (NPW) : fxpw (v) = 0.3103

*BXP
4

— (11w — 12.5)2]

Figure 2 indicates the behavior of this analytical
equation graphically, and Figure 3 depicts the sim-
ulation results. To achieve the simulation results,
200000 random samples have been simulated for
the income A; from distribution Normal(p; =
150,02 = 2), and the values of the economic
desirability NPW have been calculated according to

0.30 -
0.25 -
0.20

0.15

Analytical PDF

4 6 8 10 12 14 16 18

Figure 2. The Net Present Worth (NPW) distribution
function according to the analytical equation derived for
the project with fixed cost Ag and variable income A;
with normal distribution.

x10%
4

Simulated PDF

0

4 6 8 10 12 14 16 18
Figure 3. The Net Present Worth (NPW) distribution
histogram according to the simulation results for the
project with fixed cost Ay and variable income A; with
normal distribution.

the observed values for A; through NPW = — Ay +
A1/ (1+44). Finally, the {requency of simulated
NPW values, called SimulatedNPW, is drawn in the
format of histogram diagram. The pseudo code of
the simulation procedure is given below:

Al=zeros(200000,1);
SimulatedNPW=zeros (200000,1);
for j=1:200000
A1(j,1)=normrnd (mul, sigmal);
SimulatedNPW(j,1)=-A0+A1(j,1)/(1+1i);
end
hist(SimulatedNPW,20).

As is obvious, the pattern of simulation results
in Figure 2 completely coincides with the analytical
equation depicted in Figure 3. It confirms the
appropriateness of the analytical equation derived in
Section 3.1 in two terms: (i) the type of probability
distribution and (ii) the mean and variance values.

Furthermore, the probability of such a project
being economical by considering the assumption of
having MARR, ¢ = 0.1, can be achieved as follows:

P(NPW >0i =0.1) =1 — ¢ (—8.8388) ~ 1.

Fized cost Ay and wvariable income A, with ex-
ponential distribution: Assume that, in a project
with one-period cash flow, the initial cost is Ag =
125, the variable income is Ay ~ EXP (5, = 135),
and an investor with MARR is ¢« = 0.2 while
evaluating such a project. In this case, the economic
desirability function will be computed as NPW =
—125 + 0.4545A,. According to this, the mean
and variance of the economic desirability of this
project are calculated as E[NPW] = —12.50 and
Var [NPW] = 12656. In addition, according to
the analytical equation derived in Section 3.2, the
NPW of this project is a random variable with PDF,
PDF(NPW), as follows:

PDF (NPW) : fNPW (’U) = 0.0089

«*EX P [—0.0089 (v 4 125)] ,

where the variation range of the NPW is —125 <
v < +00. Figure 4 depicts the analytical equation
of fnpw (v) derived in Section 3.2, and Figure 5
indicates the pattern of simulation results of 200000
random samples. As is obvious from the figures,
both analytical and simulated diagrams are com-
pletely in agreement with each other, which confirms
the validity of our analytical equation. The pseudo
code of the simulation procedure is shown below:

Al=zeros(200000,1);
SimulatedNPW=zeros (200000,1);
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Figure 4. The Ner Present Worth (NPW) distribution
function according to the analytical equation derived for
the project with fixed cost Ag and variable income A
with exponential distribution.
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Figure 5. The Net Present Worth (NPW) distribution
histogram according to the simulation results for the
project with fixed cost Ag and variable income A; with
exponential distribution.

for j=1:200000
A1(j,1)=exprnd(Betal);
SimulatedNPW(j,1)=-A0+A1(j,1)./(1+1);
end
hist(SimulatedNPW,30).

Moreover, the probability of such a project be-
ing economical by taking into account the assump-
tion of having MARR, ¢ = 0.2, can be computed as
follows:

P(NPW >0]i = 0.2) = EXP {—125(“02)}

135

= 0.3292.

As is obvious from Figures 4 and 5, the economic
desirability of this project NPW is less than zero in
some cases (—125,0) and, for this reason, the prob-
ability of this project being economical is computed
as 32.92%.

e Fized cost Ay and variable income Ay with uniform
distribution: In this case, we take into account a
project with an initial cost Ag = 100, a variable
income A; ~ Uniform(a; =125,3; = 155), and
an investor with MARR, ¢ = 0.35. In this case,
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Figure 6. The Net Present Worth (NPW) distribution
function according to the analytical equation derived for
the project with fixed cost Ag and variable income Aj
with exponential distribution.
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Figure 7. The Net Present Worth (NPW) distribution
histogram according to the simulation results for the
project with fixed cost Ag and variable income A; with
exponential distribution.

the function of economic desirability will be as
NPW = —100 + 0.7407A;. Therefore, the mean
and the variance of the economic desirability of this
project are calculated as E[NPW] = 3.7037 and
Var [NPW] = 41.1523. Moreover, according to the
analytical equation derived in Section 3.3, the NPW
of this project has a uniform distribution with PDF,
PDF(NPW), as follows:

NPW ~ Uniform

A

( WU py= 74074, L 4y = 14.8148)
141 1+

PDF (NPW) : fxpw (v) = 0.0450,

—7.4074 < v < 14.8148.

To validate this analytical equation, the simulation
approach is utilized. Figures 6 and 7 confirm the
adoption of the analytical equation of fyxpw (v)
and the simulated results of 200000 samples. The
pseudo code for the simulation procedure is shown
as follows:

Al=zeros(200000,1);
SimulatedNPW=zeros (200000,1) ;
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for j=1:200000
A1(j,)=random(’unif’,Alfal,Betal);
SimulatedNPW(j,1)=-A0+A1(j,1)./(1+1);

end

hist(SimulatedNPW,10) .

Moreover, the probability of such a project
being economical is determined as follows:

B — Ao (1+14)
51—01

In this project, if ¢ = 0.6, then §; < Ao (1+4);
according to Lemma 1, then this project is certainly
uneconomical, and the probability of it being eco-
nomical equals 0. Besides, since a; > Ag (1 + 1), if
1 = 0.2, according to Lemma 2, then this project
is certainly uneconomical, and the probability of it
being economical equals 1.

P(NPW > 0]i) = = 0.6667.

5.2. Numerical examples for two-period cash

flows

Fized cost Ag, fized income A1, and variable in-
come Ay with normal distribution: Assume that,
in a two-period project, the cash flow is as Ay =
160, 4; = 130, A2 ~ Normal (u2 = 100,03 = 20)
and the MARR equals i = 0.25. In this project,
the function of the economic desirability NPW is
derived as follows:

A A
NPW =—Ag+ ———+——— = —56+0.64A,,
(L+14)  (1494)
E[NPW] =8, Var[NPW]=8.1920,

and, according to the results derived in Section 4.1,
it can be concluded that:

NPW ~ Normal (8,8.1920).

Similar to one-period cases, the comparison between
the derived analytical equation and simulation re-
sults was carried out, and the results confirmed the
existence of this equation completely. For the sake of
simplicity and with the aim of preventing repetitive
materials, the simulation procedure is disregarded
hereafter. Further, the probability of this project
being economical with MARR, ¢ = 0.25, is obtained
as follows:

P(NPW >0]i = 0.25) =1

s 160 (1 +0.25)° — 130 (1 4 0.25) — 100
(20)0.5

= 0.9974.

Fized cost Ag, wvariable income Ai with normal
distribution, and fized income As: Assume that,
in the previous example, the cash flow would be

as Ay = 160,A4; = Normal (p; = 130,07 = 20),
As ~ 100 and the MARR would be ¢ = 0.25. In
this case, the function of the economic desirability,
NPW, can be achieved as follows:

A A
NPW = —Ag+ —— + —2 _—_96+0.84,,

(L+14)  (1+4)°

E[NPW] =8, Var[NPW]=12.80.

Therefore, according to the analytical results de-
rived in Section 4.2, it can be concluded that:

NPW ~ Normal (8,12.80).

Similar to the previous cases, the simulation results
confirm the existence of this equation completely.
In addition, the probability of this project being
economical with MARR, ¢ = 0.25 is attained as
follows:

P(NPW >0]i =0.25) =1

5 160 (1 4 0.25) — 130 — 100/ (1 + 0.25)
(20)°°

= 0.9873.

Fized cost Ag, fized income Ay, and variable income
Ao with exponential distribution: Consider a two-
period project with cash flow as Ag = 160, 4, =
130, Ay ~ EXP (85 = 100) and MARR as i = 0.25.
In this case, the function of the economic desirability
would be as NPW = —56+40.64A, with E[NPW] =
8 and Var[NPW] = 4096. Therefore, according
to the analysis performed in Section 4.3, it can be
concluded that:

PDF (NPW) : fNPW (1}):0.0156

—[1.5625 (v+160) —162.5]
100 ’

where the variation range of the NPW is —56 < v <
+00. Similar to the one-period cases, the simula-
tion results confirm the existence of this equation.
Furthermore, the probability of this project being
economical with MARR, ¢ = 0.25, can be gained as
follows:

P(NPW > 0]i = 0.25)

*EXP

130 (1 +0.25) — 160 (1 + ©)*

=EXP
100

= 0.4169.

However, since % > (1+1), if the initial cost
is Ap = 100 instead of Ay = 160, according to
Lemma 3, then this project is certainly economical
in this case, and the probability of it being econom-

ical will be 1.
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e Fized cost Ag, variable income Ay with exponential

distribution, and fized income As: Assume that the
cash flow of a two-period project is Ay = 160, Ay ~
EXP (8, =130),As = 100 and the MARR is ¢ =
0.25. In this case, the function of the economic
desirability would be as NPW = —96 + 0.84; with
E[NPW] = 8and Var [NPW] = 10816. Therefore,
according to the analysis performed in Section 4.4,
it can be concluded that:

PDF (NPW) . prpV (’U) = 0.0096

—[1.25 (v + 160) — 80]
100 ’

where the variation range of the NPW is —96 <
v < 4+00. Similar to the previous cases, simulation
analysis was carried out, and the results confirmed
the existence of this equation. In addition, the
probability of it being economic with MARR, ¢ =
0.25, can be calculated for this project as follows:

P(NPW > 0]i = 0.25)

*BXP

100/ (1 + 0.25) — 160 (1 + 0.25)
130

=EXP

= 0.3973.

However, according to what has been proved in
Lemma 4, if the initial cost would be A4, = 60
instead of A9 = 160, we have i—i > (144)%
therefore, the project is certainly economical, and

the probability of it being economical is 1.

Fized cost Ag, fized income Ay, and variable income
Ay with uniform distribution: Consider a two-period
project with cash flow as 4y = 160, A; = 130,
As ~ Uniform (ag = 80, 82 = 120) and the MARR
as ¢ = 0.25. In this case, the economic desirability
function would be as NPW = -56 + 0.64A4,
with E[NPW] = 8 and Var [NPW] = 54.6133.
According to the analyses performed in Section 4.5,
it can be concluded that:

NPW ~ Uniform

A
224 B 4y = —4.80,
(144)° 1+

B2 Aq
(1+4)° 1+i

—Ap = 20.80),

PDF (NPW) fNPW (1}):0.0391,

—4.8 < v <10.80.

Similar to the one-period cases, the simulation anal-
ysis was carried out and the results confirmed the
existence of such a function completely. In addition,

the probability of this project being economical with
MARR, 7 = 0.25, is calculated as follows:

P(NPW > 0|i)

1204130 (1 + 0.25) — 160 (1 + 0.25)°
- 120 — 80

= 0.8125.

However, according to what has been presented in
Lemma 5, if the upper bound of the income A, is
B2 = 87, then we have 2 < Ap (1 + z')2 — A (144),
and the project is certainly uneconomical with the
probability of it being economical as 0. On the other
hand, if the lower bound of the income A, is as =
90, then ay > Ag (14 i)° — A; (1 +14); according to
Lemma 6, the project is certainly economical with
the probability of it being economical as 1.

Fized cost Ag, variable income Ay with uniform
distribution, and fized income As: Consider the cash
flow of a two-period project is as Ay = 160, A1 ~
Uniform (aq = 110, 8, = 150), A = 100 and the
MARR is 7 = 0.25. In this case, the function of the
economic desirability is NPW = —96 + 0.84; with
E[NPW] = 8 and Var [NPW] = 85.3333. In this
case, according to the results derived in Section 4.6,
it can be concluded that:

NPWNUniform(le?—i—%—Ao
(1+14) 1+1
:—8,%—1—&,—140:24 ’
(1+4) 1414

PDF (NPW) : fNPW (’U) = 0.0313,

-8 < v <24

Similar to the one-period cases, the simulation
results confirm the existence of this function com-
pletely. In addition, the probability of this project
being economical with MARR, ¢ = 0.25, is obtained
as follows:

P(NPW > 0|i)

100/ (140.25)+150—160 (1+0.25)
o 150—110

However, according to what has been proved in
Lemma 7, if the upper bound of the income A is
B1 = 115, then we have 3; < Ay (1 4+ 4)— A2/ (1 + 1),
and the project is certainly uneconomical. On the
other hand, if the lower bound of the income A,
is a3 = 130, we have oy > Ag(141¢) — As/ (1 +14)
and, according to Lemma 8, the project is certainly
economical and the probability of being economical
will be 1.

=0.75.
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3 150 200 50 150
P(NPW > 0[i = 0.25) = 1 — ¢ 400(1+0.25)" — (140.25)1=3 7 (140.25)>73 © (1+40.25)*=3 7 (1+0.25)°=3 100
- A 10
= 0.00.
Box VIII
1+40.25)°
PDF (NPW) : fypw (v) = %EXP
N 3 150 _ 200 _ 50 _ 150
[— ((l +400) (1 4 0.25) (170.25)° ¢ (1702527 (170.257%°° (110.25)° 3 ) -|
[ 350 J '
Box IX

5.3. Numerical examples for multiple-period
cash flows

Variable income with normal distribution: Consider
an investment project with five periods, where the
cash flow is as Ag = 400, A; = 150, 45 = 200, A3 ~
Normal (u3 = 100,03 = 10), A4 = 50, and As
150. In addition, assume that the MARR equals 7 =
0.25. In this project, the function of the economic
desirability NPW is derived as follows:

5
Ay
NPW = —Ay + E ’”' L = —82.4 + 0.51 A3,
o (1+14)

E[NPW]=-31.16, Var[NPW]=2.62.
In addition, according to the results derived in
Section 5.1, it can be concluded that:

NPW ~ Normal (—31.16,2.62) .

Similar to the one- and two-period cases, the
comparison between derived NPW equation and
simulation results was made, and the results confirm
this NPW equation completely. Moreover, the
probability of this project being economical for an
investor with MARR, i = 0.25, is obtained by the
expression shown in Box VIII. It means that this

project has no chance to be economical.

Variable income with exponential distribution: As-
sume that the cash flow in the third period is Az ~
EXP (B3 = 350) and all of the other parameters are
unchanged in the previous example. In this case, the
mean and variance of economic desirability NPW
are determined as follows:

E[NPW]=96.83, Var[NPW]=32112.64.
Thus, according to the analytical results derived
in Section 5.2, the expression shown in Box IX is
concluded.

Similar to the previous cases, the simulation
results confirm the existence of this equation com-
pletely. Further, the probability of this project being
economical is attained by the expression shown in
Box X.

Since the condition A

(1+Z‘)k’

>
k=1|(k#1)
(317.63 < 400) is true for this example, we can
conclude that the probability of this project being

economical is 0.6315.

< A

Variable income with uniform distribution: Consider
the previous example, in which the cash flow in the
third period is A3 ~ Uniform (a3 = 500, 85 = 600)

150 200

50 150

(140.25)1—3 + (140.25)% 3 +

3
1702572 T (T70.25-° — 400 (1 4 0.25)

P(NPW >0|i =0.25)=EXP

=0.6315.
350

Box X
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and all of the other parameters are unchanged. In
this case, the mean and variance of the economic
desirability NPW are determined as follows:

E[NPW]=199.23, Var [NPW] = 218.45.

Thus, according to the analytical results derived in
Section 5.3, the PDF of NPW can be concluded that:

(140.25)°

PDF(NPW) : fNPW (’U) = 600 — 500

= 0.0195,

173.63 < v < 224.83.

As can be seen, both upper and lower bounds of the
NPW are greater than zero and, then, P(NPW >
0li = 0.25) is 1, meaning that this project is
certainly economical.

6. Conclusions

This paper utilized the probability theory tools such
as the moment-generating function and transformation
method to derive the analytical and closed-form func-
tion for Probability Distribution Function (PDF) of
the Net Present Worth (NPW) in investment projects.
The random cash flows follow normal, uniform, and
exponential distributions in our analysis. This analysis
was performed for three classes of investment projects:
(i) one-period cash flows including three different cases
(fixed cost Ay and variable income A; with normal,
exponential, and uniform distributions), (ii) two-period
cash flows including six different cases (fixed cost Ag,
fixed income A;, and variable income A5 with normal,
exponential, and uniform distributions; fixed cost Ay,
variable income A; with normal, exponential, and
uniform distributions, and fixed income A,), and (iii)
multiple-period cash flows with normal, exponential,
and uniform distributions of incomes. The PDFs
of the NPW were derived for each case separately.
To validate the analytical PDFs derived, numerical
examples were presented, and a set of comprehensive
simulation analysis was conducted. The comparisons
were performed between simulation results and ana-
lytical functions. The simulated results demonstrated
that both analytical and simulated results of derived
PDFs were completely in agreement with each other,
which confirmed the validity of our analytical equa-
tions. The importance of such PDF functions is that
the investor can simply calculate the probability of
investment projects being economical and make more
reliable decisions. In the case of deterministic economic
evaluation problems, the investor has his/her own
Minimum Attractive Rate of Return (MARR), which is
used in project evaluations. In our stochastic problems,
the probability of the project being economic for an un-
certain cash flow was calculated. After calculating this

parameter, the investor can compare this parameter
with his/her minimum probability of the project being
economical. If the minimum probability of the project
being economical is satisfied, the project is selected as
economical; otherwise, it is rejected. In other words,
this paper presented a decision-making tool for the
evaluation of investment projects with uncertain cash
flows.

An interesting direction for future study is to con-
sider other performance criteria like Net Future Worth
(NFW), Net Equivalent Uniform Annual (NEUA), or
even payback period, with other probability distribu-
tions like Weibull or Gamma.
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