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Abstract. In this paper, the modi�ed couple stress theory is used to capture size e�ect
on dynamic behavior of a micro-drill subjected to an axial load and a concentrated mass,
which is attached to its free end. Governing equations of lateral vibrations of the system
and associated boundary conditions were derived by �rst, obtaining the total kinetic and
potential energy of the system and then, using Hamilton's principle. The Assumed Modes
method was applied for transforming the governing partial di�erential equations into a
set of in�nite ordinary di�erential equations. Considering two terms of the equations,
the �rst two natural frequencies and instability rotational speeds of the micro-drill system
were determined semi-analytically. Finally, numerical results of natural frequencies and the
threshold of instability speeds of the system were derived with respect to di�erent values of
the system parameters such as rotational speed, axial load, rotor length, concentrated mass,
and material length scale. The results showed that the material length scale parameter
was extremely e�ective on natural frequencies and the threshold of instability speeds of the
micro-drill.
© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

Recently, with the development of new technologies
for manufacturing devices at small sizes (e.g., micron
or sub-micron scales), manufacturing of many small-
size components for devices in the �eld of the Micro-
Electro-Mechanical Systems (MEMS) has been pos-
sible. For example, micro-engines and micro-drills
are two types of micro-rotating equipment, which can
be used in industrial or biomedical applications [1-
6]. Generally, the rotational speed of the rotor in
micro-drills is very high and can reach 60000 rpm [6].
Therefore, determining the lateral vibrations behavior
of the micro-rotating machines is of signi�cance.
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Some researchers investigated dynamic response
of the micro-rotating equipment in the �eld of MEMS
based on the classical continuum mechanics the-
ory [7,8]. It should be noted that capturing the size
e�ect is not possible using the classical continuum
mechanics theories. Considering the size e�ect is a
signi�cant challenge in the study of mechanical behav-
ior of the micro-structures. The size dependency of
mechanical behavior of the materials in small sizes has
been observed by experimental methods for metals and
polymers [9-13]. The classical continuum mechanics
theories are unable to explain and predict the mechan-
ical behavior of the materials in small sizes. Therefore,
some of the non-classical continuum theories such as
strain gradient theory, couple stress theory, nonlocal
elasticity theory, and surface elasticity theory have
been introduced to capture the size e�ect on elastic
deformation behavior of micro-structures [14-23].
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In some non-classical continuum theories such
as couple stress theory, two material length scale
parameters are used to describe the size e�ect on the
mechanical behavior of materials. Yang et al. [16]
proposed the Modi�ed Couple Stress Theory (MCST)
to explain size dependency by using only one material
length scale parameter. They introduced the e�ect of
the moment of the couple in addition to the classical
equations of forces in the modi�ed couple stress theory.

Again, Mindlin [24] and Mindlin and Eshel [25]
presented another form of higher-order continuum the-
ory and a general form of strain gradient elasticity
theory to consider the size e�ect by using �rst and
second gradients of the strain tensor in the strain
energy density. By considering only the �rst gradient
of the strain tensor, Fleck and Hutchinson [26] refor-
mulated and modi�ed Mindlin's suggested theory and
named it Strain Gradient Theory (SGT). The strain
gradient theory had more terms of higher-order stress
components than the couple stress theory. Afterwards,
Lam et al. [27] proposed the Modi�ed Strain Gradient
Theory (MSGT) to predict the size e�ect on the
mechanical behavior of materials by using only three
constants of material length scale parameters.

The MCST has been employed by several re-
searchers to study the size dependency of the static
and dynamic mechanical behaviors of materials in small
size. For example, the modi�ed couple stress theory
has been used as a basic formulation to study size-
dependent e�ect of static and dynamic behaviors of
linear and nonlinear micro-beams [28-35], vibration
response of rotating FGM micro-beams [36], static and
dynamic behaviors of rectangular and annular sectors
of microplates [37-45], curved micro-tubes [46], and
micro/nano spherical shells [47].

Vatankhah and Kahrobaiyan [48] studied vibra-
tion of a micro-resonator based on MSGT to capture
size e�ect on the system. They modeled the micro-
resonator as a clamped-clamped micro-beam subjected
to a tensile axial force with a concentrated mass
attached to the micro-beam. Lead-lag vibration char-
acteristics of a rotating micro-cantilever beam based
on MCST and both Euler-Bernoulli and Timoshenko
beam theories were studied by Dehrouyeh-Semnani
et al. [49]. They used the �nite element method to
calculate natural frequencies of the system. Hashemi
and Asghari [50] investigated lateral vibrations of an
elastic micro-rotating shaft-disk system by considering
small-scale e�ects based on MCST. They considered
a disk attached to the middle of a 
exible micro-
rotating shaft and then, by using the Galerkin ap-
proach, obtained the �rst two natural frequencies of
the system with respect to di�erent values of size scale
parameter. In addition, there are several studies of the
dynamic response of overhung rotor systems based on
the classical continuum mechanics theories [51,52].

According to the above literature review, there
are no reported investigations into lateral vibrations
behavior of a micro-cantilever rotor system subjected
to an axial load with a concentrated mass attached to
its free end, called micro-drill system, to consider its
size dependency.

In the present article, for a real dental drill, which
is used in the medical industry, a micro-drill system is
modeled into a micro-cantilever rotor subjected to an
axial load with a concentrated mass attached to its
free end. It can be used in the future applications in
medical industries. Then, the modi�ed couple stress
theory is used to capture small-size e�ects on lateral
vibrations behavior of the micro-drill rotor system.
After derivation of kinetic and potential energy of
the system, the governing equations of motion and
associated boundary conditions are obtained using
Hamilton's principle based on MCST. Then, to reach
semi-analytical results for lateral vibrations charac-
teristics, the Assumed Modes method is employed to
transform the governing equations into a set of in�nite
ordinary di�erential equations. The �rst and second
natural frequencies for both forward and backward
whirling motions of the system and rotational speed
values, which cause instability, are obtained. Finally,
numerical results of the �rst two natural frequencies
and instability rotational speeds of the micro-drill
rotor are presented with respect to di�erent values of
the system parameters, such as the material length
scale, rotational speed, axial load, rotor length, and
concentrated mass, which is attached to the free end of
the micro-cantilever rotor.

2. Theory and mathematical equations

2.1. Modeling
Figure 1 shows a real dental or bone drill, which is
used in medical industries. In recent years, with the
growth of new technologies for manufacturing devices
at small sizes (e.g., micron scale), production of many
components with small sizes in the �eld of Micro-
Electro-Mechanical Systems (MEMS) is possible. Also,
the rotational speed of the rotor in a micro-drill is very
high and can reach 60000 rpm [6].

In this study, the real dental drills in macro sizes
are applied for modeling of micro-scale drills. The idea
of micro-drills can be utilized in future applications in
medical industries.

The micro-drill system is modeled as a micro-
cantilever rotor with a concentrated mass attached to
the free end of the rotor subjected to an axial load, as
shown in Figure 2.

The 
exible micro-rotor, which rotates at a con-
stant rotational speed 
, has the length L, radius R,
density �, and circular cross section area A. Also, the
coordinate system X � Y � Z, constant axial load P ,
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Figure 1. Real pictures of a dental drill used in medical
industries: (a) and (b) respectively, without [53], and with
[54] concentrated mass at the free end of the rotor.

Figure 2. Modelling of a micro-drill system into a
micro-cantilever rotor with a concentrated mass, M ,
attached to free end of the rotor subjected to an axial
load P .

and concentrated mass (point mass) M are considered,
as represented in Figure 2.

2.2. The modi�ed couple stress theory
The strain energy density of a linear elastic isotropic
material based on the modi�ed couple stress theory can
be written as follows [16,28]:

�0 =
1
2
�ij"ij +

1
2
mij�sij ; (1)

where the corresponding work-conjugated stress can be
expressed as follows:

�ij = 2�"ij + �"kk�ij ; (2)

mij = 2�l2�sij ; (3)

where:

"ij =
1
2

(ui;j + uj;i) ; (4)

�sij =
1
2

(�i;j + �j;i) ; (5)

�i =
1
2
"ijkuk;j : (6)

In the above equations, �i;j denotes gradient of ro-
tation, �i denotes in�nitesimal rotation vector, �ijk
denotes alternating tensor (or permutation symbol),
and ui denotes components of the displacement vector.
The parameters (�; �) and l are called Lam�e constants
and the material length scale parameter, respectively.
The Lam�e constants can also be written regarding
Young's modulus, E, and Poisson's ratio, #.

2.3. Governing equations of motion
According to Figure 2, u(x; t), v(x; t), and w(x; t)
denote the longitudinal and lateral de
ections of the
midline of the micro-elastic rotor at any point x along
the length of the rotor in the X, Y , and Z directions,
respectively. Considering Euler-Bernoulli beam theory,
displacement �eld in the rotor can be expressed as
follows [50]:

u1 = u (x; t)� z @w (x; t)
@x

� y @v (x; t)
@x

;

u2 = v (x; t) ;

u3 = w (x; t) : (7)

Assuming small slope in the rotor after deformation,
the non-zero components of strain and stress tensors
can be expressed as follows:

"xx =
@u1

@x
=
@u
@x
� z @2w

@x2 � y @
2v
@x2 ;

�xx = E"xx = E
�
@u
@x
� z @2w

@x2 � y @
2v
@x2

�
: (8)

It should be noted that in writing Eq. (8), Euler-
Bernoulli beam theory has been used [30]. Also, we
have:

�s13 = �s31 =
1
2
@2v
@x2 ; �s12 = �s21 =

�1
2
@2w
@x2 ;

�s11 = �s22 = �s23 = �s32 = �s33 = 0: (9)

Therefore, from Eq. (1), the strain energy density of
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elastic rotor �0 is given by:

�0 =
1
2
E
��

@u
@x

�2

+ z2
�
@2w
@x2

�2

+ y2
�
@2v
@x2

�2

� 2z
@u
@x

@2w
@x2 � 2y

@u
@x

@2v
@x2 � yz @

2v
@x2

@2w
@x2

�
+

El2

2 (1 + #)

"�
@2w
@x2

�2

+
�
@2v
@x2

�2
#
: (10)

The strain energy, �s, of the system, without consid-
ering the e�ect of axial load, P , can be determined as
follows:

�s =
Z
V
�0dV =

Z
L

�Z
A
�0dA

�
dx; (11)

where V denotes volume and A denotes cross section
of the elastic rotor at point x. By substituting Eq. (10)
into Eq. (11), strain energy of the system, without
considering the e�ect of axial load, P , can be obtained
as follows:

�s=
1
2
E
Z L

0

"
A
�
@u
@x

�2

+Iyy
�
@2w
@x2

�2

+Izz
�
@2v
@x2

�2
#
dx

+
El2

2 (1 + #)

Z L

0
A

"�
@2w
@x2

�2

+
�
@2v
@x2

�2
#
dx;

(12)

where Iyy =
R
A z

2dA, Izz =
R
A y

2dA, and
R
A zdA =R

A ydA =
R
A yzdA = 0.

It should be noted that for a uniform and isotropic
rotor with circular section radius R, the moment of
inertia in the cross section area is I = Iyy = Izz =
�R4

4 = AR2

4 . Therefore, Eq. (12) can be written as
follows:

�s=
1
2
EA

Z L

0

�
@u
@x

�2

dx+
1
2
EI
Z L

0

��
@2w
@x2

�2

+
�
@2v
@x2

�2�
dx+

2EI
1+#

�
l
R

�2 Z L

0

��
@2w
@x2

�2

+
�
@2v
@x2

�2�
dx: (13)

Also, for the axial load P , strain energy of the system
can be determined as follows:

�P =
1
2

Z L

0
P (x)

"
2
�
@u
@x

�
+
�
@w
@x

�2

+
�
@v
@x

�2
#
dx;
(14)

where P (x) is the axial load at any point x of the cross
section of the micro-drill rotor. It should be noted that
in the present paper, P (x) is equal to constant P .

Therefore, total strain energy of the system can
be obtained as follows:

� =�s + �P =
1
2
EA

Z L

0

�
@u
@x

�2

dx

+
1
2
EI
Z L

0

"�
@2w
@x2

�2

+
�
@2v
@x2

�2
#
dx

+
2EI
1 + #

�
l
R

�2 Z L

0

"�
@2w
@x2

�2

+
�
@2v
@x2

�2
#
dx

+
1
2

Z L

0
P

"
2
�
@u
@x

�
+
�
@w
@x

�2

+
�
@v
@x

�2
#
dx:
(15)

Kinetic energy of the system T can be written as
follows:
T = Tr + TM ; (16)

where Tr is the kinetic energy of the elastic micro-drill
rotor and TM is the kinetic energy of the concentrated
mass, M , attached to the free end of the micro-
cantilever rotor. Also, we have [50,55]:

Tr =
1
2

Z
V
� _~r: _~rdV;

~r = (x+ u1) i + (y + u2) j + (z + u3) k; (17)

where �, ~r, and _~r are density, position, and velocity
vectors of any particle on the micro-elastic rotor,
respectively. By simplifying Eq. (17), it can be written
as follows [50,55]:

Tr=
�
2

Z L

0

�
A
�

_u2+ _v2+ _w2�+I  �@ _w
@x

�2

+
�
@ _v
@x

�2
!

+A
2 �v2 + w2�+ 2A
 (v _w � w _v)
�
dx

+ �IL
2; (18)

where the dot over variables is the derivative of variable
relative to time.

The kinetic energy of concentrated mass M can
also be found as follows [55]:

TM =
M
2

Z L

0
� (x� L)

��
_u2+ _v2+ _w2�+
2 �v2 + w2�

+ 2
 (v _w � w _v)
�
dx+

IMyy

2

Z L

0
�

(x�L)

"�
@ _w
@x

�2

+
�
@ _v
@x

�2
#
dx+IMp
2; (19)

where �(x) is Dirac delta function and:
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(IMyy; IMzz; IMp) =
Z
M

(z2; y2; y2 + z2)dM:

It should be noted that for the system with concen-
trated mass, IMyy, IMzz, and IMp are equal to zero
(because we neglect the shape of the point mass).

Now, Hamilton's principle is considered as follows:Z t2

t1
� (T � � +W ) dt = 0; (20)

where �T , ��, and �W are the virtual variation of
kinetic energy, the virtual variation of strain energy,
and virtual work done by external non-conservative
forces on the system, respectively. For the considered
system without external forces, �W is zero.

By substituting Eqs. (15) and (16) into Eq. (20)
and then, using variational calculus, the governing
equations of motion of the micro-drill system can be
derived as follows:

S
@4v
@x4 � P @

2v
@x2 + [�A+M� (x� L)]

�
�v � 2
 _w � 
2v

�� �I @2�v
@x2 = 0; (21)

S
@4w
@x4 � P @

2w
@x2 + [�A+M� (x� L)]

�
�w + 2
 _v � 
2w

�� �I @2 �w
@x2 = 0; (22)

where:

S = EI

"
1 +

2
1 + #

�
l
R

�2
#
: (23)

In the above equations, R is radius of cross section, �
is density, 
 is rotational speed of the micro-drill rotor,
and l is the material length scale parameter, which is
dependent on material property and can be determined
by typical experiments such as the micro-bend test.

It should be noted that the terms [�A+
M� (x� L)]

��2
 _w � 
2v
�

and [�A + M� (x� L)]�
2
 _v � 
2w

�
in the governing Eqs. (21) and (22) show

the rotational speed e�ect in the micro-drill rotor
system. In particular, in case of 
 = 0, Eqs. (21) and
(22) will be decoupled and they represent the lateral
vibrations behavior of the system in v and w directions,
respectively, without rotational speed.

Eqs. (21) and (22) represent the nonlinear partial
di�erential equations of lateral motions of the micro-
drill rotor subjected to an axial load with a concen-
trated mass based on the modi�ed couple stress theory.
Also, the boundary conditions at each end of the micro-
drill rotor system can be obtained as:
v (0; t) = w (0; t) = 0;

@v
@x

(0; t) =
@w
@x

(0; t) = 0; (24)

@2v
@x2

�
L+; t

�
=
@2w
@x2

�
L+; t

�
= 0;

S
@3v
@x3

�
L+; t

�� P @v
@x
�
L+; t

�
= 0; (25)

S
@3w
@x3

�
L+; t

�� P @w
@x
�
L+; t

�
= 0;

where L+ is the length of the micro-drill rotor plus a
very small virtual length at the right side of the con-
centrated mass, M . It should be noted that moments
of inertia of the concentrated mass, M , according to
Figure 2, are neglected. Also, in the above governing
equations, only the lateral motions of the micro-drill
rotor have been considered.

3. Semi-analytical solution to the governing
equations of motion

In this section, the solutions to Eqs. (21) and (22) with
their boundary conditions in Eqs. (24) and (25) are
considered. It should be noted that longitudinal motion
of the micro-drill rotor system can be neglected besides
its lateral motions. To solve the governing equations
(Eqs. (21) and (22)), the Assumed Modes method is
used. For this purpose, lateral de
ections w(x; t) and
v(x; t) are considered as follows:

v (x; t) =
1X
m=1

 m (x)Vm (t) ; w (x; t)

=
1X
m=1

 m (x)Wm (t) ; (26)

where  m is shape functions that satisfy geometrical
boundary conditions of the system, and Vm(t) and
Wm(t) are time-dependent functions, which are called
generalized coordinates. Shape functions  m (x) =
1 � cos

�m�x
2L

�
, with m = 1; 2; 3; :::, are employed for

the micro-cantilever rotor with boundary conditions in
Eqs. (24) and (25).

By substituting Eq. (26) into Eqs. (21) and (22),
multiplying the results by orthogonal related modes
 n(x) (with n being an arbitrary natural number),
and then taking integration over the rotor length, the
following results can be obtained:Z L

0

X1
m=1

��
S
�m�

2L

�4
Vm + P

�m�
2L

�2
Vm

+�I
�m�

2L

�2 �Vm
�

cos
�m�x

2L

�
cos
�n�x

2L

�
+ [�A+M� (x� L)]
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�
�Vm � 2
 _Wm � 
2Vm

�
�

1� cos
�m�x

2L

���
1� cos

�n�x
2L

���
dx

= 0; (27)Z L

0

X1
m=1

��
S
�m�

2L

�4
Wm + P

�m�
2L

�2
Wm

+ �I
�m�

2L

�2 �Wm

�
cos
�m�x

2L

�
cos
�n�x

2L

�
+ [�A+M� (x� L)]�

�Wm + 2
 _Vm � 
2Wm

�
�

1� cos
�m�x

2L

���
1� cos

�n�x
2L

���
dx

= 0: (28)

By calculating the above integrals, the following set
of in�nite ordinary di�erential equations can be deter-
mined for n = 1; 2; 3; ::::
L
2

�
S
�n�

2L

�4
Vn + P

�n�
2L

�2
Vn + �I

�n�
2L

�2 �Vn
�

+
1X
m=1

�AL
h

�Vm � 2
 _Wm � 
2Vm
i

�
1X
m=1

�A
h

�Vm � 2
 _Wm � 
2Vm
i�2L

n�

�
sin
�n�

2

�
�
1X
m=1

�A
h

�Vm�2
 _Wm � 
2Vm
i� 2L

m�

�
sin
�m�

2

�
+
�AL

2

h
�Vn � 2
 _Wn � 
2Vn

i
+
1X
m=1

M
h

�Vm � 2
 _Wm � 
2Vm
i

�
1X
m=1

M
h

�Vm � 2
 _Wm � 
2Vm
i

cos
�n�

2

�
�
1X
m=1

M
h

�Vm � 2
 _Wm � 
2Vm
i

cos
�m�

2

�
+
1X
m=1

M
h

�Vm � 2
 _Wm � 
2Vm
i

cos
�m�

2

�
cos
�n�

2

�
= 0; (29)

L
2

�
S
�n�

2L

�4
Wn + P

�n�
2L

�2
Wn + �I

�n�
2L

�2 �Wn

�
+
1X
m=1

�AL
h

�Wm + 2
 _Vm � 
2Wm

i
�
1X
m=1

�A
h

�Wm+2
 _Vm�
2Wm

i�2L
n�

�
sin
�n�

2

�
�
1X
m=1

�A
h

�Wm+2
 _Vm�
2Wm

i� 2L
m�

�
sin
�m�

2

�
+
�AL

2

h
�Wm + 2
 _Vm � 
2Wm

i
+
1X
m=1

M
h

�Wm + 2
 _Vm � 
2Wm

i
�
1X
m=1

M
h

�Wn + 2
 _Vn � 
2Wn

i
cos
�n�

2

�
�
1X
m=1

M
h

�Wm + 2
 _Vm � 
2Wm

i
cos
�m�

2

�
+
1X
m=1

M
h

�Wm + 2
 _Vm � 
2Wm

i
cos
�m�

2

�
cos
�n�

2

�
= 0: (30)

To calculate natural frequencies of the micro-drill rotor
system, time-dependent functions of Vn(t) and Wn(t)
are considered as follows:�

Vn (t)
Wn (t)

�
=
� ~Vn

~Wn

�
ei!t; (31)

where ~Vn and ~Wn are constants, ! is angular frequency,
and i =

p�1 is a complex number.
Substituting Eq. (31) into Eqs. (29) and (30), the

following set of equations can be obtained:

L
2

�
S
�n�

2L

�4 ~Vn + P
�n�

2L

�2 ~Vn � �I
�n�

2L

�2
!2 ~Vn

�
+
1X
m=1

�AL
h�!2 ~Vm � 2
i! ~Wm � 
2 ~Vm

i
�
1X
m=1

�A
h�!2 ~Vm � 2
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2 ~Vm

i
;

�
2L
n�

�
sin
�n�

2

�
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�
1X
m=1

�A
h�!2 ~Vm � 2
i! ~Wm � 
2 ~Vm

i
;

�
2L
m�

�
sin
�m�

2

�
+
�AL

2

h�!2 ~Vn � 2
i! ~Wn � 
2 ~Vn
i

+
1X
m=1

M
h�!2 ~Vm � 2
i! ~Wm � 
2 ~Vm

i
�
1X
m=1

M
h�!2 ~Vm � 2
i! ~Wm � 
2 ~Vm

i
cos
�n�

2

�
�
1X
m=1

M
h�!2 ~Vm � 2
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2

�
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M
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2 ~Vm

i
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�m�

2

�
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�n�

2

�
= 0; (32)
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�
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i
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�m�

2

�
cos
�n�

2

�
= 0: (33)

For an approximation, to calculate the �rst two natural
frequencies of the system, in the above equations, the
�rst two modes will be considered. For n = 1 and
n = 2, Eqs. (32) and (33) can be written in the form
of matrices as follows:�

A11 A12
A21 A22

�� ~Vn
~Wn

�
=
�

0
0

�
; (34)

where:

A11 =A22

��
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�
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�
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�n�
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��
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h�1 + 2 cos
�n�

2
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+
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��I

�
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�2
�

+ �AL
�
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�
4
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�
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�n�

2

��
+M

h�1+2 cos
�n�

2

��cos 2
�n�

2

�i�
!2; (35)

A12 = �A21 =
�
�AL

�
�3 + 4

�
2
n�

�
sin
�n�

2

��
+M

h�2 + 4 cos
�n�

2

�� 2cos2
�n�

2

�i�
i
!:
(36)

To have a non-zero solution for ~Vn and ~Wn in Eq. (34),
the determinant of the coe�cient matrix should be
equal to zero. Therefore, the result can be written as
follows:

A11A22 �A12A21 = 0: (37)

Substituting Eqs. (35) and (36) into Eq. (37), for
simpli�cation, the obtained result can be determined
as follows:


2
1!

4 � 
2!2 + 
2
3 = 0; (38)
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where:
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�
�L

2

�n�
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�2
�

+�AL
�
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�
4
n�

�
sin
�n�

2

��
+M
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�n�

2

�� cos 2
�n�

2

�i
; (39)


2 = D2
3
2 � 2
1
3;


3 = D1 +D2
2;

where:
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�
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2
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�n�

2
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�
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�
2
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�
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�n�

2

��
+M

h�2 + 4 cos
�n�

2

�� 2 cos 2
�n�

2

�i
: (40)

From Eq. (38), two natural frequencies for each mode
n of the system, which correspond to forward whirling
motion (!FWn ) and backward whirling motion (!BWn ),
can be obtained as follows (for n = 1; 2):

!FWn = +

"

2 + 2
1
3

(2
1)2

# 1
2

+

"

2 � 2
1
3

(2
1)2

# 1
2

;

!BWn = �
"

2 + 2
1
3

(2
1)2

# 1
2

+

"

2 � 2
1
3

(2
1)2

# 1
2

: (41)

Substituting 
i from Eq. (39) into Eq. (41), for simpli-
�cation, the obtained result can be written as follows
(for n = 1; 2):

!FWn = +

"
D2

3

(2
1)2

# 1
2




+

"�
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3 � 4
1D2
�


2 � 4
1D1

(2
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2

;

!BWn =�
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1)2

# 1
2




+

"�
D2

3 � 4
1D2
�


2 � 4
1D1

(2
1)2

# 1
2

: (42)

If the rotational speed of the micro-drill rotor 

surpasses a speci�c value, which is called threshold of
instability speeds, we will not have a real value for the
natural frequencies, i.e., the system becomes unstable.
According to Eq. (42), threshold of instability speeds
of the system can be obtained as follows:


thn =
�

4
1D1

D3
2 � 4
1D2

� 1
2

; for n = 1; 2; (43)

where the coe�cients 
1 and Di (i = 1; 2; 3) have been
given in Eqs. (39) and (40), respectively.

4. Validation

The governing equations (Eqs. (21) and (22)) for
lateral vibration of the micro-drill system were derived
analytically based on the MCST. In the special case of
l
R � 0, for a macro system, the governing equations
are simpli�ed as:

EI
@4v
@x4 � P @

2v
@x2 + [�A+M�(x� L)]

(�v + 2
 _w � 
2v)� �I @2�v
@x2 = 0; (44)

EI
@4w
@x4 � P @

2W
@x2 + [�A+M�(x� L)]

( �w + 2
 _v � 
2w)� �I @2 �w
@x2 = 0: (45)

Eqs. (44) and (45) are suitably compatible with the
ones presented in [51,55]. Also, for the case of l

R � 0
and 
 = 0 (non-rotating drill), the governing equation
(Eq. (22)) is simpli�ed as:

EI
@4w
@x4 �P @

2W
@x2 +[�A+M�(x�L)] �w��I @2 �w

@x2 =0:
(46)

The above equation is the typical formulation for the
lateral vibration of the Euler-Bernoulli beam com-
prising an attached point mass, M , at the free end
under constant axial load, P . Moreover, according
to Eq. (42), for the non-rotating drill (
 = 0) and
buckling case, the �rst natural frequency has to be zero,
that is:

D1 =
�
SL
2

� �
2L

�4
+
PL
2

� �
2L

�2
�

= 0: (47)

Thus, the critical axial load Pcr in the buckling case
can be calculated from Eq. (47) as follows:

Pcr = �S� �
2L

�2
; (48)
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where:

S = EI

"
1 +

2
1 + #

�
l
R

�2
#
: (49)

In the macro system, the buckling load can be calcu-
lated from Eq. (49) for l

R � 0 as follows:

Pcr = �EI�2

(2L)2 : (50)

The obtained buckling load is same as that of the classi-
cal solution to a cantilever beam with the clamped-free
boundary conditions.

5. Numerical results and discussion

In this section, the e�ects of size on the dynamic be-
havior of a micro-drill rotor subjected to an axial load
are studied and some numerical results are presented.

For numerical analyses, with regard to the me-
chanical properties and geometrical data, Young's
modulus, E = 1:44 GPa, Poison's ratio, # = 0:38, rotor
density, � = 7800 kg/m3, rotor radius, R = 20 �m,
rotor length, L = 20R �m [50], and concentrated
mass, M = 2:091 � 10�9 kg, are considered. The
�rst natural frequencies for both forward and backward
(FW and BW) whirling motions versus rotational speed
of rotor, 
, are depicted in Figure 3 for di�erent values
of dimensionless material length scale parameter, l=R,
concentrated mass of M = 2:91 � 10�9 kg, and axial
load of P = 0 N. The obtained results in Figure 3
show that the �rst natural frequencies of the system
for both forward and backward whirling motions will
increase with any increase in dimensionless material
length scale parameter, l=R. The above behavior in
the second natural frequency for both forward and
backward whirling motions versus rotational speed of
rotor, 
, can be seen in Figure 4.

Also, the �rst natural frequency for both forward
and backward whirling motions in the micro-drill rotor
system versus axial load, P , is presented in Figure 5 for
various values of dimensionless material length scale
parameter, l=R, rotational speed of 
 = 10000 rpm,
and l=R = 20. The results in Figure 5 show that the
�rst natural frequency of the system will decrease when
compressive axial load, P , increases. It should be noted
that the negative value of axial load demonstrates
that it is in the compressive case. Also, according
to Figure 5, the numerical results show that the �rst
natural frequency of the system will approach zero
with increase in the compressive axial load P , which
is called the buckling load for the micro-cantilevered
rotor. In this case study, buckling load (compressive
axial force) of the micro-drill rotor system is calculated
�2:80�10�3, �3:80�10�3, and �6:80�10�3 N when
l=R is equal to 0.0, 0.5, and 1.0, respectively.

Figure 3. Variation of the �rst natural frequency of the
micro-drill rotor system versus rotational speed of the
rotor for di�erent values of l=R parameter.

Figure 4. Variation of the second natural frequency of
the micro-drill rotor system versus rotational speed of the
rotor for di�erent values of l=R parameter.

Variations of threshold of instability speeds 
th1
and !th2 of the micro-drill rotor system versus di-
mensionless material length scale parameter, l=R, for
di�erent values of the rotor length are presented in
Figures 6 and 7, respectively, when compressive axial
load, P , is 5 � 10�4 N. The results show that the
values of 
th1 and 
th2 rise as L=R decreases and l=R
increases. The �rst natural frequency for the forward
whirling motion of the micro-drill rotor system versus
dimensionless material length scale parameter l=R is
provided in Figure 8 for di�erent values of the rotor
length at 
 = 10000 rpm and axial load of P =
�5 � 10�4 N. The results in Figure 8 also show that
the �rst natural frequency for forward whirling motion
of the micro-drill rotor system increases when the rotor
length decreases and the dimensionless material length
scale parameter, l=R, increases.
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Figure 5. Variation of the �rst natural frequency of the
micro-drill rotor system versus axial load, P , for di�erent
values of l=R parameter at 
 = 10000 rpm.

Figure 6. Variation of the �rst mode threshold of
instability speed of the micro-drill rotor system versus l=R
parameter for di�erent values of the rotor length at
P = �5� 10�4 N.

Variation of the �rst natural frequency for the
forward whirling motion of the micro-drill rotor system
versus concentrated mass, M , with di�erent values of
dimensionless material length scale parameter, l=R,
at 
 = 10000 rpm is investigated in Figure 9. The
numerical results in Figure 9 show that the �rst natural
frequency for forward whirling motion of the micro-
drill rotor system decreases when l=R decreases and M
increases. Finally, variation of buckling load (compres-
sive force) versus dimensionless material length scale
parameter, l=R, is depicted in Figure 10 for di�erent
values of the rotor length. The results in Figure 10

Figure 7. Variation of the second-mode threshold of
instability speeds of the micro-drill rotor system versus
l=R parameter for di�erent values of the rotor length at
P = �5� 10�4 N.

Figure 8. Variation of the �rst natural frequency for
forward whirling motion of the micro-drill rotor system
versus l=R parameter for di�erent values of the rotor
length at 
 = 10000 rpm and P = �5� 10�4 N.

show that buckling load of the micro-drill rotor system
will increase when the rotor length decreases and the
dimensionless material length scale parameter, l=R,
increases.

General review of the results in Figures 3 to 9
for the size e�ect on dynamic behavior of the system
shows that when the rotor radius, R, comes close to
the material length scale parameter, l, in micro-scale,
the �rst and second natural frequencies of the system
increase by approximately 52 to 66 percent at l=R = 20
and P = 0 N, depending on rotational speed, 
.
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Figure 9. Variation of the �rst natural frequency for
forward whirling motion of the micro-drill rotor system
versus concentrated mass, M , for di�erent values of l=R
parameter at 
 = 10000 rpm.

Figure 10. Variation of buckling load (compressive force)
versus l=R parameter.

6. Summary and Conclusion

A micro-cantilever rotor subjected to an axial load
with a concentrated mass attached to the free end
was considered for modeling of a micro-drill system,
which could be used in the future applications in
medical industries. The dynamic behavior of a micro-
cantilever rotor system subjected to an axial load with
a concentrated mass attached to the free end of the
micro-rotor was studied. To capture size e�ects as
well as to predict the dynamic behavior of the system,
the governing equations of motion were derived based
on the non-classical theory of MCST and Hamilton's

principle. The Assumed Modes method was employed
to transform the partial di�erential equations into a
set of in�nite ordinary di�erential equations. The �rst
and second natural frequencies of the system for both
forward and backward whirling motions were obtained
by considering the �rst two modes.

Numerical results of the natural frequencies and
the threshold of instability speeds of the system with
respect to di�erent values of system parameters were
presented. The results showed that material length
scale parameter values, axial load values, and concen-
trated mass values had signi�cant e�ects on vibration
characteristics of the micro-drill rotor system.
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