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Abstract. In this paper, vibrational analysis of a size-dependent micro-ring gyroscope
under electrostatic DC voltage is performed. Governing equations of size-dependent
micro rings and corresponding �nite-element formulation of circular micro ring along
with eight half circular sti�eners embedded inside the ring are derived based on the
modi�ed couple stress theory, Hamilton's principle, and in-extensionality approximation.
Frequency analysis indicates that the obtained mode shape of the ring gyroscope is slightly
di�erent from the one previously reported in the literature. Size-dependent behavior
of the gyroscope is studied, and related �ndings con�rm the gap between classic and
non-classic natural frequencies and pull-in voltage when the ring thickness is in order of
material length scale parameter. Two di�erent orientations for the actuation electrodes
of the micro-ring gyroscope are implemented, and the e�ect of these orientations on the
static de
ection, pull-in instability, and device frequencies in the sense (45� direction) and
drive (0� direction) directions is investigated. Results reveal that the pull-in phenomena
take place under lower voltages for 0� and 45� orientation of electrodes in comparison
with 0� orientation; frequency split occurs in higher voltages for 0� and 45� orientation.
A comparison between �nite-element numerical natural frequencies of single ring and
previously obtained analytical ones shows excellent agreement.

© 2018 Sharif University of Technology. All rights reserved.

1. Introduction

Because of simplicity in construction and usage as
well as high precision [1], Micro-Electro-Mechanical
Systems (MEMS), such as micro switches [2,3], micro-
resonators [4], energy harvesters [5,6], and gyro-
scopes [7], are developed for di�erent industrial uses.
Micro accelerometers and micro gyroscopes are two of
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the most practical MEMS devices that measure the
translational and rotational speed rates of systems,
respectively [7,8]. A Coriolis gyroscope, as a micro
gyroscope, works based on the generated Coriolis force,
and it is classi�ed into three major subsets: tuning fork
gyroscope [9], beam gyroscope [10], and vibrating ring
gyroscope [11]. Vibrating ring gyroscope is a rotating
ring connected to a number of sti�eners (usually 8 or
16) and actuated by electrostatic force [7].

Di�erent types of vibrating ring gyroscopes have
been manufactured and tested by researchers [11-13].
The �rst generation of the vibrating ring gyroscopes
was designed by Putty [14]. This gyroscope is made of
a nickel-based vibrating ring, suspended on sixteen half
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circular sti�eners and actuated by electrostatic force in
both actuation and sense modes. Low-quality factor
and high thermal sensitivity are the main disadvan-
tages of this sensor. Ayazi and Naja� [11] designed
and fabricated a similar, highly functional silicon-based
gyroscope, which is of lower thermal sensitivity. They
considered eight half circular sti�eners, and showed
that the performance of the gyroscope improved in
the new design. Weng et al. [15] designed a novel
accelerometer and a vibrating ring sensor capable of
measuring the rotation rate and linear acceleration of
the devices at the same time. They used �nite element
method to analyze the sensor. Designing and testing a
novel piezoelectric based vibrating ring was performed
by Tao et al. [12]. In this gyroscope, beams are used
instead of circular sti�eners, and piezoelectric e�ect
is utilized in drive and sense directions instead of the
electrostatic force.

Elastic rings are the main components of vi-
brating ring gyroscopes; therefore, many researchers
modeled and analyzed the mechanical behavior of these
components [16-19]. Wu and Parker [16] presented
the natural frequency analysis of rings resting on the
general elastic foundation. They considered two sets
of orthogonal sti�eners in an arbitrary direction. The
vibrational analysis of extensional and in-extensional
rotating rings based on the wave propagation approach
was performed by Huang et al. [20]. Cooley and
Parker [17] also carried out the vibrational analysis of
the rotating rings. They investigated the high speed
rate of rotation along with the discrete sti�eners in
their model. Bisegna and Caruso [21] studied the
dynamic behavior of the imperfect vibrating rings by
considering perturbations of the mass density and
bending sti�ness of a perfect ring. They obtained
the frequency split of the rings, and showed that
their results were in good agreement with analytical
�ndings.

Due to the small size of micro scale structures,
the size-dependency e�ect plays an important role
in the mechanical response of these systems; hence,
the mechanical behavior of these components cannot
be explained and justi�ed by the classical continuum
theory [22-24]. On the other hand, non-classic the-
ories, such as modi�ed couple stress theory [25], can
accurately model the micro scale structures and cover
the gap between the experimental and classical results.
Due to the capability of the modi�ed couple stress
theory in modelling of micro scale structures, many
researchers have utilized this theory to model the static
and dynamic behaviors of micro electromechanical
systems [26-28]. The static and dynamic behaviors of
micro cantilevers on the basis of the modi�ed couple
stress theory were studied by Rahaeifard et al. [27].
They obtained the pull-in voltage of these systems,
and found that the size-dependent results were in

good agreement with the experimental observations
performed by Osterberg and Senturia [29]. Abbasnejad
et al. [30] obtained the static and dynamic pull-in
voltages of size-dependent FGM micro beams under
electrostatic force and investigated the stability of these
structures. Based on the modi�ed couple stress theory,
vibrational analysis and nonlinear pull-in instability
of micro plates were studied by Wang et al. [31].
Their �ndings revealed that the e�ects of the material
length scale parameter and surface energy became more
signi�cant as the beam thickness decreased. Kim
and Reddy [26] analyzed size-dependent functionally
graded plates based on the third-order shear defor-
mation theory. They used �nite-element method to
investigate the e�ect of modi�ed couple stress theory
and geometric nonlinearities. The quasi static and
dynamic governing equations of the viscoelastic micro
beams using the modi�ed couple stress theory were
derived by Zhang and Fu [32]. They utilized Galerkin
method to obtain the pull-in voltage of the system and
validated the results with FEM model. Rahaeifard
and Mojahedi [33] investigated the e�ect of mechanical
shock on the dynamic behavior of micro accelerome-
ters. They used �nite-element and multiple time scale
methods to obtain the response of the system, and
showed that using the modi�ed couple stress theory
in comparison with classical continuum beam theory
can change the response of the system from unstable
to stable.

The present paper deals with the e�ect of the
electrostatic DC voltage on the static de
ection, pull-
in instability, and natural frequencies of the size-
dependent ring gyroscope (ring with eight discreet half
circular sti�eners embedded inside the ring) in the
absence of angular velocity. Based on the modi�ed
couple stress theory, the micro rings' governing equa-
tions of motion are derived, and the corresponding
in-extensional ring element is proposed. By using
the proposed ring element, the complete �nite-element
formulation of the vibrating ring gyroscope structure
is presented. By utilizing the �nite-element model,
the natural frequency, static de
ection, and pull-in
instability of the system under electrostatic DC voltage
can be studied. Two di�erent orientations for the
actuated electrodes of the micro ring gyroscope are im-
plemented, and e�ect of these orientations on the static
de
ection, device frequencies, and pull-in instability
is investigated. The size-dependent behavior of the
gyroscope is investigated, and �ndings are compared
to classical ones.

2. Modeling of circular rings

According to Figure 1, the displacement �eld of
in-plane motion of micro-ring based on the Euler-
Bernoulli beam theory in the cylindrical coordinate
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Figure 1. Circular micro-ring: (a) Geometry and
parameters and (b) ring cross-section.

system is expressed as follows:8><>:ur = w
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is the ring radius, and r is the distance of an arbitrary
point from the neutral axis of the ring cross-section.
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In these equations, � is the shear modulus, E is the
modulus of elasticity, and l is the material length scale
parameter. According to the modi�ed couple stress
theory [25], the variation of strain energy of the micro
ring is obtained as follows:
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in which V and A are the volume and ring cross-section,

respectively. The variation of the kinetic energy of the
ring is derived as follows:
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where � is the density of micro-ring material. The
virtual work done by the external forces acting on the
ring is written in the following form.
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0
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In the above relation, f and p are radial and tangential
external forces, respectively. By using the Hamilton's
principle, the governing equations of motion of the
micro-ring can be derived as follows:
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Neglecting the length scale parameter reduces the
above equation to classic ones reported in the litera-
ture [35]. The corresponding boundary conditions are
determined as follows:�
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2.1. Finite-element formulation
Considering the micro-ring neutral axis in-
extensionality [35] ("�� = 0), the governing equations
are reduced to one equation as shown in the following:�
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For the case of electrostatic actuation, the tangential
external force (p) is considered to be zero, and the
radial external force (f) is expressed as follows:
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where m is the number of the electrodes, "0 is the
vacuum permittivity, Ae is the actuation area of the
electrodes facing the ring, d is the initial gap between
the electrodes and the ring, and V is the applied volt-
age. Furthermore, �j and ��j are the angular position
of the jth electrode center and angular length of the
jth electrode facing the ring perimeter, respectively,
and H is the Heaviside function. The dimensionless
parameters are introduced as follows:
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The dimensionless governing equation is obtained as
follows: 
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In Figure 2, the schematic view of the two-node in-
extensional ring element is presented. Parameters �1
and �2 denote the positions of the �rst and second
nodes, while the element length in radian is de�ned

Figure 2. Two-node ring element.

as �e = �� = �2 � �1. The dimensionless coordinate is
de�ned as s = (� � �1)=�e.

According to the governing equation, each node
of the element must have 3 degrees of freedom; hence,
de
ection, slope, and curvature are prescribed at the
boundaries. The nodal displacement vector for this
new in-extensional size-dependent ring element can be
expressed as follows:
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The nodal displacement is related to the ring displace-
ment using the shape functions as follows:

û(s; t) = N(s)�(t): (19)

By utilizing the Hermitian functions, the shape func-
tion vector (N) is de�ned as follows: :
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Using the Galerkin method [36], the proposed nodal
displacement, the corresponding shape functions, and
some mathematical manipulations, the governing equa-
tion in the matrix form for one element is obtained as
follows:

[M ]
h
��
i

+ [K][�] = [Fe] ; (21)

where [M ] = [M1] + [M2] and [K] = [K1] + [K2] +
[K3] are mass and sti�ness matrices, respectively, which
are obtained by Eqs. (22) to (26) as shown in Box I.
The external force acting on the ring element can be
expressed as follows:
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It should be noted that the electrostatic DC voltage is
considered only for the elements facing the electrodes.
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Box I

2.2. Linear natural frequency
The natural frequency of the gyroscope under applied
DC voltage is investigated in this section. Therefore, it
is considered that the micro-ring has small dynamic
deformation (vibration) around its static de
ection
(calculated in the previous section by neglecting time
dependent terms). The total de
ection of the micro-
ring can be presented as follows:

û(�; t) = ûs(�) + ûd(�; t); (28)

where ûs and ûd are static and dynamic de
ections
of the structure. Substituting the above-mentioned
deformation and utilizing the Taylor expansion for the
electrostatic load yields the following:
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For small vibration of micro-ring around the static de-

ection, the linear natural frequency can be considered



3156 A. Karimzadeh and M.T. Ahmadian/Scientia Iranica, Transactions B: Mechanical Engineering 25 (2018) 3151{3160

as the resonant frequency of the system with negligible
error [37]. Using the proposed �nite-element formula-
tion and omitting the static deformation results, the
linear natural frequency of the system under applied
DC voltage can be studied. By assuming the dynamic
deformation similar to Eq. (19), the matrix form of the
equation for one element is obtained as follows:

[M ]
h
��
i

+ ([K] + [KDC]) [�] = 0: (30)

The matrices [M ] and [K] where derived in the previous
section, and [KDC] of the ring element can be obtained
as follows:

KDC =�
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@ûs
@s

�3

1CA�dNds �
1CA ds:

(31)

By assembling the mass and sti�ness matrices along
with the force vectors of all elements and satisfying
the boundary conditions, the complete model of the
structure (i.e., the main micro ring and the eight
half circular sti�eners) can be obtained; based on the
actuation electrodes position, the static DC voltage can
be employed for the FE model.

3. Results and discussion

The vibrating ring gyroscope is assumed to be made
of polysilicon. The density, Young modulus, and shear
modulus of elasticity for polysilicon are considered as
� = 2332 kg/m3, E = 150 GPa, and � = 60:98 GPa,
respectively [38,39]. Figure 3 shows excellent match
between the analytically [35,40] and numerically ob-
tained (present work) �rst natural frequencies of single
micro ring (i.e., the ring without sti�ness). Based on
this agreement, for more complicated systems (such as

Figure 3. First numerical and analytical natural
frequency of the micro-ring.

the ring with sti�eners) in which analytical method
is not applicable, using �nite-element analysis and
the proposed element gives favorable evaluation of
the behavior of the system. In addition, this �gure
indicates that the proposed ring element captures the
size-dependent behavior of the micro rings, revealing
that the element is suitable for modeling of the micro
scale systems.

In Figure 4, the �rst natural frequency of com-
plete non-classic structure (micro ring and sti�eners)
is presented for di�erent ring thickness to material
length scale parameter ratios. This �gure obviously
shows the size-dependent behavior of vibrating ring
gyroscope when the ring thickness and material length
scale parameter are in the same order. As this ratio
increases, the non-classic results converge to classic
ones. By using the �nite-element model presented in
this paper, the mode shapes of the ring gyroscope are
obtained. In the previous researches on the vibrating
ring gyroscopes [12,41], the mode shape of the system
is considered similar to that of single ring [35] (i.e.,
sin(n�)), while Figure 5 shows that the mode shape
of the gyroscope is slightly di�erent from the assumed
mode shapes presented in the literature. This �nding
reveals that in order to obtain highly accurate behavior
and response of the vibrating ring gyroscope, the
presented mode shape should be utilized.

The actuation force applied to the vibrating ring
gyroscopes is a combination of DC and AC electrostatic
forces. Since the DC voltage can cause a frequency
change in micro electromechanical systems and also
the static pull-in voltage is an important characteristic
parameter of MEMS devices in the following �gures,
the e�ect of applying static DC voltage on the behavior
of the ring gyroscope for two di�erent electrodes orien-
tation is analyzed. The �rst two modes of the vibrating
micro ring gyroscope have equal natural frequencies

Figure 4. Comparison of the �rst classical and
non-classical natural frequencies of the ring with sti�eners.
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Figure 5. First mode shape of the ring gyroscope.

Figure 6. Main ring on eight sti�eners and orientation of
electrodes in the sense and drive directions.

with di�erent mode shapes. These modes are in 45�
shift on the ring perimeter where the drive and sense
directions of the gyroscope are placed in the direction
of these modes. Actuation electrodes are considered
for applying DC voltage in two di�erent orientations.
In the �rst orientation, as it is shown in Figure 6, the
actuation electrode for DC voltage is located in the
�rst mode direction (0�). In the second orientation,
the actuation electrodes are positioned in 0� and 45�
where one of them is in the �rst mode and the other
one in the second mode direction. The angular length
of each electrode is assumed to be 2�.

The linear natural frequency of the ring gyroscope
under application of electrostatic DC voltage for the
�rst orientation of electrodes is presented in Figure 7.
Di�erent values for the ring thickness to material
length scale parameter ratio (h=l=3, 5 and h=l > 100)
are considered, and size-dependent behavior of the
gyroscope is observed clearly. Moreover, applying DC
voltage caused a frequency split between the natural
frequency of the system in the 1st (drive) and 2nd
(sense) modes, which are important to be equal for
vibrating ring gyroscopes. In Figure 8, the natural fre-
quency of the complete ring for the second orientation
of the actuated electrodes for di�erent ratios of ring

Figure 7. Natural frequency for actuated electrode in 0�
(��� h=l = 3,- h=l = 5,... h=l >> 100).

Figure 8. Natural frequency for actuated electrodes in 0�
and 45� (��� h=l = 3, - h=l = 5, ... h=l >> 100).

thickness to material length scale parameter (h=l=3, 5
and h=l >100) is illustrated. Since the DC voltage is
applied to the ring in both sense and drive directions,
the frequency split of the ring happens just near pull-in
voltage.

Pull-in instability and pull-in voltage of the com-
plete ring gyroscope for the �rst and second orienta-
tions of electrodes with respect to the ratio of ring
thickness to material length scale parameter are plotted
in Figures 9 and 10. A comparison of these �gures re-
veals that, for the second orientation of the electrodes,
the pull-in voltage is lower than the �rst orientation,
meaning that lower DC voltage must be applied to the
system for the second orientation in order to expect
linear behavior for the system. In addition to that, the
size-dependent behavior of the ring gyroscope is found
from these �gures, which indicate that when the ring
thickness is in order of material length scale parameter,
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Figure 9. Pull-in voltage versus ring thickness to
material length scale ratio for actuated electrode in 0�.

Figure 10. Pull-in voltage versus ring thickness to
material length scale ratio for actuated electrodes in 0�
and 45�.

the classic and non-classic responses have a meaningful
di�erence.

The maximum de
ection of the size-dependent
ring gyroscope under application of DC voltage for two
di�erent orientations of electrodes is presented in Fig-
ures 11 and 12. Results reveal that as the ring thickness
to material length scale parameter ratio increases, the
size dependency e�ect decreases, and classical and non-
classical �ndings converge together. The comparison
of these �gures can determine the di�erence between
pull-in voltage and maximum de
ection of complete
ring with respect to the two methods of applying DC
voltage.

4. Conclusion

The governing equations of the size-dependent micro
ring based on the modi�ed couple stress theory and

Figure 11. Maximum de
ection of ring versus pull-in
voltage for actuated electrodes in 0�.

Figure 12. Maximum de
ection of ring versus pull-in
voltage for actuated electrodes in 0� and 45�.

Hamilton's principle were derived in this work. By
considering the in-extensionality of the micro ring
and using the derived governing equations, the �nite-
element model of the vibrating ring gyroscope (circular
micro ring along with eight half circular sti�eners) (ring
gyroscope) was developed. The natural frequency anal-
ysis of the micro-ring gyroscope was performed, and
precise mode shape of the system was achieved, which is
slightly di�erent from the mode shapes proposed in the
literature. Response of the gyroscope under application
of electrostatic DC voltage was investigated, and static
de
ection, maximum de
ection of ring, and pull-in
voltage were obtained. Two di�erent orientations for
the actuation electrodes of the micro ring gyroscope
(namely 0� and 0� & 45�) were considered, and the
e�ect of these orientations on the device frequencies in
sense and drive directions along with the static pull-in
instability was investigated. Findings con�rmed the
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size-dependent behavior of the micro gyroscope and
showed the gap between the classic and non-classic
natural frequencies and static pull-in voltage of the
gyroscope when the ring thickness was in order of mate-
rial length scale parameter. The numerically obtained
�rst natural frequency of the �nite-element model of
single micro-ring was compared to analytical natural
frequency of the model, and excellent agreement was
observed.
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