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Abstract. Due to exibility of thin plates, high-amplitude vibrations are observed when
they are subjected to severe dynamic loads. Because of the extensive application of circular
plates in industry, attenuating the undesired vibrations is of foremost importance. In this
paper, Adaptable Vibration Suppressors (AVSs) as a semi-active control approach were
utilized to suppress the vibrations in a free circular plate under the concentrative harmonic
excitation. Using mode summation method, the mathematical model of the hybrid system
including the plate and an arbitrary number of vibration suppressors was analyzed. By
developing a complex multiple-loop algorithm, optimum values for the parameters of AVSs
(sti�ness and position) were achieved such that the plate deection was comprehensively
minimized. According to the results, AVSs acted e�ciently in suppressing the vibrations
in resonance/non-resonance conditions. It was also observed that optimum AVSs reduced
the plate deection over a broad spectrum of excitation frequencies. Finally, since the
algorithm was developed in a general user friendly style, design of AVSs could be extended
to other shapes of plates with various boundary conditions and excitations.

© 2019 Sharif University of Technology. All rights reserved.

1. Introduction

In recent years, continuous circular plates have exten-
sively been used in complex engineering structures.
Manufacturing processes, aeronautics, marine struc-
tures, pressure vessels, rocket launching pads, and
instrument mounting bases for space vehicles are some
of the instances in which these plates are used [1]. In
most of these structures, the plates are subjected to
severe dynamic loadings, which induce large vibration
amplitudes due to their exibility.
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Although the dynamics of the circular plates are
described through complex governing equations, the vi-
brations induced by conservative and non-conservative
loads have widely been studied. Following the at-
tempts to �nd the natural frequencies of circular
plates, Minkarah and Hoppmann [2] obtained series
solutions for simply supported and clamped circular
plates. Narita [3] utilized the Rayleigh-Ritz method
to derive the power series of the vibration equations,
while Kang et al. [4] obtained approximate closed-form
solutions for free vibrations of circular plates. Exact
solutions for free vibrations of circular plates with
various boundary conditions including free, clamped,
and simply supported were presented by Leissa [5,6]. In
the early stages, several researches were carried out to
study the axisymmetric vibration of circular plates. For
instance, Yamaki [7], and Kung and Pao [8] analyzed
the one-mode vibration with various boundary condi-
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tions while they neglected damping e�ects. Moreover,
in regard to the rotating circular discs, Tobias, Arnold,
and Williams [9-11] took the asymmetric modes into
account. Recently, Shi et al. [12] proposed a uni�ed
approach to vibration analysis of circular plates under
arbitrary boundary conditions.

In parallel with the free vibrations of circular
plates, their forced response behavior was also stud-
ied. A thorough research was conducted by Srid-
har et al. [13] who obtained the forced response of
a clamped circular plate considering the e�ects of
damping. With the introduction of computer methods,
new studies were performed. Combining the Finite
Element Method (FEM) and harmonics balance ap-
proach, Ribeiro and Petyt [14,15] conducted numerical
research with computer simulations. Wu et al. [16]
analyzed static and free vibrations of plates using
hybrid smoothed FEM. Later, e�ects of harmonic exci-
tations were studied in several studies. For instance,
Haterbouch and Benamar [17,18] executed some in-
vestigations into the harmonic non-linear vibrations
of circular plates. Recently, Liou [19] studied the
e�ect of time-dependent excitation on circular plate,
numerically.

Non-conservative loads induce two main insta-
bilities in plates: divergence and utter. Through
monitoring dynamic system vibrations, the utter type
of instability can be detected. As it is well-known,
under resonance conditions, large vibration amplitudes
are observed. Consequently, the plate is vulnerable to
fatigue or fractures in severe dynamic loading cases.
Moreover, the necessity of using thin plates in reducing
the mass to its maximum extent increases the exibility
of the plates. In order to suppress the high-amplitude
vibrations, methods to control and attenuate the harm-
ful vibrations are required.

Many passive and active control approaches have
been used to suppress large vibration amplitudes of
circular plates. Kerlin [20] analyzed the e�ect of a
plate-like dynamic vibration absorber. Initially, this
type of absorber was introduced by Snowdon [21]. Kirk
and Leissa [22] examined how a concentric ring-sti�ener
a�ected the lowest vibration frequencies of a circular
plate and tried to �nd the best position to place the
absorber. Azimi [23] presented a way to attenuate the
vibrations using an elastic point support on the plate.
Kunukkasseril and Swamidas [24] investigated the free
vibrations of isotropic and orthotropic plates supported
by a �nite number of elastic or rigid concentric rings.
Avalos et al. [25] found the approximate solution for
the vibrations of a circular plate carrying an elastically
mounted mass by using the optimized Rayleigh-Ritz
method.

Among the active methods for controlling the
vibrations, some studies have appeared to work e�-
ciently. Ray and Shivakumar [26] tested the method

of using Active Constrained Layer Damping (ACLD)
to suppress the vibrations in thin plates. Vidoli and
Dell'Isola [27] implemented electrically interconnected
piezoelectric actuators to attenuate the vibrations
while Caruso et al. [28] placed couples of piezoelectric
patches, used as sensors and actuators, to attenuate
the oscillations. Wu et al. [29] incorporated a linear
motor to control the vibrations. Qiu et al. [30] analyzed
the e�ect of piezoelectric ceramics patches as sensors
and actuators to suppress the vibration of the smart
exible clamped plate. In the study by Hu and
Ng [31], active robust vibration control method was
tested via experimental implementation to reduce the
vibrations in circular structures. Wiciak [32] did also
make use of piezoelectric actuators for active vibration
suppression and analyzed the results numerically. In
a recent study, Khorshidi et al. [33] applied an active
control method to attenuate the transverse vibration
of plates under harmonic loads. Several e�orts have
been put into attenuating the vibrations by utilizing
smart materials. Among them, application of adaptive
synchronized switch damping on voltage to composite
beams [34] and semi-passive piezoelectric-based control
with synchronized switch damping method [35] are of
foremost importance.

Although various passive/active control methods
have been implemented, there are still some de�cien-
cies. The passive control methods may not be able to
suppress vibrations over a broad spectrum of excitation
frequencies. This is because with a low number of sup-
pressors, it is not possible to suppress complex mode
shapes of the plate. Although active control methods
have been designed for a wide range of frequencies, few
studies have investigated their use in circular plates.
According to the literature, active methods are essen-
tially applied to rectangular plates. Furthermore, the
active methods usually require expensive mechanisms
to work e�ectively on thin plates. Finally, it should
be noticed that in the majority of previous researches,
passive absorbers or actuators have been �xed in
speci�c positions. In the presence of complex mode
shapes of circular plates, this limitation is regarded as
a hindrance to suppressing the vibrations.

Attenuating the vibrations in plates that are
subject to harmonic loads can broaden the appli-
cations of circular plates in industry, dramatically.
Since Adaptable Vibration Suppressors (AVSs) can
strengthen resistance of the circular plates to a broad
range of excitation frequencies, circular-shape struc-
tures that are comparatively easy to manufacture can
incorporate large fatigue-resistant or fracture-resistant
plates. Marine vehicles, circular tanks or pipes in which
the uid is in dynamic motion, and vibrant-instrument
mounting bases are some of the frameworks that can
be established using circular shaped plates.

In this paper, optimized Adaptable Vibration
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Suppressors (AVSs) are designed to suppress the vibra-
tions in the circular plate that are caused by harmonic
excitation of the center point. Saadabad et al. [36]
showed that implementing tunable vibration absorbers
could reduce the undesired oscillations in transmission
line as a continuous system over a wide range of excita-
tion frequencies. Saadabad et al. [36] investigated the
sti�ness and position of absorbers in a one-dimensional
space. In the present work, the problem is extended
to 2-dimensional space. This adds to the complexity
of the proposed algorithm; while the distribution of
the natural frequencies is various in a circular plate,
the transmission line is modelled as a 1-dimensional
string. In the presented semi-active control method,
an iterative multiple-loop optimization algorithm is
established and utilized to determine the optimum
number of AVSs and best values of their parameters
(sti�ness and locus) such that the circular plate deec-
tion is minimized. By analyzing the problem in the
time/frequency domains, an e�cient look-up diagram
for the design of AVSs is developed for a broad range of
excitation frequencies. It is shown that implementing
passive vibration suppressors that are placed on the
structure based on an active design process can be
e�cient in reducing the oscillations. Implementing
the look-up diagram with adaptive-sti�ness suppressors
and displacing the suppressors based on the external
excitation provide the means for a semi-active vibration
control of the structure.

2. Modeling the combined dynamical system
of circular plate and �nite number of
adaptable vibration suppressors

The model of the circular plate under a harmonic
excitation force is presented in Figure 1. The plate is
modeled as a continuous system with in�nite number
of elements. In a given domain, the general equation
of motion for the plate is described as [37]:

m(@) �w(@; t) + Lw(@; t) = f(@; t); (1)

in which @ is a point in the domain, w(@; t) is the
deection of that point at time t, L is a sti�ness dif-
ferential operator with linear homogenous self-adjoint
characteristics, m(@) represents the mass density, and
f(@; t) is the force density at point @. If the normal
modes of the circular plate, Wmn(r; �), are known, its
deection at any point can be written in the form:

w(r; �; t) =
1X
m=0

1X
n=1

Wmn(r; �) �mn(t); (2)

in which, �mn(t) is the time-dependent modal coordi-
nate. Substituting Eq. (2) in Eq. (1), and de�ning the
generalized forces as:

Nmn(t) =
Z 2�

0

Z R

0
Wmn(r; �) f(r; �; t) r dr d�; (3)

yields the modal equation in the generalized coordi-
nates:

��mn(t) + !2
mn�mn(t) = Nmn(t); (4)

where, in Eq. (3), f(r; �; t) = F (t)�(r � �r; � � ��) is the
distribution of force on the plate. Taking the damping
e�ects of the plate into account (dented by �mn), the
modal equation is modi�ed as:

��mn(t) + 2�mn!mn _�mn(t) + !2
mn�mn(t) = Nmn(t):

(5)

The normal mode shapes in a circular domain given by
0 < r < R, are found based on the di�erential equation
[29]:

r4W (r; �)� �4W (r; �) = 0; �4 =
m!2

DE
; (6)

where DE = Eh3

12(1��2) is the plate exural rigidity, E
is Young's modulus, h is the plate thickness, and � is
Poisson's ratio. The solution to Eq. (6) is in the form:

Figure 1. Schematic representation of the circular plate combined with an arbitrary number of Adaptable Vibration
Suppressors (AVSs).
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Wm(r; �) =[A1mJm(�r) +B1mIm(�r)] sinm�

+ [A2mJm(�r) +B2mIm(�r)] cosm�;

m = 0; 1; 2; ::: (7)

in which, the constants should be determined based
on the boundary conditions of the plate. It should
be mentioned that in Eq. (7), the second-kind Bessel
functions, Ym and Km do not appear, because the
solution must have �nite values in the interior points.

For a free circular plate with radius R, bending
moment and shear force are zero at free edge (r = R).
Applying these boundary conditions, the values of Am,
Bm and � will be found. In the absence of suppressors,
assume that a harmonic force excites the plate at an
arbitrary point (r0; �0). In this situation, Eq. (5) is
modi�ed to:

��mn(t) + 2�mn!mn _�mn(t) + !2
mn�mn(t)

=
Z 2�

0

Z R

0
Wmn(r; �)F0(t)�(r � �r0; � � ��0)r dr d�;

(8)

in which F0(t) is the force acting on the plate. A
�nite number of suppressors are placed on the plate;
name this number ~P . Each suppressor is constituted
of mass-spring-damper elements. In the presence of
suppressors, Eq. (5) is rewritten as:

��mn(t)+2�mn!mn _�mn(t) + !2
mn�mn(t) =

Z 2�

0

Z R

0

Wmn(r; �)
~PX

p=0

Fp(t)�(r � �rp; � � ��p) r dr d�;
(9)

where, p = 1; :::; ~P represents each suppressor located
at (�rp; ��p) and p = 0 represents the harmonic force
located at (r0; �0). The set of forces exerted by the
suppressors can be expressed as:
Fp(t) =kp

�
up(t)� w(�rp; ��p; t)

�
+ cp

�
_up(t)� _w(�rp; ��p; t)

�
;

p = 1; 2; ::; ~P ; (10)

where, kp; cp; up are sti�ness, damping, and displace-
ment of the suppressor, respectively. Substituting
Eq. (10) in Eq. (9), the following equation is obtained:

��mn(t) + 2�mn!mn _�mn(t)

+!2
mn�mn(t) = F0(t)Wmn(�r0; ��0)

+
~PX

p=1

(kp[up(t)� w(�rp; ��p; t)]Wmn(�rp; ��p)

+cp[ _up(t)� _w(�rp; ��p; t)]Wmn(�rp; ��p)): (11)

In this context, m and n are the �rst and second indices
of the mode shapes, where m = 0; 1; 2; :::;M and n =
1; 2; :::; N . Eq. (11) can be rewritten (M+1)�N times
for all the mode shapes taken into account. In addition
to this set of equations used for the plate, the following
equation describes the dynamics of each suppressor:

mp�up =kp[w(�rp; ��p; t)� up(t)]
+ cp[ _w(�rp; ��p; t)� _up(t)]: (12)

Based on Eqs. (11) and (12), for (M + 1) � N plate
modes and ~P number of suppressors, there are [(M +
1) � N ] + ~P equations and corresponding number of
unknowns. The harmonic excitation force is considered
at the center of plate as (r0 = 0; �0 = 0):

F0(t) = F eJ
t; (13)

in which F and 
 are the amplitude and frequency
of the external force, respectively. Although the
excitation is considered to be constituted of only
one frequency, the proposed design procedure can be
extended to a spectrum of frequencies. Using the
method of superposition, the e�ect of a wide-ranging
spectrum can be included. In the case of harmonic
forced excitation, the amplitude of coordinates �mn and
displacement of suppressors up are described as:

�mn(t) = ��mn eJ
t ; up(t) = �up eJ
t: (14)

Substituting Eqs. (13) and (14) into Eqs. (11) and (12)
and performing some mathematical simpli�cations and
rearrangements, we have:

(�
2 + 2�mn!mn
J + !2
mn)��mn

�
~PX

p=1

(kp + J
cp) �upWmn(�rp; ��p) +
~PX

p=1

(kp+J
cp)

"
MX
a=0

NX
b=1

Wab(�rp; ��p)��ab

#
Wmn(�rp; ��p)

= �F0Wmn(�r0; ��0);��
2mp + J
cp + kp
�

�up

= (kp + J
cp)

"
MX
a=0

NX
b=1

Wab(�rp; ��p)��ab

#
: (15)

Eq. (15) represents the governing vibration equations of
the coupled system under external excitation, including
the circular plate and the suppressor. The equations
are rearranged in the matrix form of 	� = �, in which
	 is a full-rank matrix of order [(M + 1)�N ] + ~P , �
shows a vector which contains the coe�cients �mn and
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up (m = 0; 1; 2; :::;M ;n = 1; 2; :::; N ; p = 1; 2; :::; ~P ),
and � represents the force vector. Setting the determi-
nant of matrix 	 equal to zero, the natural frequencies
of the coupled system are calculated. Solving the
system of equations simultaneously, results in the
computation of the generalized coordinates �mn and
the amplitude of displacements up.

3. Devising a complex algorithm with iterative
optimization

A complex optimization algorithm containing several
simultaneous sub-algorithms is developed in the MAT-
LAB environment for the hybrid system of circular
plate and the AVSs. The frequency of excitation
changes over a wide range, while the physical charac-
teristics of the plate and mass value of the suppressors
are kept �xed. Vibration suppressors are added to
the system one by one and when an AVS is added,
its physical characteristics and position are found such
that the plate deection is minimized. The physical
parameters and locus of each suppressor are found

through a simultaneous search over the possible val-
ues. After �nding the optimum con�guration for the
suppressor (i.e., its physical parameters and locus), it
is included in the system as a �xed AVS and a similar
search procedure begins for the next AVS.

The method for �nding the best sti�ness and
position for each suppressor consists of three major
algorithms, which are activated concurrently (as shown
in Figure 2 via the dashed box). In each step, the
sti�ness and position of the suppressor are changed and
deection of the plate is obtained and compared with
that of the case with no suppressor. The Root Mean
Square (RMS) of plate deection (at a �nite number
of points over the plate) is utilized as a comparison
criterion for the purpose of optimized design. At
each optimization step, the reduction indicator (<)
is calculated as shown in Box I, which represents
the RMS value of plate deection without suppressors
with respect to the case of using suppressors. In this
formulation, Dr and D� are the numbers of interval
divisions over the radius and angular position of the
circular surface, respectively. The maximum value

Figure 2. The general method used for obtaining the optimal value of sti�ness and position of suppressors.
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< =
� DrX
i=1

D�X
j=1

w2(ri; �j ; t)
�

without absorber

�� DrX
i=1

D�X
j=1

w2(ri; �j ; t)
�

with absorber

Box I

of reduction indicator <max and the corresponding
values of sti�ness and position represent the optimum
con�guration of the suppressor.

The general procedure of the algorithm is pre-
sented in Figure 2. Each new suppressor is �rst placed
at the central point with an initial sti�ness equal to
the mass of suppressor multiplied by the square of the
excitation frequency, 
 (i.e. kinitial = m
2). With
the sti�ness �xed, the best position for the suppressor
is found. Fixing the suppressor in that position, a
search for �nding the optimal sti�ness value is carried
out. For the second time, the sti�ness is �xed and a
second search for the best position is conducted. The
algorithm for �nding the best value of sti�ness and
best locus will be discussed next. Through these three

steps, the optimum framework for the suppressors,
which corresponds to the maximum possible value of
reduction indicator, is determined.

Step 1. To �nd the optimal locus of the sup-
pressors, each new suppressor is initially placed at
the central point. The suppressor is placed in 100
separate points, which are the intersections of 10
equally spaced circles and 10 equally spaced diametric
lines (as shown in Figure 3 by \Search Domain").
The point corresponding to the maximum value of
reduction indicator is found and used for the rest of
the search procedure. The method used to determine
the optimal locus of the suppressors is presented in
Figure 3.

Figure 3. The method used for obtaining the optimum locus of the suppressors.
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Step 2. In the next step, the suppressor is �xed
in the best position and a \rough search" over the
optimum value of sti�ness begins. Sti�ness of the
suppressor is increased gradually from zero to a value
that covers the considered highest natural frequency
of the plate. The sti�ness corresponding to the
highest value of reduction indicator represents the
approximate value of optimal sti�ness. A second and
more precise search, called \�ne search," is conducted
to �nd the exact value of optimal sti�ness. In
comparison with \rough search," here, the search for
sti�ness value k is performed with a much smaller
resolution. The procedure followed to determine the
optimum values of sti�ness of the suppressor through
rough/�ne searches is presented in Figure 4.

Step 3. Finding the best value of sti�ness, a second
procedure similar to the initial one is conducted to
reassure that the �rst found positions represent the
optimal ones. As soon as the optimum locus and
sti�ness of a suppressor are found, the suppressor
is set on the system with the optimum con�gura-
tions, and the search begins for optimizing the next
suppressor. This procedure is repeated until the
reduction indicator of the hybrid system reaches a
desired value, called <desired. This desired value is
selected such that an acceptable large reduction is
obtained while the number of suppressors is kept low
to the possible extent (to prevent complex design).
This compromised selection of <desired is explained
more in the next results.

Figure 4. The method used for obtaining the optimum sti�ness value for each suppressor, including `rough' and `�ne'
searches.
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4. Simulations for process optimization
(results and discussion)

4.1. Physical characteristics of the plate
In this paper, an Aluminum circular plate is con-
sidered. As already discussed, the harmonic excita-
tion is applied at the central point with a uniform
amplitude of �F = 1 kN and initial frequency of

 = 20 rad/s � 3:18 Hz (this is the initial value
of excitation frequency, which can vary as presented
next). Also, the next results can be presented in a
similar way for other values of force amplitude and
location.

The devised algorithm for determining the opti-
mal con�guration of Adaptable Vibration Suppressors
(AVSs) is established in a general user-friendly program
that addresses the needs of the user. In order to
simplify the proposed relations of the previous section,
some model parameters are set constant while the other
properties vary in a wide spectrum. Among them,
plate radius (R = 4 m), mass per unit area (� =
13:5 kg/m2), damping coe�cient (� = 0:2), Young's
modulus (E = 69 GPa), Poisson's ratio (� = 0:33), and
suppressor mass (m = 10 kg) are kept constant. Nine
possible modes are considered for the circular plate
(i.e., m = 0; 1; :::;M , n = 1; 2; :::; N , M = 2, N = 3)
and the plate is divided into 100 elements, consisting of
10 circular sections and 10 diametric sections (Dr = 10,
D� = 10). General physical properties of the plate and
suppressors are exhibited in able 1. The �rst seven
mode shapes of the plate are represented in Figure 5,
while its natural frequencies are given in Table 2.

4.2. Design of optimal AVSs and their e�ect
on attenuating undesirable vibrations

The algorithm that was discussed in Section 3 is uti-
lized for �nding the optimal con�guration of Adaptable
Vibration Suppressors (AVSs) that are mounted on
the circular plate in 5 di�erent states of resonance
and non-resonance excitations. In the resonance cases,
the excitation frequency approaches one of the natural
frequencies of the plate (
 = !2 1; !0 2; !1 2 ; !2 2).
These are the �rst 4 natural frequencies that are sorted
by magnitude. Moreover, one arbitrary excitation
frequency that is located between the �rst and second
natural frequencies is selected as a non-resonance case
(!2 1 < 
 = 20 rad/s < !0 2). The results corre-
sponding to this non-resonance case are presented while
similar results can be derived for other non-resonance
excitations.

4.2.1. Optimum number of AVSs to place on the plate
Placing the suppressors on the plate follows a step-
by-step procedure in which a new suppressor is placed
in the system such that it minimizes the RMS value
of deection. To investigate the e�ect of adding
suppressors, their number varies gradually from 1 to
30 (i.e., p = 1; 2; :::; 30 ; ~Pmax = 30). At each
iteration of adding a new suppressor, the reduction
indicator (<) is found. This procedure is repeated for
various resonance/non-resonance conditions, as shown
in Figure 6. It should be noticed that, to present a
continuous plot in Figure 6 and similar next plots, a
linear interpolation is used for the < variation versus
the number of AVSs. As it is observed and expected,

Table 1. Physical characteristics of the plate, attached vibration suppressors and central harmonic excitation.

Plate speci�cations Excitation speci�cations

Mass per unit area � = 13:5 kgm2 Amplitude of excitation �F = 1 kN

Radius R = 4 m Frequency of excitation 
 = 20 rad/s

Thickness h = 5 mm Initial suppressors' speci�cations

Young's modulus E = 69 GPa Mass of each suppressor m = 10 kg

Poisson's ratio � = 0:33 Initial sti�ness of each suppressor k = 4 kN/m

Damping coe�cient � = 0:2 Initial location of each suppressor r = 0; � = 0

Table 2. Natural frequencies of the plate in the absence of suppressors.

2nd mode index

!mn (rad/s) n = 1 n = 2 n = 3

1st mode index

m = 0 !0 2 = 24:82 !0 3 = 105:35

m = 1 !1 2 = 56:08 !1 3 = 163:58

m = 2 !2 1 = 14:35 !2 2 = 96:33 !2 3 = 229:27
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Figure 5. The �rst seven natural mode shapes of the plate; each row represents the �rst mode shape number (m), and
each column represents the second mode shape number (n).

Table 3. Values of reduction indicator (<) when 5 AVSs are attached gradually (p = 1; 2; :::; 5) under various resonance
and non-resonance excitation frequencies.

Number of
suppressors

Reduction
indicator


 � !2 1 
 � !0 2 
 � !1 2 
 � !2 2 !2 1 < 
 < !02

~P = 1 <1 27.51 54.44 4.08 6.61 47.30
~P = 2 <2 46.17 79.38 7.49 15.96 69.54
~P = 3 <3 58.17 241.20 11.42 20.42 177.20
~P = 4 <4 131.30 325.60 17.14 24.23 253.80
~P = 5 <5 132.80 341.60 19.77 29.05 275.80

introducing more suppressors to the system increases
the reduction indicator value. Also, high reduction
values are observed for various cases of resonance/non-
resonance conditions.

Based on these results, a speci�c number of
suppressors to place on the system is chosen and used
for the rest of the studies. Comparing the plots in
Figure 6 reveals that using �ve AVSs ( ~P = 5) on

the system can result in a reasonably high value of
reduction indicator. On the other hand, with ~P =
5, a relatively low number of suppressors are used,
which make the design more practical in industry (in
comparison with, e.g., ~P = 10 or higher). Values of
reduction indicator based on the number of suppressors
placed in the system for the �rst �ve attached AVSs
under various excitations are presented in Table 3.
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Figure 6. The amount of reduction indicator (<) for various resonance/non-resonance conditions under the e�ect of
di�erent numbers of AVSs placed on the plate: (a) 
 � !2 1, (b) 
 � !0 2, (c) 
 � !1 2, (d) 
 � !2 2, and (e)
!2 1 < 
 < !0 2.

Figure 7. The amount of reduction indicator (<) when �ve identical AVSs are used under di�erent resonance and
non-resonance conditions: (a) 
 � !2 1, (b) 
 � !0;2, (c) 
 � !1 2, (d) 
 � !2 2, and (e) !2 1 < 
 < !0 2.

4.2.2. The e�ect of using identical AVSs on vibration
suppression

To achieve a simple design, identical suppressors can
be used. In the previously demonstrated algorithm,
each AVS has its speci�c sti�ness and position. In this
section, de�nite number of similar AVSs are placed on
the plate, while the search for the best positions has
already been conducted. The used sti�ness value is

equal to the arithmetic mean of sti�ness of the AVSs
found in Section 4.2.1. For instance, this procedure is
carried out for two cases of 5 and 30 AVSs.

Figures 7 and 8 represent the reduction indicator
(<) based on the maximum number of suppressors
placed on the plate for two cases of 5 and 30 suppres-
sors, respectively. For instance, Figure 7(a) demon-
strates the case when excitation frequency approaches
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Figure 8. The amount of reduction indicator (<) when 30 identical AVSs are used under di�erent resonance and
non-resonance conditions: (a) 
 � !2 1, (b) 
 � !0 2, (c) 
 � !1 2, (d) 
 � !2 2, and (e) !2 1 < 
 < !0 2.

!2 1 and the sti�ness values of all 5 suppressors are
equal to the arithmetic mean of sti�ness of the suppres-
sors found in Figure 6(a). According to Figure 7(a),
using 5 identical AVSs results in < � 100. On the
other hand, according to Figure 6(a) or Table 3, for
~P = 5 and 
 = !2 1, < � 132:80 is obtained, where
each suppressor has its own optimum value of sti�ness.
Therefore, using the identical AVSs may lead to smaller
amounts of reduction.

4.2.3. The e�ect of optimized AVSs on time responses
and plate deection

As already discussed, using �ve suppressors leads to
large values of reduction indicator while the system
design is kept simple (in comparison with high numbers
of AVSs). Therefore, in the next simulation results, it
is assumed that 5 AVSs are implemented. Using the
proposed optimization algorithm, optimum values for
the position and sti�ness of the AVSs for di�erent res-
onance and non-resonance cases are found, as detailed
in Table 4 and presented graphically in Figure 9.

In order to analyze the impact of the vibration
suppressors on the time response of the plate, the point
that experiences the maximum oscillation amplitude
is found for various cases including two states with
suppressors and without suppressors. The point cor-
responding to maximum amplitude is named `max-
point.' Time history of `max-point' for various
resonance/non-resonance conditions, with/without op-
timum AVSs, is shown in Figure 10. Time response is
presented for the time domain of 0 < t < 5 � (2�=
).
As it is observed, AVSs act e�ectively in attenuating

the plate vibrations, especially under resonance condi-
tions.

Considering the previously found results in Fig-
ure 10 (left column), the critical time corresponding
to maximum deection of `max-point' in the case of
no suppressors is found for each condition and named
t�. Figure 11 shows the deection of the plate at
this critical time (t�) with/without optimum AVSs.
According to Figure 11 and under resonance/non-
resonance conditions, implementation of AVSs leads to
the attenuation of plate deection.

4.2.4. Examination of the e�ciency of optimum
AVSs via frequency response analysis

To study the e�ectiveness of AVSs design for an
extensive range of excitation frequencies, harmonic
excitation frequency is assumed to vary within 0 <

 < 250 rad/s such that it covers the �rst seven
natural frequencies of the plate. Figure 12 shows
the reduction indicator value < (RMS value of plate
deection without suppressor with respect to the case
with optimum AVSs) for a broad spectrum of excitation
frequencies. It should be noticed that in each plot of
Figure 12, a set of optimum suppressors, designed for
each case of resonance and non-resonance conditions,
is used. For instance, the set of optimum AVSs
designed for the �rst resonance condition (i.e., 5 AVSs
with speci�cations given in Table 4, with 
 � !2 1)
is used for the range of 0 < 
 < 250 rad/s and
its corresponding reduction indicator < is shown in
Figure 12(a).

According to Figure 12, large reductions can
be obtained over an extensive range of excitation
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Figure 9. Optimum positions of the �rst 5-AVSs under di�erent resonance and non-resonance conditions: (a) 
 � !2 1,
(b) 
 � !0 2, (c) 
 � !1 2, (d) 
 � !2 2, and (e) !2 1 < 
 < !0 2.

Table 4. Optimum values for the position, sti�ness, and mass of AVSs for di�erent resonance/non-resonance cases.

Case Property
1st

suppressor
2nd

suppressor
3rd

suppressor
4th

suppressor
5th

suppressor


 � !2 1

Radius (m) 0.0 0.4 0.0 0.4 1.2
Angle (rad) 0.0 5.65 0.0 3.76 4.39
Sti�ness (kN/m) 1.70 1.59 1.65 1.65 2.08
Mass (kg) 10.0 10.0 10.0 10.0 10.0


 � !0 2

Radius (m) 0.0 0.4 0.4 0.0 2.0
Angle (rad) 0.0 0.62 2.51 0.0 4.39
Sti�ness (kN/m) 5.29 4.51 4.51 4.91 5.11
Mass (kg) 10.0 10.0 10.0 10.0 10.0


 � !1 2

Radius (m) 1.6 1.6 2.0 0.4 2.8
Angle (rad) 2.51 3.14 5.02 1.88 3.14
Sti�ness (kN/m) 26.27 24.56 25.12 12.37 18.49
Mass (kg) 10.0 10.0 10.0 10.0 10.0


 � !2 2

Radius (m) 0.0 4.0 1.2 3.6 0.0
Angle (rad) 0.0 2.51 3.14 3.14 0.0
Sti�ness (kN/m) 401.07 59.33 68.66 76.47 106.94
Mass (kg) 10.0 10.0 10.0 10.0 10.0

!2 1 < 
 < !0 2

Radius (m) 0.0 0.4 0.4 0.0 0.4
Angle (rad) 0.0 5.65 2.51 0.0 0.62
Sti�ness (kN/m) 4.19 3.67 3.55 3.94 3.77
Mass (kg) 10.0 10.0 10.0 10.0 10.0
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Figure 10. Response of the `max-point' vibration amplitude in di�erent resonance/non-resonance conditions in the time
domain: (a) 
 � !2 1, (b) 
 � !0 2, (c) 
 � !1 2, (d) 
 � !2 2, and (e) !2 1 < 
 < !0 2; without (left column) and with
(right column) optimum AVSs.
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Figure 11. Plate deection (at the critical time t� ) in various resonance/non-resonance cases: (a) 
 � !2 1, (b) 
 � !0 2,
(c) 
 � !1 2, (d) 
 � !2 2, and (e) !2 1 < 
 < !0 2; without (left column) and with (right column) optimum AVSs.
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Figure 12. The indicator of the amount of reduction (<) over a broad spectrum of excitation frequencies, while the AVSs
designed for (a) 
 � !2 1, (b) 
 � !0 2, (c) 
 � !1 2, (d) 
 � !2 2, and (e) !2 1 < 
 < !0 2 are utilized.

frequencies in the presence of optimum AVSs. Also, it
is observed that vibration suppression is most evident
in the vicinity of excitation frequencies that correspond
to the resonance cases. For instance, in Figure 12(a)
where the utilized AVSs are designed for 
 = !2 1,
maximum reduction is portrayed around 
 = !2 1 �
14:35 rad/s.

Due to the probability of observing high-
amplitude oscillations in the central area of the plate,
vibration of the central point at which the excita-
tion force is applied must be analyzed (this point is
named `mid-point'). With an analogy similar to
that in Figure 12, midpoint deection is presented in
Figure 13 for a wide range of excitation frequencies
with/without optimum AVSs. According to Figure 13,
using optimum AVSs guarantees the suppression of
plate vibrations in the midpoint (where it is more
susceptible to the external force).

4.2.5. Advancement of a customized look-up diagram
for optimal design of the physical parameters of
AVSs over a broad spectrum of excitation
frequencies

In this section, the complex algorithm that was devised
in the previous sections is utilized to design AVSs for
di�erent harmonic excitations. For this purpose, global
optimization procedure of Section 3 is extended to an
extensive spectrum of excitation frequencies. A set
of 5 identical suppressors is attached to the plate at
�xed positions that were found in Section 4.2.3. The
excitation frequency varies in the extensive range of
(0 < 
 < 250 rad/s) and at each frequency, the
optimum sti�ness for the set of AVSs is found through

two sequential search loops. Figure 14 represents the
optimum values of sti�ness (for 5 identical suppres-
sors) on a broad spectrum of excitation frequencies.
Figure 15 shows the reduction indicator corresponding
to the set of suppressors with the sti�ness values of
Figure 14.

It can be perceived that in the frequency spectrum
which contains the �rst 7 natural frequencies of the
circular plate, in this system with 0 < 
 < 200
rad/s, the optimum value for the sti�ness of AVSs
is related to the frequency of excitation through a
parabolic function. The reason is that the sti�ness of
AVSs must be set by the relation k � m
2, which
results in the most e�ective suppression of vibrations.
Moreover, by analyzing the presented results in Figure
14, it can be concluded that for frequencies higher than

 = 200 rad/s, the predictions are not valid anymore,
because the analysis is con�ned to the �rst 7 natural
frequencies of the hybrid system. Figure 14 can be
used as a look-up diagram where we intend to utilize
identical suppressors (with similar mass/sti�ness) on
plate-shaped foundations in industry.

Mounting the vibration suppressors based on the
proposed algorithm and implementing them in an ac-
tual framework is however restricted by some technical
issues. While it is costly or, in some cases, impossible
to provide very high sti�ness absorbers in the frame-
work, it is important to consider the frequency of the
excitations that are applied to the plate. The results
of this section show that sti�ness is proportional to the
frequency of external load. The design is performed for
extreme cases of high-frequency loads while the prob-
ability of confronting such conditions is relatively low.
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Figure 13. Midpoint deection for di�erent values of excitation frequency, without AVSs (left column) and with optimum
AVSs (right column); in each case, AVSs designed for (a) 
 � !2 1, (b) 
 � !0 2, (c) 
 � !1 2, (d) 
 � !2 2, and (e)
!2 1 < 
 < !0 2 are implemented.
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Figure 14. Optimum sti�ness values of AVSs for di�erent excitation frequencies, when the set of identical suppressors are
mounted on the optimum locations found in (a) 
 � !2 1, (b) 
 � !0 2, (c) 
 � !1 2, (d) 
 � !2 2, and (e) !2 1 < 
 < !0 2

conditions (locations are given in Table 4).

Figure 15. The values of reduction indicator when the set of identical suppressors are mounted at the optimum locations
found in (a) 
 � !2 1, (b) 
 � !0 2, (c) 
 � !1 2, (d) 
 � !2 2, and (e) !2 1 < 
 < !0 2 conditions (locations are given in
Table 4).

It can be concluded that the designed con�gurations of
AVSs can be utilized for various cases of low and high
frequencies, while the cost of employing them depends
on the loads that are experienced in each case.

As already mentioned, in Figures 14 and 15, a set
of 5 identical suppressors are attached to the plate at
�xed positions that were found in Section 4.2.3. These
�xed positions are determined for various resonance
(
 � !2 1; !0 2; !1 2 ; !2 2) and non-resonance (!2 1 <


 < !0 2) cases. Therefore, the last frequency included
in this analysis is around !2 2 = 96:33 � 100 rad/s
Consequently, regarding the valid region of Figure 15,
we observe large reduction values for excitation fre-
quencies of 
 � !2 2 � 100 rad/s.

4.2.6. Further discussion of possible validity of the
proposed approach in an experimental setup

In the previous sections, mathematical modeling of the
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system, development of the optimization algorithm,
and the e�ects of implementing the designed AVSs on
the circular plate were fully discussed. The simulations
that were conducted for examining the e�ectiveness
of the suppressors demonstrated that the undesired
vibrations could be eliminated by the application of
tuned vibration suppressors. However, the simpli-
�cations in solving the dynamic equations and the
inherent uncertainties of the dynamic system instigate
the idea that an experimental test on the de�ned
system will not necessarily lead to the simulation data.
Therefore, an experimental test can reliably determine
the e�ectiveness of the proposed method in suppressing
the vibrations.

Moreover, preparing a test body consisting of
the circular plate with the given dimensions and a
frequency variant force is costly in an academic scale.
In this regard, some solutions are provided to lay
the groundwork for studying the inuence of AVSs
in various ranges of excitation frequencies. A reliable
test approach should address the problems associated
with preparing the circular plate, applying the external
force, mounting the vibration suppressors, and measur-
ing the vibration amplitudes. Although manufacturing
and establishing a base for a plate as big as 8 meters
in diameter is di�cult in an academic laboratory, re-
ducing the size of the circular plate to smaller sizes will
lead to results that are in correspondence with the full-
size plate. The central harmonic force can be applied
using a vibratory shaker placed at the central point of
the plate and simple mass and spring structures can
be utilized as vibrations suppressors. One important
aspect of an experimental test is a reliable method
for measuring the vibration amplitudes. Regarding
this issue, laser sensors can be utilized to detect the
di�erences in vibration suppression (with a similar
mechanism to those implemented in some previous
researches such as [38]).

5. Conclusions

In this research, Adaptable Vibration Suppressors
(AVSs) were designed through an optimized approach
to absorb the undesired vibrations in a circular plate
that was subject to a central dynamic force. A circular
plate with a �nite number of vibration suppressors and
a centric harmonic force was considered in this regard.
The mode summation method was utilized to derive
the governing mathematical equations of the system.
Mass, sti�ness, and position of the AVSs were tuned
such that plate deection was minimized all over the
plate. In this regard, a comparison parameter, which
showed the Root Mean Square (RMS) value of plate
deection before and after applying suppressors, was
de�ned as reduction indicator (<).

To ful�ll the optimization, a complex algorithm

consisting of several iterative loops was developed
in the MATLAB environment in which suppressors
with the most e�cient con�guration (i.e., sti�ness
and position) were added to the system individually.
Three search loops were activated subsequently to
�nd the best sti�ness value and the best position for
placing the suppressor. The optimization procedure
was conducted for a broad spectrum of excitation
frequencies including both lower and higher natural
frequencies of the plate. The results were presented
for 5 resonance/non-resonance cases and analyzed in
time and frequency domains.

It should be mentioned that the proposed design
algorithm was based on the physical parameters and
boundary conditions of the plate as well as the exci-
tation forces applied to it. Hence, the data achieved
for the position and sti�ness of the absorbers highly
depended on the structure and the excitations. In
cases that the structure was under the e�ect of dynamic
loads with various frequencies, the suppressors could be
displaced to attenuate the vibrations at their maximum
extent. Moreover, implementing smart materials in
the absorbers provided the means for variable-sti�ness
absorbing. In other words, implementing passive vi-
bration suppressors that could be displaced or sti�ness-
tuned enabled a semi-active control of the circular plate
that was under external excitation. The vibration
attenuating mechanism was adaptive to the changes
in the external load characteristics.

According to the results, using optimum AVSs
reduces the plate deection to considerably low values
compared to the case without suppressors. In order
to make a simpler and more convenient design, low
number of optimal suppressors with identical sti�-
ness can also act e�ectively in attenuating the high-
amplitude vibrations in resonance/non-resonance con-
ditions. Moreover, according to the frequency response
of the hybrid system, it was observed that AVSs would
guarantee the vibration suppression over an extensive
range of excitation frequencies.

Finally, optimum values for the sti�ness of sup-
pressors were presented in a look-up diagram for an
extensive range of frequencies. Since the algorithm was
developed in a general convenient manner, AVS design
could be accomplished for other shapes of the plates
with di�erent physical features and various boundary
conditions. Using the proposed AVSs design, as a semi-
active control approach, led to the great advantages
of intuitive clarity, simple design, and reduction in
hardware and development cost.
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