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Abstract. Labyrinth spillway has become an appropriate choice to increase an existing
spillway's capacity. Thus, it is necessary to understand the hydraulic performance of
labyrinth spillways/weirs. This paper numerically solves turbulent 
ow over labyrinth
spillways/weirs and determines the discharge coe�cients. Reynolds governing equations,
turbulence k � " model, and the Volume Of Fluid (VOF) model are numerically solved
to de�ne pressure, velocity, and the free surface 
ow pro�les. The numerical results are
comparable to those obtained from physical modeling with maximum 6.43% error relative
to results of physical modeling. Present study indicates that numerical simulation can
be used to supplement physical modeling. Thus, by using numerical solutions, the site
speci�cs of the spillway which are often di�erent from the conditions of design curves can
be investigated. Also, the e�ect of di�erent shapes of apex on discharge capacity of the
labyrinth spillway is investigated in this study. The analyses show that labyrinth spillways
with round apex shape are the most e�cient spillways. Numerical determination of free
water surface is presented and discussed, which is helpful for optimum design of stilling
basin and leading walls.
c
 2015 Sharif University of Technology. All rights reserved.

1. Introduction

A vital component of the dam's design is the spillway.
Spillways are hydraulically designed to pass exces-
sive water that cannot be contained in the allotted
storage space. Many dam failures have been caused
by improperly designated spillways or by spillways of
insu�cient capacity [1]. In this regard, discharge coef-
�cient of the spillway is the most important parameter,
which is dependent on water head over crest, crest
shape, and crest length. Improvements in the �elds
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of meteorology and hydrology have gained attention
among researchers and engineers to re-evaluate the
performance of spillways as it is directly a�ected by
updated hydrological data [2]. In fact, a reliable 
ood
passage capacity of the spillway is crucial. If an existing
spillway has inadequate capacity to pass the maximum
design 
ood, there are three alternatives for remedy:
1) Increase the volume of dam storage; 2) Increase
the spillway's capacity; and 3) A combination of these
two options [2]. The main concern with the second
alternative is accessible space to widen the spillway's
length. This concern can be resolved technically and
economically by using labyrinth spillways. Several
physical studies have been conducted on labyrinth spill-
ways/weirs. Hay and Taylor (1970) evaluated various
performance modes of labyrinth weirs, the e�ect of
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bottom canal slope on over
ow capacity of labyrinth
weirs, and the in
uence of water head over the weir's
crest [3]. Their study provides performance curves
(design curves) under di�erent conditions. Darvas
(1971) provided a de�nition for the discharge coe�cient
of labyrinth spillways [4]. Houston and Hinchli�
(1982) summarized the results of physical modeling of
labyrinth spillways for Hyrum dam by the U.S. Bureau
of Reclamation (USBR) [5]. In 1985, Cassidy et al.
examined the performance of labyrinth spillways for
high water head and found a 20% reduction in e�ciency
of the labyrinth spillways [6]. Lux and Hinchli� (1985)
accomplished dimensional analysis to get discharge
coe�cient of labyrinth spillways and presented design
curves [2]. Magalh~aes and Lorena (1989) introduced a
formulation for determination of discharge coe�cient
along with design curves [7]. Finally, Tullis et al.
(1995) conducted a comprehensive study to evaluate
the discharge coe�cient, e�ect of water head, and angle
of side walls (Figure 1) [8]. They introduced their de-
sign curves. Lopes et al. (2008) studied 
ow conditions
downstream of labyrinth spillway in laboratory [9].
Khode and Tembhurkar (2010) conducted extensive
physical modeling of labyrinth spillways [10] to evaluate
design method introduced by Lux (1984) [11] and
Tullis et al. (1995) [8]. Crookston (2010) conducted
laboratory experiments to get discharge coe�cients
for quarter-round and half-round labyrinth weir with
side angle between 6� to 35� [12]. Although several
performance curves have been proposed for labyrinth
spillways that can be used in new projects, these curves
usually consider ideal conditions; e.g. assuming the
approaching 
ow is perpendicular to the spillway [13].
In addition, the site speci�cs of spillways vary from
idealized condition so that design curves are no longer
applicable [13]. In other words, disturbing the ideal
conditions of design curves disquali�es the validation
of them. Furthermore, conducting physical studies for
new projects by considering site-speci�cs is not eco-

nomically feasible [14] and is time consuming as well.
In recent years, advancements in computing power
and Computational Fluid Dynamics (CFD) algorithms
have resulted in evolving new tools for evaluation of
di�erent 
ow conditions and di�erent design alterna-
tives [15]. Savage et al. (2004) and Danish Hydraulic
Institute (DHI) (2005) presented numerical simulation
of 
ows past labyrinth spillways [15,16]. However,
these studies were con�ned to speci�c projects without
considering the e�ect of apex shape.

The objective of this study is to numerically study

ows over labyrinth spillways/weirs using the Reynolds
Averaged Navier-Stokes equations. Due to turbulent

ow, the RNG k � " model is used. In addition,
a two-phase 
ow (water and air) is considered over
the labyrinth spillway which is important to de�ne
variation of free-surface. Thus, the robust Volume
Of Fluid (VOF) method was used to determine the
location and orientation of the interface between the
water and air (free-surface). The speci�c objective of
present study is to evaluate the e�ect of the apex shape
on discharge capacity of labyrinth spillways.

2. Materials and methods

2.1. Labyrinth spillways/weirs
As stated by Hay and Taylor (1970), a labyrinth weir
is characterized by broken axis in plan so that the
water 
ow is over a greater length of crest compared
to a normal weir occupying the same lateral space [3].
Figure 1 shows a sketch of labyrinth spillway/weir,
related parameters, and section view of 
ow over the
labyrinth weir/spillway.

2.2. Governing equations
The governing equations of 
ow over wires are the
well-known Navier-Stokes equations; one continuity
equation and three momentum equations for the three
coordinate directions. By including the e�ect of tur-

Figure 1. Labyrinth weir and the corresponding parameters: (a) Plan view; and (b) section view of 
ow over labyrinth
weir.
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bulence, the equations change to Reynolds equations
as [17,18]:

Continuity equation:

@Ui
@xi

= 0; (1)

Momentum equation:

�
@Ui
@t

+�
@
@xj
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+

@
@xj

(2�Sji); (2)

in which Ui is average velocity in (i) direction; P
is pressure; � is molecular viscosity; � is density;
sji is strain-rate tensor; and u0ju0i is Time-averaged
momentum due to turbulence which is called Reynolds
stresses. �u0iu0j has nine components [17]:

�u0iu0j =

264�(u012) �u01u02 �u01u03
�u02u01 �(u022) �u02u03
�u03u01 �u03u02 �(u032)

375 : (3)

These unknowns due to turbulence are determined by
using turbulence models. These models consist of
semi-empirical equations which relate the 
uctuating
components of quantities to the average components.
The most popular turbulence model is k�" model. The
RNG scheme of this model was used to solve Reynolds
stresses.

2.3. Volume Of Fluid (VOF) approach
This method was introduced �rst by Hirt and Nichols
in 1981 [19]. The fundamental concept of this method
for multi-phase 
ow is to determine the fraction of
computational cells occupied by each 
uid and to
determine where the interface between 
uids occurs.
The location of the interface is calculated on the basis
of the following equations [18,20]:

@�w
@t

+ ui
@�w
@xi

= 0; (4)

�a = 1� �w; (5)

in which �w and �a are, respectively, the fractions
of water and air within a cell. The above equations
are for a two-phase 
ow which consists of water and
air; the subscript \w" refers to water and \a" refers
to air. Eq. (5) indicates that the summation of all
fractions equals unity. In fact, calculating �w and
�a in all cells provides information about the location
of interface. The momentum equation for this two-
phase 
ow is like that of a single 
ow expressed by
Navier- Stokes equations. However, � (density) and
� (molecular viscosity) should be modi�ed due to the
variations of each 
uid fraction. Thus, we have:

� = �w�w + (1� �w)�a: (6)

Figure 2. Interface formation between two phases of

uid: (a) Actual interface; and (b) interface predicted by
using geometric reconstruction scheme. Re-produced
based on work of Tang et al. [21].

� = �w�w + (1� �w)�a; (7)

in which �a and �w are density of air and water,
while �a and �w are the molecular viscosity of air
and water, respectively. To determine the orientation
of the interface between the 
uids, several algorithms
have been introduced. The most accurate one is called
the Geometric Reconstruction Scheme which consists
of two steps: 1- Reconstruction 2- Convection. The
main goal of this reconstruction algorithm is to clarify
the orientation of segments in each computational cell.
This is done by determination of normal unit vector
of each segment within a cell. �w in neighboring cells
of cell (ij) are used to get normal unit vectors. Then,
the angle between positive direction of x-axis and the
interface of 
uids can be de�ned (�). Figure 2 shows
schematically how accurate the Geometric Reconstruc-
tion Scheme predicts the orientation of the interface
in the bulk of a two-phase 
ow [21]. Therefore, free
water surface can be predicted for 
ow over labyrinth
spillway.8>>>>>>>>>><>>>>>>>>>>:

nxij = 1
�x

�
�wi+1j+1 + 2�wi+1j + �wi+1j�1

��wi�1j+1 � 2�wi�1j � �wi�1j�1

�
nyij = 1
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� (8)

� = tan�1
��nx
ny

�
: (9)

Thus, by VOF, the movement of the interface is
appropriately modeled.

2.4. Numerical solution
Fluent is a general solver of 
ow �eld in 2D and
3D [18]. The �rst editions of 
uent were able to
only analyze problems with structured mesh. Now, it
can analyze both structured and unstructured meshes.
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Analyzing the incompressible 
ow or heat transfer with

uent is very common. But, this simulation platform
has seldom been used for free surface problems like
those that arise in civil engineering. This code solves
the presented governing equation to de�ne the 
ow
�eld. Including both turbulence models and VOF
model is of great importance to utilize this code. To
solve the partial di�erential governing equations, 
uent
employs the �nite volume method. Discretization of
the governing equations can be done by applying the
upwind method. The simulated velocity and pressure
�elds are coupled by using `SIMPLE method' [18]. To
get the numerical solution to Eqs. (1) to (9), the models
are prepared in Gambit which is a mesh generator.
Unstructured meshes were used to produce the com-
putational cells. In mesh generation, care should be
taken where the rate of gradients is high and therefore
a larger number of cells are needed. A preliminary
study de�ned the appropriate mesh sizes. The size of
mesh along all coordinates was selected 2 cm except for
high gradient zones where the mesh size was reduced to
8-9 mm. Suitable boundary conditions are of primary
importance. These conditions are shown in Figure 3.
A \water inlet: pressure inlet" boundary condition was
used to de�ne the water pressure at 
ow inlets. This
boundary condition is based on the assumption that
upstream inlet is su�ciently far away from the crest
where velocity is negligible. As a result, \water inlet:
pressure inlet�� de�nes hydrostatic pressure of water
column at di�erent heights. Similarly, there is also \air
inlet: pressure inlet" boundary condition at the top of
water surface which de�nes atmospheric pressure. For

Figure 3. Boundary conditions used in simulation
throughout the domain.

the leading walls at two sides of 
ow as well as for
the bottom, the \wall" boundary condition is assigned
to bound 
uid and solid regions. For downstream, a
\pressure outlet" boundary was considered to specify
static pressure at outlet. For present study, due to
steep slope section downstream of weir, water depth
was negligible. Thus, static pressure at downstream
is close to atmospheric pressure. Initial conditions
are also necessary to start the numerical solution of
the equations. The initial conditions are hydrostatic
pressure on the weir/spillway walls, bottom, and water
inlet at upstream of labyrinth weir/spillway. A column
of water is assumed right above the crest before the
numerical simulation begins.

As numerical simulation continues, discharge of

ow is calculated as the product of 
ow velocity and
cross section. Discharge coe�cient can be obtained
according to Eq. (10).

Q =
2
3
CdL

p
2gH1:5

o : (10)

In Eq. (10), L and Ho are the e�ective length of
weir and total head on the crest, respectively. L is
de�ned according to the geometry of the weir/spillway,
and total head (Ho) is de�ned as the summation of
static head (P=�g) and velocity head (U2=2g) that
are determined once the pressure and velocity �elds
are calculated by numerical solution. When discharge
is obtained by numerical simulation, Cd is the only
unknown of Eq. (10).

2.5. Geometric characteristics of the present
testing weirs

The numerical study includes two sets of models: Set
(I) and set (II). The models in set (I) are numerical
simulations of the labyrinth spillway previously used in
the laboratory experiments by Tullis et al. (1995) in
the hydraulic laboratory at the Utah Water Research
Laboratory at Utah State University [8]. The only
di�erence, which does not have a signi�cant e�ect
on the results, is the width of apex. Tullis et al.
(1995) removed the width [8] and therefore considered
triangular con�gurations for their tested models while,
in practice, a minimum width should be considered.
The sketches of the weirs for set (I) with the important
parameters are shown in Figure 4 and Table 1. For
the models of set (I), the e�ect of various water heads
are evaluated. In the set (II) models, the e�ect of apex

Table 1. The parameters of weirs set (I).

�
(degree)

Length of weir
(m)

Width of weir
(m)

T (m) L=W W=T

12 4.512 1 0.152 4.512 6.579
18 2.909 1 0.152 2.909 6.579
35 1.666 1 0.152 1.666 6.579
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Figure 4. The sketch of weirs of set (I).

Figure 5. The sketch of weirs in set (II).

shape is taken into consideration (Figure 5). In this
set of models, labyrinth weirs with a wide apex are
de�ned by model nos. 1 and 4, with a round apex
by model no. 2, and with a sharp apex by no. 3.
For all of the models, a steep-slope section after the
spillway helps easy discharge of water and prevents
submergence to a�ect the discharge coe�cient of 
ow
over the weir/spillway.

3. Results

The results of numerical study along with the physical
results for models in set (I) are presented in Table 2.
Numerical computation was continued until steady
state 
ow occurred. The errors between results of
physical and numerical models are given in Table 3 to
indicate performance of numerical simulation. Fig-
ures 6 and 7 depict the pressure and velocity �elds
over the labyrinth weir with � = 18� and Ho=T = 0:8.
The pressure �eld in Figure 6 is static pressure rather
than total pressure. This is mainly due to negligible

Table 3. Percentage error� in results of numerical study.

Ho=T = 0:25 Ho=T = 0:5 Ho=T = 0:8

{ { -4.237
6.43 <1 <1

{ <1 -4.42

� Numerical error (%)=

�
Ho
T

�
numerical

��HoT �
physical�

Ho
T

�
physical

� 100.

Table 4. E�ciency of labyrinth weirs with di�erent apex
shape.

Model no. QL � 10�3 (m3/s) QL=QN
1 29.4 47.1
2 62.4 586.1
3 21.4 443.1
4 36.5 8.1


ow velocity (in the order of 10�3 to 10�1 m/s)
in upstream domain and even on weir's crest which
produces negligible dynamic pressure (�U2=2). The
free surface of 
ow for the same labyrinth weir is
shown in Figure 8. After getting suitable results for
the models of set (I), the e�ect of apex shapes was
examined based on models in set (II). The e�ciencies
of models in set (II) are given in Table 4. E�ciency
is de�ned as the ratio of 
ow discharge over labyrinth
weir (QL) to the 
ow discharge (QN ) over a straight
weir with the same width or (QL=QN ).

4. Discussion

Simulation of 
ow over labyrinth spillways/weirs was
presented in this paper. Due to 3D nature of 
ow over
labyrinth spillways, almost all of the previous inves-
tigations have been accomplished experimentally. In
fact, in those investigations, the lack of powerful com-
puters and sophisticated algorithms which are capable
of both de�ning free-water-surface and computation
of hydrodynamic parameters (velocity and pressure)
prevent application of numerical modeling for study
of over
ow on labyrinth spillways. As shown in this
paper, through numerical modeling (Tables 2 and 3),
the errors between physical and numerical modeling
are generally below 10%. In cases in which labyrinth
weir is with � = 18� and Ho=T = 0:25 in set (I),
the error is relatively higher; the impact of reaeration

Table 2. Results of numerical simulation for cases of set (I).

� Cd based on the study of Tullis et al. 1995 Cd based on numerical study
(degree) Ho=T = 0:25 Ho=T = 0:5 Ho=T = 0:8 Ho=T = 0:25 Ho=T = 0:5 Ho=T = 0:8

12 0.551 0.437 0.348 { { 0.333
18 0.622 0.554 0.459 0.662 0.551 0.457
35 0.712 0.706 0.653 { 0.706 0.624
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Figure 6. Pressure �eld in terms of static pressure for
labyrinth weir with Ho=T = 0:8: (a) Location of
longitudinal planes for presenting pressure �eld; (b)
pressure �eld along longitudinal plane 1; and (c) pressure
�eld along longitudinal plane 2.

condition is probably the source of di�erence as also
pointed by Tullis et al. (1995) [8]. It is clear from
Table 4 that the e�ciency of labyrinth weir no. 1 in
set (II) is greater than labyrinth weir no. 3 since L=W
ratio is higher for labyrinth of no. 1. In addition, by
sharpening the apex of labyrinth spillways/weirs, the
e�ciency of labyrinth increases. Thus, the e�ciency of
labyrinth no. 2 is greater than labyrinth no. 1. The
results in Table 4 also show that smaller angle (�)
causes more e�ciency of the labyrinth weir. Therefore,
the e�ciency of weir no. 4 is greater than e�ciency of
labyrinth weir no. 1.

Figure 7. Velocity vectors over labyrinth weir with
Ho=T = 0:8: (a) Location of cross-sections (XS 1, XS 2,
XS 3) for presenting velocity �eld; (b) velocity vectors at
XS 1; (c) velocity vectors at XS 2; and (d) velocity vector
at XS 3.
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Figure 8. Free water surface over labyrinth weir with
Ho=T = 0:8: (a) Perpendicular to 
ow path; and (b)
parallel to 
ow path.

Numerical study of 
ow over labyrinth spillways
yields the value of velocity and pressure for the entire
computational domain. Thus, by de�ning appropriate
domain, the velocity of 
ow in the stilling basin right
downstream of spillways can also be obtained. This
velocity is important for determination of dimensions
of stilling basin. In addition, vibration of the nappe
that produces loud noise is very much dependent on
variation of pressure which can be fully analyzed prior
to the construction of the spillway. As shown in
Figure 8, VOF model is able to identify free-surface
throughout the computational domain. It is clear
from Figure 8 that water surface slightly falls where
it reaches contraction and increase while exiting the
downstream apex. This variation in water surface is
also depicted in Figure 1(b) in section view of 
ow over
labyrinth weir. Water surface elevation can be used in
economic determination of leading walls' height.

5. Conclusion

Re-evaluation of the workability of di�erent parts of
dams especially spillways on the basis of updated

hydrologic and meteorological data is of primary im-
portance. In this regard, application of labyrinth
spillways due to increasing volume of dam storage and
discharge capacity has been highly considered. The
results of this study show:

� Numerical simulation is a suitable tool for evalua-
tion of 
ow over labyrinth spillways under di�erent
geometries of spillway and various hydraulic condi-
tions.

� Instead of using design curves from literature,
numerical modeling can be directly used in de-
sign of new spillways by incorporating site-speci�cs
which are usually di�erent from conditions of design
curves.

� The results from numerical studies can be used to
obtain optimum design of spillway, stilling basin,
and leading walls.
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