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Abstract. The oscillatory diameter of the charged jet during bubble electrospinning
results in beads on the obtained nano�bers. We demonstrate that the applied voltage and
the initial ow rate of the jet are crucial parameters necessary to control the morphology
of the nano�bers. We also �nd that there is a criterion for the production of smooth
nano�bers without beads. The theory developed in this paper can be extended to classical
electrospinning and blown bubble-spinning.

c 2014 Sharif University of Technology. All rights reserved.

1. Introduction

A nonlinear equation governing the motion of the
charged jet during the bubble electrospinning process
was obtained in [1], which reads as:
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, u is the jet velocity, � is the

liquid density, � is the surface charge, r is radius of the
jet, E is the applied electric �eld, I is the current, Q
is the ow rate, k is the conductivity of the uid, � is
viscosity coe�cient, and � and n are constants.

A detailed description of the problem and the
derivation of the equation are available in [1].

Ignoring the viscous and inertial e�ects, we can
simplify Eq.(1) as:

d2U
dz2 + a� b

U
= 0: (2)
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We re-write Eq. (2) in the form:

d2U
dz2 +

aU2 � b
U2 U = 0: (3)

It is obvious that Eq. (2) admits a periodic solution
when aU2 > b.

Using a transform:
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b
a

+
a
b
u: (4)

Eq. (3) becomes:

u00 + !2
0u+ �u00u = 0; (5)

where
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Eq. (5) can be solved by various methods, such as
variational iteration [2,3], homotopy perturbation[4,5],
iteration perturbation [6,7], parameter expansion [8]
and others [9,10]. In this paper, we use the amplitude-
frequency formulation developed in [9-12] to obtain the
frequency of Eq. (5).
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2. Amplitude-frequency formulation

Eq. (5) admits periodic solutions as revealed in [1].
Hereby, we suggest a simple approach to the search for
an approximate frequency of Eq. (5) using the simple
amplitude-frequency formulation [9-12].

We assume that the periodic solution of Eq. (5)
has the form:
u = A cos!t: (6)

Submitting Eq. (6) into Eq. (5) results in the following
residual:
R(!; t)=�A!2 cos!t+!2

0A cos!t��A2!2 cos2 !t:
(7)

In order to use the amplitude-frequency formulation [9-
12], we choose two trial frequencies and locate at:

t = �=(4!):

Setting !1 = 1, !1t = �
4 , and !1 = 2, !2t = �

4 , in
Eq. (7), respectively, we have:
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The frequency can be then obtained approximately in
the form [9-12]:
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1 �R2!2
2

R1 �R2
: (10)

This formulation has been widely used to solve pe-
riodic solutions of various nonlinear oscillators [13-
20]. It is often called He's frequency formulation, He's
amplitude-frequency formulation or He's frequency-
amplitude formulation.

Submitting the trial frequencies and residuals into
Eq. (10), we obtain:
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A similar result was obtained in [1] (see Eq. (48) in [1]),
which was readily veri�ed by the experimental data (see
Figure 13 in [1]).

Generally, the pulsation amplitude is very small
compared with the jet diameter, which results in A <<
1. Under these conditions, Eq. (11) can be simpli�ed
as:

!2 = 5� �2I2

�Q2k
: (12)

In case !2 < 0, no period solution is admitted.

3. Discussion and conclusion

Beads are predicted when:

�2I2

�kQ2 < 5: (13)

When Eq. (13) is satis�ed, the diameter of the jet
during the spinning process is varied periodically.
Under surface tension, the oscillation will �nally lead
to beads when solidi�ed. The bead morphology can be
controlled by the applied voltage (current I depends
strongly on voltage) and the ow rate (Q), which keeps
unchanged during the spinning process according to
mass conservation. The addition of some salts to the
polymer solution will greatly enhance conductivity (k),
and provides a simple way to control the morphology
of the nano�bers. Density (�) and viscosity (�) can
be adjusted by the solution's concentration. Bubble
electrospinning [21-27] is a newly developed technology
for mass-production of nano�bers, and the present
theory provides a complete theoretical guideline for
controlling the beads in the nano�bers. The theory
developed in this paper can be extended to classical
electrospinning [24] and blown bubble-spinning [28].
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